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Preface 


Taxis is an orientation mechanism under which the migration of the population is 
regulated by light, temperature, electric field, chemicals and many more in its envi- 
ronment. Among these, chemotaxis is an important sensory phenomenon in which 
cellular organisms direct their movements up or away the concentration gradient of 
stimulating chemical. 

As a prototypical macroscopic model for self-enhanced chemotaxis, the mathe- 
matical feature of the Keller-Segel system has been the subject of intensive study 
over the past few decades, inter alia its ability to display cell aggregation in the utmost 
sense of finite-time blow-up of some solutions in two-even higher-dimensional 
settings. Motivated by numerical and modeling issues, suppressing taxis-driven blow- 
up in theory and numerics is a considerable challenging problem. There are some 
possible ways to avoid blow-up such as bounded chemotaxis sensibilities, nonlinear 
cell diffusion, logistic-type proliferation and death, and additional cross-diffusion 
term in the equation for the chemical signal. 

Inthis book, we refrain from attempting to show that our results encompass all that 
have been done in the numerous relevant contributions on global classical solvability, 
boundedness and large time behavior in various types of chemotaxis systems, and 
rather put our recent research studies together in one place, and try to present in a 
somewhat systematic way some of the progress on these issues for more involved 
taxis-type cross-diffusive equations capable of adequately describing more complex 
biological systems. 

The book is organized as follows. The first chapter focuses on global bounded- 
ness to a three-dimensional chemotaxis-Stokes system with nonlinear diffusion and 
rotation, and asymptotic profile of a two-dimensional chemotaxis-Navier-Stokes 
system with singular sensitivity and logistic source. The second chapter is concerned 
with Keller-Segel-fluid system where the chemoattractant is produced by bacteria 
rather than being consumed in the previous chapter. Relying on a variant of the 
natural gradient-like energy functional, the first part thereof shows that blow-up 
can be prevented by the slow diffusion of the cells in a two-dimensional Keller— 
Segel-Navier-Stokes system with rotational flux. In comparison with that the second 
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part demonstrates that the suitable saturation of sensitivity is sufficient to guar- 
antee global existence in a three-dimensional Keller-Segel-Navier-Stokes system 
involving tensor-valued sensitivity. The third chapter is divided into three parts. 
The first part investigates the logistic damping on Chaplain-Lolas model of cancer 
invasion with remodeling of tissue remodeling in two-dimensional spaces, while 
the second part of this chapter is devoted to the integrative interactions of chemo- 
taxis, haptotaxis, logistic growth and remodeling mechanisms, and proves the global 
boundedness of solutions thereof rather comprehensively, as well as the global clas- 
sical solutions under some smallness conditions in the three-dimensional setting. 
In the third part, we consider the long-time behavior of solutions to the evolution 
equations modeling tumor angiogenesis in a bounded smooth domain Q c RN 
(N — 1,2). In particular, in the one-dimensional case, it is shown that the corre- 
sponding solution converges to a steady state thereof with an explicit exponential 
rate. The fourth chapteris devoted to Keller-Segel-(Navier)-Stokes system modeling 
coral fertilization. The fifth chapter is concerned with the density-suppressed motility 
model. In the first part, by introducing an auxiliary parabolic problem to which the 
comparison principle applies and constructing relaxed super- and sub-solutions with 
spatially inhomogeneous decay rates, it is proved that the density-suppressed motility 
model admits traveling wave solutions in R”; In the second part, based on the duality 
argument, it is shown that for suitable fast diffusion of chemical signals the problem 
under consideration admits at least one global weak solution which will asymptoti- 
cally converge to the spatially uniform equilibrium. The sixth chapter is devoted to a 
haptotactic cross-diffusion system modeling oncolytic virotherapy. In the first part, 
the corresponding solutions of the model with suitably small initial data is globally 
bounded and approach some constant profiles asymptotically. In the second part apart 
from the haptotaxis of uninfected cancer cells, the inclusion of two further haptotaxis 
mechanisms, both of infected tumor cells and virions, is considered with respect to 
aspects of classical solvability and boundedness in the presence of certain suitably 
strong further zero-order degradation. 

It is our great pleasure to thank our collaborators, former students who were 
involved in this research. In particular, we would like to express our deep thanks to 
Professors Jingxue Yin, Peter Y. H. Pang, Zhian Wang, Li Chen and Jiashan Zheng, 
not only for our joint research but for the warm hospitality we enjoyed when visiting 
them as well. We would also like to acknowledge the financial support from the NNSF 
Project 12071030, 12171498, and Beijing Natural Science Foundation Z210002. 


Beijing, China Yuanyuan Ke 
March 2022 Jing Li 
Yifu Wang 
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Chapter 1 A) 
Chemotaxis-Fluid System get 


1.1 Introduction 


In the early 1970s, Keller and Segel proposed the cross-diffusion system to describe 
the phenomenon of spatial structures in biological system through chemical induced 
processes (Keller and Segel 1970, 1971a). In particular, they looked at situations 
where cells partially orient their movement along gradients of a signal secreted by 
themselves, or instead, cells direct their movement in response to a substance which 
they consume. A prototypical example of the former is the Dictyostelium discoideum 
colony, while the latter is an E. coli population. The model in which the biased migra- 
tion is induced by the consumed nutrient is usually called chemotaxis-consumption 
system. Often such chemotactic movements take place in a fluid environment, and 
experimental findings and analytical studies have revealed the remarkable effects of 
chemotaxis-fluid interaction on the overall behavior of the respective chemotaxis 
systems, such as the prevention of blow-up and improvement of efficiency of mix- 
ing (Chertock et al. 2012; Kiselev and Ryzhik 2012a; Kiselev and Xu 2016; Lorz 
2012; Tuval et al. 2005). It should be noted that the derivation of chemotaxis models 
interacting with a fluid can be obtained by asymptotic methods inspired by Hilbert's 
sixth problem (Bellomo et al. 2016). 

This chapter is concerned with a convective chemotaxis system for the oxygen- 
consuming and oxy-tactic bacteria, coupled with the incompressible Navier-Stokes 
equations. Section 1.3 is concerned with the following system 


n, +u: Vn = An" — V. (nS(x,n,c)- Vc), xe£Q,t-0, 
Cc; -u- Vc — Ac — nc, xE2,t>0, 
u; + VP = Au +nVọ, xEQ,t>0, (1.1.1) 
V.u-0, xe€£2,t»0, 
(Vn" — nS(x,n,c)- Vc)-v = ðc = 0, u = 0, x€02,t >00, 
n(x, 0) = no(x), c(x, 0) = co(x), u(x, 0) = uo(x), xe 
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with m > 0, where 42 is a bounded domain in R?, S(x, n, c) is a chemotactic sensi- 
tivity tensor satisfying _ 
S € C?(2 x [0, oo); R?*?) (1.1.2) 


and 
|S(x,n,c)| x 1 +n) "So(c) forall (x,n,c) € 2 x [0, oo)? (1.1.3) 


with a > 0 and some non-decreasing So : [0, co) > R. 

In the two-dimensional analogue of (1.1.1), the condition of m = 1, a = 0 is 
sufficient to ensure global existence of some generalized solution thereof (see Winkler 
2018d), which eventually becomes smooth (Winkler 2021a). Nevertheless, a new 
difficulty arises in the analytical studies of the three-dimensional version of (1.1.1). 
It is well known that, compared with the case m = | (see Ke and Zheng 2019, Wang 
et al. 2018, Winkler 2018e), the nonlinear diffusion mechanism m # 1 may inhibit 
the occurrence of blow-up phenomena (see Tao and Winkler 2012b, Winkler 2013). 
Up to now, system (1.1.1) with nonlinear diffusion has been studied systematically. 
Indeed, in three space dimensions (N — 3), many authors considered the global 
existence and boundedness of the solutions, and the restriction on m is weakened bit 
by bit. For example, when the chemotactic sensitivity function S(x, n, c) is scalar- 
value, in 2010, the range of m can be belong to [2T 2] (Francesco et al. 2010); in 
2013, for locally bounded solution, m can be greater than 3 (Tao and Winkler 2013); 
in 2018, the result is pushed tom > : (Winkler 2018c). If we only consider the global 
existence of the solutions, rather than its boundedness, the value of m can be even 
smaller, such asm > 1in Duan and Xiang (2014) and m > 2 in Zhang and Li (20152). 
When the chemotactic sensitivity function S(x, n, c) is tensor-value (S is a matrix), 
in 2015, Winkler (Winkler 2015b) established the uniform-in-time boundedness of 
global weak solutions in bounded and convex domains 42 for m > Z, Zheng (2022) 
extended the previous global boundedness result to m > 2, As an extension of 
this result, when S fulfills (1.1.3), the corresponding results are constantly updated. 
In 2017, it was shown in Wang and Li (2017) that m > 1 and m + a > i insures 
the global existence of bounded weak solution; in 2020, Wang (2020) extended the 
previous global boundedness result to m + 2a > 2, a> Oandm+a > D. The first 
section shows how far the porous medium type diffusion of bacteria and saturation 
of tensor-valued sensitivity ensure the global boundedness of the weak solutions to 
(1.1.1) in the standard sense by the method different from those in Tao and Winkler 
(2013), Wang (2020), Winkler (2015b), Winkler (2018c). 

In order to prepare a precise statement of our main results in these respects, let us 
assume that the initial data satisfy 
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no € C* (Q2) for certain k > 0 with no > 0 and no z 0 in Q, 


1,00 > 1 > 
co € W^ (92) with co > 0 in Q, (1.1.4) 


3 
uo € D(A”) for some y € G j. 


where A denotes the Stokes operator with domain D(A):=W??(2) N Wo HUR) 1 
I2(Q), and L2 (2) := (o € L?(Q)|V - e = 0} (see Sohr 2001). As for the time- 
independent gravitational potential function $, we assume for simplicity that $ € 
W?(2). 

Within this framework, our main result can be stated as follows (Zheng and Ke 
2021): 


Theorem 1.1 Let (1.1.4) hold and suppose that S satisfies (1.1.2)-(1.1.3). If m + 
a> £ with m > 0 and a > 0, then there exists at least one global weak solution (in 
the sense of Definition 1.1 below) of problem (1.1.1). Also, this solution is bounded 


in 2 x (0, œ) in the sense that for all t > 0 


ln C. £z + lleG, Dllwicay + lut, trei < C 


with some positive constant C independent of t. Moreover, c and u are continuous 
in Q x [0, co) and 
n € Co_,([0, 00); L^? (2). 


The proof of Theorem 1.1 focuses on the derivation of regularity estimates for 
the component n, properly by means of a new bootstrap iteration in the case of 
1 <m+a< 3, which seems to be quite different from those in Tao and Winkler 
(2013), Wang (2020), Winkler (2015b, 2018c), Zheng (2022). More precisely, based 
on the basic a priori estimates, we can establish the L?” (£2)-estimates on ns for some 

10 7 


p> 3 in the case 7 < m +ga X 2,0 > 7% orm +a > 2 by using some carefully 


analysis. Whereas for 1 « m 4 a <2 and smaller o € [0, ul the derivation of the 
L?*(§2)-estimates on n, with some px > 3 needs a new iteration. In fact, on the 
basis of the spatio-temporal estimate ok Ji ö A |Vc.|* provided by the quasi-energy 
functional, one can establish the boundedness of n, in L”! (2) (see Lemma 1.20) and 
L^ (Q2) (see Lemma 1.23), where pj = 2(m + a)? — 22 (m +a) +44 io[4(m + 
a) — 1] and p, = 2 p2 + (4m — 5 + 3o) p, + (2m + 2a — 3)(m — 1) + 1. Based 
on the L?"-boundedness of n,, one can then archive the uniform bounds of n, in 
L?(Q2) for any p > 1. With the aid of a standard Morse-type technique and the 
maximal Sobolev regularity, one can derive the boundedness of ns, Vc, and u, in 
L® (2), inter alia the further regularity properties thereof which seem necessary to 
obtain the global weak solution to system (1.1.1). 

In the second part of this chapter, we are concerned with the chemotaxis— 


consumption system coupled with the incompressible Navier-Stokes equations 
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m £u: Vn 2 An - xv (vc) + fon. xE2,t » 0, 
c 


C; d u- Vc — ^c — nc, xE2,t » 0, (1.1.5) 
u, + (u- V)u = Au + VP - nV, xE2,t » 0, 
V-u=0, xE2,t » 0, 


describing the biological population density n, the chemical signal concentration c, 
the incompressible fluid velocity u and the associated pressure P of the fluid flow in 
the physical domain 2 C R”. It is assumed that n and c diffuse randomly as well as 
are transported by the fluid, with a buoyancy effect on n through the presence of a 
given gravitational potential @. Further, it is assumed that the chemotactic stimulus 
is perceived in accordance with the Weber—Fechner Law (Short et al. 2010; Wang 
2013; Winkler 2019b) which states that subjective sensation is proportional to the 
logarithm of the stimulus intensity, in other words, the population n partially direct 
their movement toward increasing concentrations of the chemical nutrient c that 
they consume with the logarithmic sensitivity. In addition, on the considered time 
scales of cell migration, we allow for population growth to take place, through the 
term f (n) = rn — un? with the effective growth rate r € IR, which accounts for the 
mortality or population renewal, and strength of the overcrowding effect u > 0; we 
note that r = 0 is allowed and has indeed been argued for in certain models (Hillen 
and Painter 2009; Kiselev and Ryzhik 20122). 

The system (1.1.5) appears to generate interesting, nontrivial dynamics. However, 
to the best of our knowledge, no analytical result is available yet which rigorously 
describes the qualitative behavior of such solutions. This may be due to the circum- 
stance that (1.1.5) joins two subsystems which are far from being fully understood 
even when decoupled from each other. Indeed, (1.1.5) contains the Navier-Stokes 
equations which themselves do not admit a complete existence and regularity theory 
(Wiegner 1999). 

At the same time, by setting u = 0 in (1.1.5), we arrive at the following 
chemotaxis-consumption model 


An— xy (5vc) 
n, = An — -(—Ve), 
me (1.1.6) 


C; = Ac — nc, 


where population growth has been ignored, which was introduced by Keller and 
Segel (19712) to describe the collective behavior of the bacteria E. coli set in one 
end of a capillary tube featuring a gradient of nutrient concentration observed in 
the celebrated experiment of Adler (1966). Later, this model was also employed to 
describe the dynamical interactions between vascular endothelial cells and vascular 
endothelial growth factor (VEGF) during the initiation of tumor angiogenesis (see 
Corrias et al. 2003; Levine et al. 2000). It has already been demonstrated that the 
logarithmic sensitivity featured in (1.1.6) renders a significant degree of complexity 
in the system; in particular, it plays an indispensable role in generating wave-like 
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solutions without any type of cell kinetics (Hillen and Painter 2009; Keller and Segel 
1970; Rosen 1978; Schwetlick 2003; Wang 2013), which is a prominent feature in 
the Fisher equation (Kolmogorov et al. 1937). 

In comparison with (1.1.6), the related chemotaxis system 


n 
n, = Aa AV VEL dS (1.1.7) 


cp = Ac—c+nhn, 


where the chemical signal c is actively secreted by the bacteria rather than consumed 
(see Bellomo et al. 2015; Hillen and Painter 2009), has been more extensively stud- 
ied. It is observed that the chemical signal production mechanism in the c—equation 
inhibits the tendency of c to take on small values, and thereby the singularity in the 
sensitivity function is mitigated. Accordingly, for such higher dimensional systems 
with reasonably smooth but arbitrarily large data, the global existence of bounded 
smooth solutions can be achieved. Indeed, global existence and boundedness of clas- 


sical solutions to (1.1.7) without source terms is guaranteed if x € (0, E (Fujie 
2015; Winkler 2011a), or if N = 2, x € (0, xo) with some xo > 1.015 (Lankeit 
2016b), while certain generalized solutions have been constructed for general x > 0 
in the two-dimensional radially symmetric case (Stinner and Winkler 2011; Winkler 
20112). Moreover, without any symmetry hypothesis, Winkler and Lankeit estab- 
lished the global solvability of generalized solutions for the cases x < oo, N = 2; 
X< /8, N = 3; and X< ER N > 4 (Lankeit and Winkler 2017). 

Furthermore, in accordance with known results for the classical Keller-Segel 
chemotaxis model (see Lankeit 2015; Winkler 2010a, 2014a for example), the pres- 
ence of the logistic source term f (n) = n(r — un) in (1.1.7) can inhibit the tendency 
toward explosions of cells at least under some restrictions on certain parameters. 
Indeed, itis known that (1.1.7) with N = 2 possesses a global classical solution (n, c) 
for any r € R, x, u > 0, and (n, c) is globally bounded if r > x for0 « x <2or 
r > X —1 for x > 2 (Zhao and Zheng 2017). Moreover, (n, c) exponentially con- 
verges to (^, =) in L?*(€2) provided that u > 0 is sufficiently large (Zheng et al. 
2018). As for the higher dimensional cases (N > 2), the global very weak solution 
of (1.1.7) with f(n) = rn — un* is constructed when k, x and r fulfill a certain 
condition. In addition, when N = 2 or 3, this solution is global bounded provided ^ 
and the initial data ||7o||z2, || Vcollz4 are suitably small (Zhao and Zheng 2019). 

In contrast to (1.1.7), system (1.1.6) is more challenging due to the combination 
of the consumption of c with the singular chemotaxis sensitivity of n. Intuitively, 
the absorption mechanism in the c—equation of (1.1.6), which induces the pref- 
erence for small values of c, considerably intensifies the destabilizing potential of 
singular sensitivity in the n —equation. Up to now, it seems that only limited results 
on global classical solvability in the spatial two-dimensional case are available. In 
fact, only recently have certain global generalized solutions to (1.1.6) been con- 
structed for general initial data in Lankeit and Lankeit (2019b), Winkler (20162), 
Winkler (20182), whereas with respect to global classical solvability, it has only 
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been shown for some small initial data (see Wang et al. 2016; Winkler 2016c). In 
particular, Winkler (2016c) showed that the global classical solutions to (1.1.6) in 
bounded convex two-dimensional domains exist and converge to the homogeneous 
steady state under an essentially explicit smallness condition on no in L log L(*2) 
and V In co in L?(€2). We would, however, like to note that numerous variants of 
(1.1.6), such as those involving nonlinear diffusion, logistic-type cell kinetics and 
saturating signal production (Ding and Zhao 2018; Jia and Yang 2019; Lankeit and 
Lankeit 20192; Lankeit 2017; Winkler 2022; Lankeit and Viglialoro 2020; Liu 2018; 
Viglialoro 2019; Zhao and Zheng 2018), have been studied. For example, the authors 
of Zhao and Zheng (2018) proved that the particular version of (1.1.6) by adding 
f(n)—rn— unk (r > 0, u > 0,k > 1) into the n-equation admits a global classi- 
cal solution (n, c) in the bounded domain 2 C R” if k > 1+ x. and in the two- 
dimensional setting, (n, c, Wel) > (( Lye , 0, 0) for sufficiently large u. In partic- 
ular, it is shown in the recent paper Lankeit and Lankeit (20192) that (1.1.6) with 
logistic source f (n) = rn — un? (r € R, u > 0) possesses a unique global classi- 


cal solution if 0 « x « (2 7» M and a globally bounded solution only in one 
dimension for any x > 0, u > 0. Also, the author of Wang (2019) showed that if 
u > uo with some uo = uo(£2, x) > Othen the corresponding classical solution is 
globally bounded, and (n, c, Wel) => oe à, 0) with A € [0, m To co) in (L^? (2)? 
ast — oo. Of course, this leaves open the possibility of blow-up of solutions when jz 
is positive but small. Anyhow, it has been shown in Winkler (20172) that when u > 0 
is suitably small, the strongly destablizating action of chemotactic cross-diffusion 
may lead to the occurrence of solutions which attain possibly finite but arbitrarily 
large values. 

Coming back to our chemotaxis-consumption-fluid model (1.1.5), as we have 
already pointed out, very little seems to be known regarding the qualitative behavior 
of solutions (Black 2018; Black et al. 2018, 2019). In fact, we are aware of one 
result only which is concerned with the asymptotic behavior and eventual regularity 
of solutions to the Stokes variant of (1.1.5). Namely, it is shown in Black (2018) that 
for small initial mass f. go No, the corresponding system upon neglection of u - Vu and 
f (n) in (1.1.5) possesses at least one global generalized solutions, which will become 
smooth after some waiting time and stabilize toward the steady state Lo f. g No, 0, 0) 
with respect to the topology of (L** (2))?. Since the presence of the fluid interaction 
does not have any regularizing effect on the large time behavior, it is expected that 
instead of the small restriction on the initial data, the quadratic degradation may have 
a substantial regularizing effect on the dynamic behavior of solutions to (1.1.5). 

The second part of this chapter focuses on the asymptotic profile in time of solu- 
tions to (1.1.5) in the two-dimensional case. In order to state our main results, we 
shall impose on (1.1.5) the boundary conditions 


Vn-v=Vc-v=0O and u =0 for x e 022, (1.1.8) 


and initial conditions 
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n(x,0) = no(x), c(x, 0) = co(x), u(x, 0) = uo(x) for x e 2. (1.1.9) 
Throughout this part, it is assumed that 


no € C*(Q), no > 0 and no ZO in Q, 
co € W'^*(Q),co > Oin €2 as well as (1.1.10) 


1 
uo € D(A®) for all B € ios 1) 


with A denoting the Stokes operator A= — # A with domain D(A):= W27(2; R3) N 
WE’? (2; R2) n L2 (2), where L2 (2) := (9 € L?(2; R2)|V - o = 0} and Z stands 
for the Helmholtz projection of L? (2) onto i- (2). 

Within this framework, by straightforward adaptation of arguments in Lankeit and 
Lankeit (20192) with only some necessary modifications, one can see that the problem 
(1.1.5), (1.1.8), (1.1.9) admits a global classical solution (n, c, u, P) whenever x € 
(0, D, r € R and u > 0, which is unique up to addition of constants in the pressure 
variable P, and satisfies n > 0, c > 0 in 2 x [0, co). The first of our main results 
is concerned with the global boundedness of the solution as well as its asymptotic 
behavior (Pang et al. 2021). 


Theorem 1.2 Let f (n) = rn — un^, r € R, u > Oandd € W?^** (Q2), and suppose 
that (no, co, uo) satisfy (1.1.10). If (n, c, u, P) denotes the corresponding global clas- 
sical solution to (1.1.5), (1.1.8), (1.1.9), then there exists a value uo = uo(2, x,r) = 
0 with uo(€2, x, 0) = 0 such that whenever u > no, (n, c, u) is global bounded, 


ru Vc 
ln C. t) ü lr) > 0, |l : C. £z > 9, luc, zoe (oy > 0 


and when r > 0, ||cC, t)||rs(o) — 0 ast > oc. 


As indicated in the above discussion, we need to introduce new ideas to show 
how the regularizing effect of the quadratic degradation in the chemotaxis—fluid 
model (1.1.5) can counterbalance the strongly destabilizating action of chemotactic 
cross-diffusion caused by the combination of the consumption of c with the singular 
chemotaxis sensitivity of n. Specifically, we develop the conditional energy func- 
tional method in Winkler (2016c) to show the global boundedness of solutions in the 
case of r > 0, in which the key point is to verify that 


T go X 2 gms c 
JF (n, w) := H (n) 4- = [Vw|^, w := —1n(—— ——) (1.1.11) 
Q 2 Jo IIcoll z--(2) 


with H (s) := s ln = + x constitutes an energy functional in the sense that F (n, w) 
is non-increasing in time whenever jz is appropriately large relative to r (see Lemma 
1.41). Indeed, from (1.4.29), one can obtain the global bound of f o nl In n|dx and 
f 2 |Vw|*dx, which then serves as a starting point to derive the uniform bound of 
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ln C. t)z) Via the Neumann heat semigroup estimates. Furthermore, by making 
appropriate use of the dissipative information expressed in (1.4.29), we can establish 
the convergence result asserted in Theorem 1.2. Itis noted that compared to that of the 
case r > 0, u > 0, the proof of Theorem 1.2 in the case of r < 0, u > 0 involves 
a more delicate analysis. In fact, unlike in the case r = u = 0 or r > 0, u > 0, 
(1.1.5) with r < 0, u > 0 seems to lack the favorable structure that facilitates such 
conditional energy-type inequalities. Taking full advantage of the decay information 
on n in L!—norm expressed in (1.4.2), our approach toward Theorem 1.2 is to 
construct the quantity 


(n, w) Ey ndn a) eX f Vw? (1.1.12) 
2 2 2 


with parameter a > 0 determined below (see (1.4.64)). Unlike in the case of r > 0, 
F (n, w) does not enjoy monotonicity property, it however satisfies a favorable non- 
homogeneous differential inequality (1.4.71) in the sense that it can provide us a priori 
information on solution such as the global bound of f o | In z|dx and f. Q |Vw|?dx 


(see Lemma 1.43), as well as Jim f |Vw(, Dp = 0 (see (1.4.77)). 
o Jo 


As an important step to understand the model (1.1.5) more comprehensively, 
we shall consider the convergence rate of its classical solutions in the form of the 
following result: 


Theorem 1.3 Let the assumptions of Theorem 1.2 hold and r > 0. Then one can 
find u(x , 2, r) > 0 such that if u > ux, 82,7), the classical solution of (1.1.5), 
(1.1.8), (1.1.9) presented in Theorem 1.2 satisfies 


" 
ln C. t) — ple — 0, lel, Dilzomy — 0, lul, Dll ree o) — O 


as well as || wh, t)lr»(o) — O for all p > 1 exponentially as t — oo. 


This implies that suitably large u relative to r enforces asymptotic stability of the 
corresponding constant equilibria of (1.1.5); however, the optimal lower bound on 7 
seems yet lacking. The main ingredient of our approach toward Theorem 1.3 involves 
a so-called self-map-type reasoning. More precisely, making use of the convergence 
properties of (n, Yd ) asserted in Theorem 1.3, we prove by a self-map-type reasoning 
that whenever u is suitably large compared with r, 


r IVc] 
(n(,t)— n cC, t), u) —> (0,0,0) and mus t) 0 


in (L9 (2)? and L°(2) exponentially as £ — co, respectively (see Lemma 1.45). 

As aforementioned, the limit case r — 0 becomes relevant in several applications. 
In this limiting situation, the total cell population can readily be seen to decay in the 
large time limit (cf. Lemma 1.36 below). As a consequence, we can obtain the decay 
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properties of solutions, namely that the decay on n in L! actually occurs in L°, and 
also for c. More precisely, our result reads as follows: 


Theorem 1.4 Let the assumptions of Theorem 1.2 hold and r = 0. Then the classical 
solution of (1.1.5), (1.1.8), (1.1.9) from Theorem 1.2 satisfies (n, c, “+, u) — 
(0, 0, 0, 0) in (L**(2))* algebraically as t — oo. 


The result indicates that structure generating dynamics in the spatially two- 
dimensional version of (1.1.5), (1.1.8) and (1.1.9), if at all, occur on intermediate 
time scales rather than in the sense of a stable large time pattern formation pro- 
cess. Apparently, it leaves open the questions whether the more colorful large time 
behavior can appear in the three-dimensional version of (1.1.5). 

The approach toward Theorem 1.4 uses an alternative method, which, at its core, 
is based on the argument that the L°-norm of n can be controlled from above 
by appropriate multiples of aT This results from a suitable variation-of-constants 
representation of n, by which and in view of the decay information on |Vw| in 
L®(2), the L! decay information on u from (1.4.2) can be turned into the L- 
norm of n (see Lemma 1.46). As a consequence, by comparison argument, we have 
a pointwise upper estimate for w as well as a lower estimate for v (see Lemma 
1.47). Using L? — L^? estimates for the Neumann heat semigroup (e/^),.o, we then 
successively show that || Vw||r» and |[n||re(o; can be controlled by appropriate 
multiples of a from above and below, respectively (see Lemma 1.48). These a 
priori estimates allow us to get the pointwise lower estimate for w as well as the 
upper estimate for c, which complement the lower bound for c previously obtained, 
and thereby prove that c actually decays algebraically. 


1.2 Preliminaries 


Firstly let us recall the important L?” — L^ estimates for the Neumann heat semigroup 
(e'4),. on bounded domains, which plays an important role not only in Chap. 1, but 
also in Chaps.3, 4 and 6. 


Lemma 1.1 (Lemma 1.3 of Winkler 2010 and Lemma 2.1 of Cao 2015) Let (e'^),.0 
denote the Neumann heat semigroup in the domain Q and X, > 0 denote the first 
nonzero eigenvalue of —A in 2 C R” under the Neumann boundary condition. 
There exists cj, i = 1, 2, 3, 4, such that for all t > 0, 
G)lfilxq-zpctoo,then for all w € L* ($2) with fg o = 0, 


leolir < i (14-173 57 9) ellus; 
(ii) Ifl <q < p < œ, then for all w € L*(€2), 


L1 N(i 1 E 
IVe ollre X c» (1+: 2716 De ^ ool ra(oy; 
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(iii) If2 <q < p x œ, then for all o € W'*(«2), 

ta -X(i-1)| ,-At 
ll Ve'Aollzsqo < cs (1 ig Je "Voll roy; 
(iv) fl<q<p<oorl <q <owand p = co, then for all w € (L4 (22), 
tA -I-N(I-D)W at 
le^v - olli < ca (14 17373579) e olro: 

In order to obtain the solution of system (1.1.1) through a suitable approxima- 
tion procedure, we follow the well-established approaches to regularize both the 
chemotactic sensitivity and nonlinear diffusion in the first equation in (1.1.1) (see 
Cao and Lankeit 2016; Li et al. 2015; Winkler 2015a,b; Ke and Zheng 2019). 
Let (pe)se0,1) € Co^ (42) be a family of standard cut-off functions, which satisfy- 
ing 0 € o, x 1 in 2 and p, Z 1 in 2 as eN 0, and x, € C$ ([0, o0)) satisfying 
0 < Xe x 1 in [0, oo) and x, 7 1 ase N 0. Define 

Sex, n, c) = PeX GS. n, c), xE R, n20, cz 0 


for e € (0, 1), which implies that S; (x, n, c) = 0 on 082. As an approximation func- 
tion of the sensitivity tensor S, S; also satisfies the condition (1.1.3), that is, 


IS. (x, n, c) € (14-n) So) forall (x,n,c) € 2 x [0, 00)’. (1.2.1) 


The regularized problem of (1.1.1) can be presented as follows 


Net + ug: Vne = Alne + €)" — V- (ne Fe(ne)Se(X, ne, Ce) Vee), | x € 2,t>0, 
Cet + Us - Veg = ACg —NeCe, PEREO, 
ust + YP, = Aus ce. FESSES ID) 
V.us=0, xeQ,t-0, 
Vng:v = Vcg: v = 0, us = 0, x€d2,t>0, 
ne (x, 0) = no(x), ce(x, 0) = co(x), ue (x, 0) = ug (x), Mie 


where F(s) = Hz for s > 0. 


Let us recall the local well-posedness of (1.2.2). 


Lemma 1.2 (Winkler 2012, 2015b) Let (2 C R? bea bounded domain with smooth 
boundary. Suppose that (1.1.2)-(1.1.3) hold. Assume that the initial data (no, co, uo) 
fulfills (1.1.4). Then for each £ € (0, 1), there exist functions 
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n, € C°(2 x [0,o0)) N C>! (Q x (0, 00)), 
Ce € C'R x [0, 00)) N C^! (Q x (0, 00)) Ng>3 C([0, 00); W* (42), 
us € C°(2 x [0, œ)) N C?! (Q2 x (0, oo), 


P, € C *(Q x (0, 00)), 
(1.2.3) 
such that (ng, Ce, uz, Pe) solves (1.2.2) classically in Q x (0, oo), and such that 
n, > 0 and c, > 0 in Q x (0, oo). 


The following lemma reveals the relationship between the regularity of us and n;. 


Lemma 1.3 (Winkler 2015b; Zheng 2022, 2019) Let (ns, Ce, Us, PX) be the solution 
of (1.2.2) in 2 x (0, T) as well as p € [1, +00) and q € [1, +00), such that 


p . 
a<z; PS3 


q<% if p>3. 
Then for all K > 0, there exists C = C(p,q, K) such that if |n&C.t)lz»eo)y < K 
for all t € (0, T), then | DuC, t)lrsco) < C for all t € (0, T). 
The following lemmas will be used in the sequel. 


Lemma 1.4 Let T > 0, t € (0, T), A >0,a>0 and B > Q, and suppose that 

: [0, T) — [0, oo) is absolutely continuous fulfilling y'(t) + Ay” (t) < h(t) fora.e. 
: € (0, T) with some nonnegative function h € L} (I0. T)) satisfying p h(s)ds < 
B for all t € (0, T — t). Then 


1 B 
y(t) < max [s B — +28] forall t € (0, T). (1.2.4) 
Ta 


For its elementary proof, we refer to Lemma 3.4 of Stinner et al. (2014) where the 
particular case r = a = 1 is detailed. 
As a crucial tool for analyzing the key term fs Iva? below, we will use the 


following inequality established by Lemma 2.2.4 in Lankeit (20162). 


Lemma 1.5 (Lankeit 20162) There are Co > 0 and uo > 0 such that every positive 
w € C*(Q) fulfilling Vw - v = 0 on 02 satisfies 


| |Aw|? | |\Vw|/?Aw 
2 + 
Q Ww Q w? 
Vw| 
<~ po f WID? nw)? — jo | | d f» 
Q Q Ww Q 


Now, we display an important auxiliary interpolation lemma in Winkler (2015b), 
Zheng and Wang (2017). 


(1.2.5) 
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Lemma 1.6 (Winkler 2015b; Zheng and Wang 2017) Let q > 1, 
€ [24 +2,44 + 1] (1.2.6) 


and 2 C IR? be a bounded domain with smooth boundary. Then there exists C > 0 
such that for all e € C?(Q) fulfilling q - ĉe = 0 on 022, we have 


20.— 


Velo < CIIIVel* D'gl Es: loll Ee + Cllgllz~ca)- (1.2.7) 


As an application of Lemma 1.6, (1.2.10) immediately leads to 


Lemma 1.7 Let B € [1, oo). Then there exists a positive constant ho,g such that 


ll Vc < ho, Il Vel?! D*celliacay + 0. (1.2.8) 


is on (Q) = 
The basic boundedness information of solutions to (1.2.2) is stated as follows. 


Lemma 1.8 The solution (ne, Ce, Ue, Pe) of (1.2.2) satisfies 
eC, Hll = linolio forall t > 0 (1.2.9) 


and 
Ice, DI rco) < licol forall t > 0. (1.2.10) 


Proof The identity (1.2.9) directly follows by integrating the first equation in (1.2.2). 
Moreover (1.2.10) is readily derived by applying the maximum principle to the 
second equation. 


The following Gagliardo-Nirenberg inequality will be used several times in 
Sect. 1.4. 


Lemma 1.9 Let 2 C R? PAD bounie Lips ehi domain. Then i) there is C > O such 
that Voliso) 5 CVA; <a) VOllingaforall @ € W22) fulfilling laa = 0 
(ii) there is C > 0 such that lel so, < < Clelia, x(9)llellzio for all o € W!?(Q). 


1.3 Global Boundedness of Solution to a Chemotaxis-Fluid 
System with Nonlinear Diffusion 


1.3.1 A Quasi-energy Functional 


Since some first regularity properties beyond those from Lemma 1.8 can be obtained 
by making use of a quasi-energy functional. Indeed it is a starting point of the 
derivation of further estimates for solutions to the approximate problems (1.2.2). 
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Lemma 1.10 For any € € (0, 1), the solution (nz, Ce, us, Ps) of (1.2.2) satisfies 


IVc? (vel? n; Val" 
— “+ uo | cl D? Ince? + A2 +f ——— 
dt Jo Ce Q 2 Jo Cz Q Cg 


2 co 
<2 f Iva ve, + tem f \Vuel2+C forall t 0 
Q Ho Q 


(1.3.1) 


for some C > 0, where uo is the same as (1.2.5). 


Proof Thanks toc, > 0, we integrate by parts and deduce from c; equation in (1.2.2) 


that 
s]. [Vee]? =-2 | = ACgCgi + |V cecer 
dt R e 


A m A A 
=- | = | a +2 f t9 AceneCe +2f e us Ye 
Q Ce 


eae Í DN NeCe P wae = Veg 


Q 


ar Ac; 
=—2 +2 y A s +2 | Veg 
Q Ce 
i eta [* IVen, je Eu ii 


(1.3.2) 
Together with (1.2.10), an application of Lemma 1.5 yields that for some positive 
constants uo and C (uo), it has 


if al +f M 
Q Ce Q c? 


V 4 
<- po [ ep! nap | = for t > 0. 
Q Ce 
In addition, integrating by parts again, we have 
C 
2 | “(Ue Vce) 
Q Ce 
[Vice I 
= 3 Ue Vc, —2 —Vc, - (Vue - Vcj) 
Q Cg Q Ce 
1 
-2f — (us - D?c,) - Vc, forall t > 0 
Q Ce 


and 


1 
ug: Vc; =2 —Hg-: D?c, : Vc, forall t > 0. 
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So combining the above two inequalities, we get 


Ac, Vc,? 
2f = ve- f 05 : Us © VCg 
Q 


V Vc 2 % 
<f | el? Wel Wiel < 2 | i zx lIcollz ee f |Vu, 
Q Ce 2 R Cz 


Therefore inequality (1.3.1) readily results from above inequalities. 


In order to deal with the term f 2 |Vus|? on the right of (1.3.1), we recall the 
following standard energy inequality for the fluid component of solutions of (1.2.2). 


Lemma 1.11 Let m 4- à > Z, Then for any n € (0, 1), there exists C(n) > 0 such 
that 


d 
<f wf f |Vus|? < nf (ne + e)"** Vn? + C() forall t > 0. 
dt Jo Q Q 

(1.3.3) 


Proof Testing the third equation in (1.2.2) by us and using V - us = 0, we get 


=J lue|? «f |Vuel? ES Vo forall t > 0. (1.3.4) 


By the Young inequality and the continuity of the embedding W'?((2) — L°(Q), 
we obtain that there is C, > O such that 


[rte vo Ios Ines 
Q 


(1.3.5) 
<Cı |ne + £l, $ (gq) lVli forall t > 0. 
Further, by the Gagliardo—Nirenberg inequality, we have 
Ine + hto 
«Cyl V, Syra T la. ES eg | wu ME T ES Il (ne ES E) T “I mia ) 
LTE (2) LTE (2) 
<C (|V (ne +8)? Ims ! F1) forall f» 0, 
(1.3.6) 


for some C; > 0 and C3 > 0 independent of e. Combining (1.3.6) with (1.3.5) and 


noticing m +a > 2, we can see that for any n € (0, 1), 
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f neue: Vo 
Q 


1 mia aT 
51V lizo + CANY Oe 8) E +1) (1.3.7) 


1 
<5lVuelliza) +n f (ne + e) Vne|? + C(n) forall t > 0. 
Q 


s 


This together with (1.3.4) arrives at (1.3.3). 


Now, we turn to analyze Jo (ns + £) In(n, + £) or |n, + el eio which con- 


tributes to absorbing Jé (n, + e) ** Vn, on the right-hand side of (1.3.3). 


Lemma 1.12 The solution (nz, Cs, Ug, Pe) of (1.2.2) satisfies 


d 
— f (ne + £) ln(ns + £) +m Í (ne + e)" ?|Vn.? 
dt Jo Q 


<cs f valvel — ia-9, 
(2 


1 d 
a(l 4- o) dt 


xc; [ IVnllVe| — ifa 0 
2 


(1.3.8) 
Ins + ellie) + mf (ne + e)" **? |n? 
Q 


for all t > 0, where Cs = sup So (s). 


Oxs x |Icollroe (2) 


Proof The proof of the lemma is given separately for two cases. 
(1) For the case a = 0. Integration by parts, we deduce from n,-equation as well 
as V - us = 0 and (1.2.1) that 


d 
< T Ce uode 
=f A (ne + g)" In(n, + £) S f In(n + e)V d (ns Fa (ne)Se (x, Nes, Ce) r Vcg) 
R Q 
-f In(n, + £)u, - Vne (1.3.9) 
RQ 
<-n | (ne c eyivn + | Sy (c) Vi || Vcc! 
Q Q 
<-m | (ne + e)" ?|Vn,p + cs | |Vine||Vcel. 
£2 £2 


(2) For the case œ > 0. Multiplying the first equation in (1.2.2) by (ns + £)“, and 
noticing the hypothesis (1.1.3), we then have 
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d Qt nm-ra-— 
a Gite tele oma [ (ne o Wes 
=a | (ng + 7! n, Vn, - (F.(nj) S, (x, Ne, Ce) - VCe) (1.3.10) 
2 


ze | (ne +8)” (1 ng) “So(Ce)|Vne||Vee| 
2 


zec; | [Vne||Vce| forall t > 0. 
2 


Hence, (1.3.8) readily follows from (1.3.9) and (1.3.10). 


Remark 1.1 Note that when S(x,n,c) is scalar-value, one can make use of the 
corresponding flavor thereof to neutralize 2 n o |Vne||Vce| on the right-hand side of 
(1.3.1) and Cs So [Vn.||Vc;| on the right side of (1.3.8). 


In the sequel we shall derive an energy-type inequality under the assumption 


z <m 4- à x 2, from which the regularity of solutions of (1.2.2) beyond that of 


Lemma 1.8 is achieved. 

Lemma 1.13 Let 2 <m +a x 2and S satisfy (1.1.2)-(1.1.3). Suppose that (1.1.4) 
hold. Then there exists C > 0 independent of € such that the solution of (1.2.2) sat- 
isfies 


[Vi] 2 
— + lus|^ € € for all t > 0, (1.3.11) 
Q Ce Q 


fato se if a > 0, 

a (1.3.12) 
[emo +2 <¢ if o — 0, 
(2 


3 
E E 


t+1 Ne j |Vc,|* 5 " á 
f Í [Vel + PII 4 (ng emm + (ne eyntIvnu < C, 
t QC [6 


(1.3.13) 
t+1 
/ / [Vus < C (1.3.14) 
t 2 
as well as 
t+1 
f f c,|D?Inc,? < C. (1.3.15) 
t (2 


Proof Adding an suitable multiples of the inequalities in Lemmas 1.10-1.12, one 
can conclude that there exist positive constants c;, (i = 1, 2, 3), such that 


d Vcl? 
5G Nee + [ e emos te +h f uP) +h f [Vue] 
dt \Jo Ce Q Q Q 
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2 2 nelVce|? 
dace ier qf etre (1.3.16) 
Q 


Ce 


Vc,|^ 
+e f 2 + hy f ne niv 
Q C Q 


sul [Vn4||Vc;| +k3 forall 20 when a=0 
Q 


and 


d |\Vce|? 1 m f 2 
E te k e€ 
s (J, o taara telia tk j lee 


2 2 2 ne|V cel? 
+k, |Vus| + ko c| D^ In c,|^ + ——— 
Q Q Q Ce 


Vc,|^ 
es] : +i f ine + omm 
Q Cg Q 


(1.3.17) 


<r f |Vnel|Vce| + k3 forall t£ 2 0 when o > 0. 
Q 


Next, we will estimate f o |Vne||Vce| by the Gagliardo-Nirenberg inequality along 
with the basic priori information provided by Lemma 1.8. Indeed, making use of 
(1.2.10) and the Young inequality, we thereby find ks > O such that 


kf [Vel Vel 
Q 


(1.3.18) 
< ky |Vce F ky m--a—2 2 4—2m—2a 
= 3 T (ne +€) |Vne|~ + ks (ng +€) . 
2 Q Cz 4 Q Q 
Therefore for œ > 0, we insert (1.3.18) into (1.3.17) to get 
S (f ree, sri th fur 
ng + Ell is Ug 
dt \Jo ce a(14- o) peque 
elV Ale 
+ f Vus +k f cD? me + f ZR 
2 2 2 Ce (1.3.19) 


ka |Vc,|* == | +a—2 2 
A m-ra V A 
| ose me» IVn.| 


<ks f (ne +8)" +k, forall t > 0, 
2 


Next, we deal with f (ne + gj separately for two cases. Indeed, in the case 


R 
z <m+a< 3, by the Gagliardo—Nirenberg inequality, we get 
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ks f (ne + 8)? 
R 


nja 2(4—2m—2a) 
=ks|| (ns +£)? || gem (22) 
- 2(3—2m—2a) 2(4—2m—2a) 282m 2a) 
Xke||V (ne + £) ? Fea [Gos +e) du NE ee (1.3.20) 
Lita (Q2) 
2(4—2m—2a) 
+e +e) E oT 
Lus (Q) 


6(3—2m—2a) 


mto 41) forall t > 0, 


=ka (WIV ne + 9*7 I es 


where kg and k; are positive constants. Hence, if 7 <m+a < 3. we have 


2 , 
6(3—2m—2a) 
“30n+a)—1— E (0, 2), and then get 


k 
sf (ne + £)?" < af (ne + e)" *7Vn,|? + kg forall t > 0 (1.3.21) 
2 2 


with some kg > 0 by the Young inequality. While in the case 3 < <m-+a <2, we 
have 4 — 2m — 2a € (0, 1) and thereby immediately get 


ks f (ne + €) < ks 1 ne + ko (1.3.22) 
2 2 


with some Ko > 0. Therefore, (1.3.19) together with (1.3.20)-(1.3.22) leads to 


d |Vce|? 1 T f 5 
+ e + ell tero tk e 
dt (Í a uua et irse pola 


+o f IVu P+ ho f c,| D? Inc p+ f nelVeel? 
eo 2” ° 2 Ce (1.3.23) 
ky |Vce|* zf +o—2 2 
A m-roa V g 
3 ose gf mno IVn.| 


< kio forall t > 0. 


Since m + a > 1 , we utilize the Gagliardo—Nirenberg inequality to see that there 


exists a positive constant kı; such that 


ar a) e F ell iato 


xk (J (n, + ova) +k, forall t > 0. 
R 


Hence recalling (1.2.10) and according to the Poincaré inequality, we can see that 
for all t > 0, 
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[ E85 tne A 
a n a(l +a) E Lir (2) 1 T E 


2 IVesl* m+a—2 2 : 
xk IVus|^ + 3 + (ns +€) IVn.| + ky 
Q Q Cg Q 


with some kj? > 0 and ¢ = max{ 25. 1). Thus, we infer from (1.3.23) and 
(1.3.24) that there exist kı3 > 0 and kj4 > O such that for all £ € (0, 1), 


d [Vcs]? 1 " 8 J 
+ Ne +E a + — |c oo Us 
dt (Í & ^ wea)" DET TN S 
1 
|\Vce|? 1 1+ 8 | j Hi 
i e+ ell tS (a) + — llcollze : 
Ts (f| C. T a +a) |ne + Elli (ay + T IIco ll res c2» " [us | 
aval 
has (/ Ivar f ID inc? + f er) 
m g 2 Ce 


Velt 5 
+k13 E Ce + f Cn eomm 
R c 8 Q 


< kı, forall t+>0 if a>0 


(1.3.24) 


(1.3.25) 
which along with Lemma 1.4, implies that (1.3.11)-(1.3.12) are valid. Further, 
(1.3.13)-(1.3.15) result from integrating the inequality (1.3.25). The proof for the 
case œ = 0 can be proved similarly, and is thus omitted here. 


1.3.2  L*??((0, o0); L?(2)) Estimate of ns for Some p > 3 


The further regularity properties of solutions can be obtained by means of a bootstrap 
iteration in the case of n <m+a< 3. In this direction, we first shall make use of 
results in Lemma 1.13 to improve the regularities, in particular for ne. 


Lemma 1.14 Let p > 1. Then the solution (nz, Ce, Ug, Pe) of (1.2.2) satisfies 
ld m(p — 1) 2 
p m+p—3 2 
stel e T [en I IVre] 


l ie (1.3.26) 
Sx f (ns + )?*17" (1 + n) Vc]? for all t > 0. 
2m Q 


Proof Multiplying the first equation in (1.2.2) by (n; + €)?~!, using V - us = 0 as 
well as (1.1.3), we get 
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Id P m+p—3 2 
— ne + Elzo) + mG — 1) (ne + €) |Vne| 
p dt Q 


=(p = » f (Ne + £)" ?n, Vn, , (GF (ne) Se(X, Neg, Ce) : Vcs) 
7 (1.3.27) 


<(p- » f (ne + £) (1 + ng) So(Ce)|Vinel]V ce | 
(2 
<(p— Des f (ne te)? (1 + nj) ™*|Vnel|Vce] forall t > 0. 
R 


Hence (1.3.26) follows from (1.3.27) and Young’s inequality. 
As a consequence of Lemma 1.13, we have 


Lemma 1.15 Under the assumptions of Lemma 1.13, there exists a positive constant 
C independent of € such that 


f IVc? < C forall t > 0. (1.3.28) 
£2 


Ve? 
Proof Noticing that IVc? < Ive lcs C. £l roe (2). (1.3.28) results from (1.3.11) 
c 


and (1.2.10). l 

Combining Lemma 1.14 and estimate (1.3.28) immediately leads to 
Lemma 1.16 Let n <m+a x 2, S satisfy (1.1.2)-(1.1.3) and (ns, Ce, Ue, Pe) be 
the solution of (1.2.2). Then there exists C > 0 independent of £ such that 

t+1 
sup / (ne + e)"** + sup f ri (ne ay IVa I <C (1.3.29) 

te(0,00) JQ te(0,00) Jt Q 

for all t > 0. 


Proof Taking p = m + 2a in (1.3.26), we get 


d nyia m(m + 20 — 2 | 2m4-2a—3 2 
— |Ine EOM ——————— A mre |M 1 
glin + Na + T (e Pn, 


Hi I (n, 4) ?* + n) Vcl? 
(2 


Ng 9 2 
slash f —| Veg + uf IVc.| 
QR Ce R 
(1.3.30) 
for some positive constant k; > 0. Now, applying the Gagliardo-Nirenberg inequal- 
ity and (1.2.9), one can find constants kp > 0, k3 > 0 and k4 > 0 independent of 
e € (0, 1) such that 
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[ en 
Q 


2m42a-1 
=||(",_ +e) o? 


2(m+2a) 

| 2m+2a—1 
2(m+2a) 
L mPa- 


(2) 


2(m+2a) _ 3m+6a—3 
| 2m42a-1 ^ 3m-+3a—2 


2 
L mF (Q2) 


2m-2o—1 Im 1 


We ne +8) 


<c (ive. t£) 


niin 


2 +2 1 2(m+2a) 
+| ne + £) fI || t a) 


miis +1) 


«exl Vs + £)” 


m(m = 1) 2m322— 1 
— — || V (n: 
Som pile +8) 


ee + k4. 


Inserting the above inequality into (1.3.30), one then has 


m+2a m(m + 2a — 1) 2m+2a—3 2 
augeret +E S on + 6223 Yn 


«f (n, + e)? 
2 


Ne 2 2 
<lleollz~cayki | —1 Ves ki | IVeslt + ka. 
QR Ce (2 


As the application of Lemma 1.4, this together with (1.3.28) and (1.3.13) then arrives 
at (1.3.29). 


According to Lemma 1.3, the bound of L? (42) for Du, can be suitably enlarge upon 
the result of Lemma 1.16 in asserting the following. 


Lemma 1.17 Let £ <m+a< 3. Thenforr < ales there exists K := K (r, m) 
such that 
Il DusC. ro € K forall t > 0. (1.3.31) 


Proof In light of (1.3.29), (1.3.31) is the consequence of an application of Lemma 
1.3 with p = m -F a. 


In order to obtain the further regularity of c,, one can establish the time evolution 
of Vc, in L?” (Q2), similar to that of Lemma 3.6 in Winkler (2015b). 


Lemma 1.18 For any B > 1, the solution of (1.2.2) satisfies 
2(6 — 1) 
2B dt aR ER ne ceca g S MIT 
id J IVc.^*|p*c,[* +f ng|Vee|? (1.3.32) 
2 Jo Q 


<- f cel Ve P9" Vn, - Ve, + | |Du4||Vc.? +C 
Q 2 
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for all t > 0, where C > 0 is a positive constant independent of €. 


Proof Noticing the boundedness of || Vc¢(-, t) || io) obtained in Lemma 1.15, and 
applying the arguments as those in the proof (3.10) of Ishida et al. (2014) (see also 
Wang and Xiang 2016; Zheng 2016, 20172), one can find a positive constant kı such 


that 5 

8|Vc. | pO (P= 1) 2 

f —— Vc « —— | [YIVce | + ki. 
a2 ðv B Q 


Hence by pursuing quite a similar strategy in the proof of Lemma 3.6 in Winkler 
(2015b), one can derive (1.3.32). 


Now, we address the question how far the regularity information such as provided 
by Lemma 1.17 is convenient to estimate the term f o |Dus||Vce l^? on the right of 
(1.3.32). 


Lemma 1.19 Let r > 3 and p € [r =La I; ]. Then for any n > 0 and K > 0 


there exists C = C (P, r, K) > 0 such that if lDuellzr co < K, then 
f |Vce|7?| Due| < nf |Vc,|78-?|D7e.|? +C forall t > 0. (1.3.33) 
2 2 


Proof We invoke the Hólder inequality with exponents -= and r to see that 


ILE OM (f (Dus! y 
«(f su) | 


<K Vell ES for all t > 0. 
r-T(Q2) 


Since 6 € [r — 1, à ensures that A :— 2 € [28 + 2, 48 + 1]. Therefore, we 


may apply Lemma 1.7 and (1.2.10) to see that for some kı = kı(K, r, B) > 0 and 
ky E ko(K, P. r) > 0, it has 


B(A—3) 68-4 
1n2 A P osi 26 
KIVc.IP E n oh <k; || IVc.|P- D^c c.m leslie +k; IIce ll oco 
4B(A—3) 


xk (|| V celf- oD Galan +1) forall t > 0. 


: 3 -1 
Thanks to the assumption r > 5 and £ € [r — 1, Gans we have 


4p(.—3)  46G%& — 3) 
Q8—1A QE 28 
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and thus arrive at (1.3.33) by means of the Young inequality. 


At this position, on the basis of space-time regularity property of n; provided by 
Lemmas 1.16, 1.14 can be exploited so as to derive the further regularity features of 
Ng. 


Lemma 1.20 Let (nz, ce, Us, Ps) be the solution of (1.2.2) as well as LT <mt+a< 
3. Then there exists C > 0 such that 


t+1 
sup ||ne(, D + ellin + sup Í [vmm 3)Vn, |? 6. 


t€(0,00) 1€(0,00) 
(1.3.34) 
where p, = É (m +a)? — ZOH 4.44 ? (4(m + a) — 1). 


Proof Let Bj = 2m + 2a — 1. Then in view of (1.3.32) and (1.2.10), we obtain that 
for some C, > 0 and all t > 0, 


1 2fi 2(B1 — 1) Bi |2 281-2) r2,. 12 
5, Veo € EET f vives i +f e M 


sleesco f Ive ^7 vua — f slve + f [Vice |7?'| Due] + C1. 
2 Q 2 


(1.3.35) 
By Lemma 1.7 and the Young inequality twice, we can conclude that for some 
C5 > 0, 


28,—1 
ee / Veg?" Ve 
2 
2m+2a—3 —2m—2a 3—2m—2o 3- 2m— 2o 
leollamcay f (7 IVn.]) (ne 5 Vea EPI) Ve, phi Ht 
2 


1 1 -2m-2a 
sl nve LL f Vc, [i 1 SE Ala 
2 Jo 20,8, J2 


«al (n, ey Val? 
Q 
1 1 1 
=; f ne|Vce l?” *z-[ IV P^? c, f (ne emn + | 
2 Jo 2Xo,& J2 Q 2 


1 1 1 
zl n;| Vc; 7f + 5 lI Ves 7 D°celliaca) + c f (ne + evn F 2 
2 2 


m^ 

(1.3.36) 
Here we have used the fact that 5 + ML + LÁ = 1. Inserting (1.3.36) into 
(1.3.35), we then have 
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2(B — 1) 2 
2 
UNT. ql Volo + oe |VIVcs|?| 
1 2 
1 
+ al [Vc PP? DA e. + al na| Vcs? (1.3.37) 
2 8 2s 


1 
<C J (ne + e" ?e 3g? + / |Vce|7P'|Due| + =. 
2 2 2 


In addition, it is observed that 


3(m+a) 
3(m +a) > Bi < 3—(m+a) 1 
E airo PN 1 Ea S U 
T= +9) aas. 


can be warranted by m + o € (2, 3 5], and thereby by Lemmas 1.16 and 1.17, there 
exists a constant C3 > 0 such that 


1 
f IVc, ^ | Dus] < if |Vce|7F'-?| D?c,|? + C3 forall t > 0. 
2 4 2 


Substituting it into (1.3.37), one immediately obtains that for some C4 > 0 


1 2(8i — 1) 2 
Vc co) + 5 7D ff Ivivaqn 
2B, dt By Q 


1 1 
+S Ive ^pa + > f n,|Vc, p^ 
4 Jo 2 Jo 
<C / (ne + e"? 3g? + Ca, 
R 


which along with (1.3.29) leads to 


t+1 
sup WV cell 72h ca) + sup J [ave [21-2 D7 ce |? + n, | Vc) < Cs 


t€(0,00) €(0,00) 
(1.3.38) 
for some Cs; > 0. 
Moreover, denoting po = m + 2a and taking p := pı = 1$ (m +a)? — 2 m + 
a) - 4-4 za [4(m +a) — 1] in (1.3.26), and applying the Young inequality, we con- 
clude that for any 6 > 0, there exists constant C(8) > O such that 
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pi mpi m 1) 


ld "T 
ZE in elg + PE fone +8) tp 3Ivn,? 


<Ci f e. t erte Vo 
" - (1.3.39) 
1 
s (ne + ey orto Ine 4 co f (ne + £)| Vc, ^ 
R 2 


<b f ine 7m eco [ o. tTa, 
R Q 


thanks to (pı +1 m — 2a — +); = ¥ Epi —14+ m pi -1+ po. 
Further, by the Gagliardo—Nirenberg interpolation inequality, we infer from 
(1.3.29) that 


] e onmino 
2 


2m pj -1+3 po) 


5 mp mp-1 
=|| 0 + £) i I 2(m+p1—-1+ 3 po) 
L "P (Q) 
pitm-1 pitm-1 Xe pa—1+ § Po) 
EE ma Mr eL 
«c; [Ive 02 97 sos, ^37 zn 


Lein- (Q) 


— 2(m+p -M-2 po) 
+a +A ? 0d me 


0 
L"*n-T(Q) 


pjtm-l 


SCIVO +E) 7 229 + D 


with constants Cg > 0 and C7 > 0. Inserting the above inequality into (1.3.29) and 
picking 6 > 0 appropriately small, one concludes that there exists a positive constant 
Cg such that 


—1 
DD) | (n, + e) * ^| Yn, / (n, +e)? 
4 Q Q 


za f nive + f |Vc,[//*? + Cs. 
2 2 


ld $i 
ma" sb Ellen (2) F 


Now by (1.3.38) and (1.2.8), one can get 
t+1 
sup ||neC, t) + i pet (2) + sup f f (ne + gy? vg? < Co 
te(0,00) te(0,00) Jt Q 
for some positive constant Cs. 


Lemma 1.21 Let £ <m+ac< i and (ns, Cs, Ue) be the solution of (1.2.2). Then 
for any B > 1 and ņ > 0 there exists a constant C = C(f, n) > 0 such that 
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f vett f IVc? |Dus| < nf |Vc,|78-?|D7e,|7 +C forall t > 0. 
Q 2 2 


Proof Itis observed thatm + a > » ensures p, — 1$ (m +a) - 22 (m +a)+4+ 
5a[4(m +ga)-— 1] > 3 and thus from Lemma 1.20, we have 


sup |[Ne(-, ÐI 32,4. < Ci. 
te(0,00) DS 


By Lemma 1.3, forany 2 « r « 206 || Due, t)lr(2) € Co for some positive con- 
stant C2. Moreover, by Lemma 1.19, one can conclude that for any 6 > 1 


i |Vce|7?| Due| < zf IVc,21D?c,? + C3 forall t > 0 (1.3.40) 
2 2 


with some positive constant C3. On the other hand, in view of Lemma 1.7, it follows 


from the Young inequality that there is C4 > 0 satisfying 
ji [Vee |? < B |Vce|7F-?| D2 ce |? + C4 forall t > 0, 
Q R 


which together with (1.3.40) leads to the desired inequality. 


The regularity of Vc, from Lemma 1.21 can be readily developed to the following 
basis for the iterative reason, which can elevate L”! (2) of n, from Lemma 1.20 to the 
LP (*2)-boundedness of n, with some p > 3. To this end, we consider the properties 
of the iteration sequence {p,,},>1 stated in the following. 


Lemma 1.22 Let p, — Bim +a)? — 22 (m +a)+ ia (4m +a)—1)+4, 2 « 
m < 3 and 0 <a< i. Assume that for any n =1,2,--:-, 


2 2 
Pou = =p? + 3 4m — 5 - 3a) p, + (2m + 2a — 3)(m — 1) + 1, 


3 

then pı is monotonically non-decreasing functions with respect to m as well as p, is 

monotonically non-decreasing functions with respect to n, inter alia lim p, = +00. 
n—oo 


Proof A direct calculation shows that 


2 2 
Pia =3 Pn + 3 (4m — 5 +30) pu + Qm + 2a - 0m — D + 1 


2 
=3 Pal Pn + (4m — 5) + 3a] + (2m + 2a — 3)(m — 1) + 1. 


3 


Due to 0 <a < m and 10 <m+4 <5, the mathematical induction implies that 


for any n € N*, p, > m + a. In addition, it is observed that 
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2 3. 2 
Pn+1 — Pn =3 Pn = Pa) F zam = 5) (Pn = Pn-1) 


2 
=3 (Pn — pai) (pa + Pn-1 + 4m — 5 + 3a). 


Hence in light of p2 > p; andm+a > m. one can see that p3 > p», and thereby 
Pn+1 > Pn by the induction. 
By the contradiction argument, one can show that lim p, = +00. In fact, sup- 
n—oo 
posed that (p,],-1 is bounded, then lim»... p, = p. with some positive con- 
stant p, < oo, which implies that p, = 3p? + $(4m — 5 + 3a) p. + Qm + 2a — 


3)(m — 1) + 1, that is 


2 8 23 
3P + GM- > +20) px + Qm+2a—3)m—1)+1=0. — (341) 


By Weda’s Theorem, we have 


8 13 > 2 
0<A=(jm—- => +22) —A4x z X [Qm +20 — 3)m — 1) + 1] 
_ 165? — 8(11 — 2a) p + 4o? — 20a + 73 


(1.3.42) 
9 
H(p, a) 
9 
with o = m + «æ. Note that for any 0 < œ < a and » «m-ra- 3, oe) = 


32p — 8(11 — 2a) < 0. Sofor0 <a < and $ <m+a <3, 


10 10. , 10 
H(p, a) < HC. o) = 1605 — 811 — 20) > + 4o? — 200 73 < 0, 


which contradicts with (1.3.42). 


Lemma 1.23 Let $ <m+a < å as wellas0 < o < 7. If 


t+1 
sup |n.C. t) + elno + sup f / (n, +e)?" Vn)? < K (1.3.43) 
) t Q 


te(0,00 te(0,00) 
with p, +m — 3 < Ofor some K > 0, then there exists C = C(K) > 0 independent 


of £, such that 


t+1 
sup |lme(,t) + e (2) + sup i / (ne + e)Porit—3 yg? <C, 
t R 


t€(0,00) t€(0,00) 


where p,41 = ip? + 2($m — 3 +a) p, + (2m + 2a — 3) (m — 1) + 1 for any n = 
1,2, 3,---, and p; is taken from Lemma 1.20. 
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Proof Let 8, = p, +m —1 forany n = 1,2,3,--- . Recalling (1.3.32), there is 
C; > O such that for all t > 0, 


1 2p 2(B, — 2f 2 / BA EE 
LL —||Veell oho) + as POV Vee P| + Vc |??? | Dc 
2Bn ET Cell r5, (ey 82 A | el | z el | el 


< heols | Ive P^7tIvna = f nive f ehud C. 
Q Q Q 
(1.3.44) 
As done in (1.3.36), we can conclude that there exists a positive constant C5 such 
that 


leise f Ives P7 vnl 
2 
1 1 E 
<f n| Vcs? + IIV cel” "D esl ren (1.3.45) 
2 
1 
+C | m contri 5, 
B g 
which along with (1.3.44) implies that 
2(B, — 1) 2 
2Bn n n 
2B, dt Telio +o f |viVe J^ | 
1 
+ >| |V cel? | D?c,? + J n,|Vc; P (1.3.46) 
Qe 2 Jo 


1 
<C f (ne + e)" * ^ ?Ivnp? + / [Vcs | Due] + = 
2 R 2 


and thereby together with Lemma 1.21 leads to 


1 
2 avo en 


28, di °°" 1289) + I cell abn 


did = 1 
cay tg ff Ve ee [| nave Ph 


«C; Í (ns + s) *P1-3|vns[? + C 
2 


with some constant C4 > 0. By (1.3.43), there exists some positive constant Cs such 
that 


t+1 
sup Melio +, sup J [ [Vcs [25 2| D?c,|? 4 n,|Vc,[ ^] < Cs. 


te(0,0o €(0,00) 
(1.3.47) 
Furthermore, in view of p, > m + a, taking pay) = ip + 2($m — 3 +a) pnt 
(2m + 2a — 3)(m — 1) + 1 in (1.3.26) and by the Young inequality, it follows that 
for any n > 0, there is C(y) > O such that 
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M(Payi — 1 F 
- iM : els en * LS | (ne +F e)” t Pra *(1 + ng) 2 [Vne]? 
n+1 p 
n+1 — 1)C2 
ser tà f (n, + g)P»atli-m-eye |? 
n Cs " 
= Perr DES f (ng + g)* |Vce|? (ng + g)Preitl- m-2a- d 


sca) J (ne e) Ves P^ +n J (mg + e)iPrn ti mte Ts 
Q Q 


(1.3.48) 
Thanks to p,41 = 2 p2 + 2($m — $ + a) p, + Qm + 2a — 3)(m — 1) + 1, we can 
see that 


ks Pn 1 Pontm—-1 
=(Pn+1 + 1— m — 2a 
Bn |. -d pntm-—l pn+m-2 


(Pn+1 + 1 — m — 24 


2 
=m + Pn+1— 1+ 3Pn 


and thereby 


[ e onmi 
Q 


20+ Pn 41-143 pn) 

EET — mtm 
+1 

=|| T E ll 20+ py 1 7E 2 pn) 

L ™+Pn+1— (2) 


2(m+ Png 1 —1+ 3 Pn) 
Pati Pngitm—-1 | — > 2 
XE o 2 |e 
LP (Q2) 


SCel V (ne + £) 


5 
"EMELLELT) 


Pn+1 mtn 
* Cell (nz + €) Nic 
L™*Pn+1—! (2) 
Prst 2 
<C (lIV (ne F £) lias F 1). 


Substituting the above inequality into (1.3.48) and taking 7 > 0 appropriately small, 
one may derive that there is Cg > 0 such that for any & € (0, 1), 


d M(Pn+i — 1) 3 2 
— |in: + d pum a ——À—— (ne + g) P Vn, | 
4 2 
«f (n, + g) Puri ES Pn 
£2 


<c f nel Weal | IVc,I^ + Cs. 
(2 R 


This together with (1.3.47) implies that for some positive constant Co, 
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t+1 
sup nC, f) + El hno Sup f f (ne + g)t"?|vn,? < Co 
t Q 


te(0,00) te(0,00) 
and thus completes the proof of Lemma 1.23. 
Combining Lemma 1.3.34 with Lemma 1.23, we immediately have 


Lemma 1.24 Let0 <a < a and £ <mt+a< 3. Then there exist constants p* > 
3 * 
5 and C = C(p*) > 0 such that 


i n? (x, t)dx < 
Q 


By the similar strategy as above, one can also derive the boundedness of f. ö ni 
with some p > i in the case m +a > 2. 


^ 
A 


for all t > 0. 


Lemma 1.25 Let m +« > 2. There exists C > 0 independent of £ such that the 
solution of (1.2.2) satisfies 


I (ne e)?! <C vforall t>0 (1.3.49) 
Q 
as well as 
t+1 " 
J / [Z 4 gente D 4 (n, + ar d «C. (1.3.50) 
t 2 


Proof Taking c; as the test function for the second equation of (1.2.2) and using 
V - ug; = 0, it yields that 


ld 2 f 2 f 2 
^ 7, Wee ll r2 Ve; =m Ele, 
24; e IIz2¢a) + a cel Pics: 


which together with n > 0 and c; > 0 implies that for some positive constant C1, 


t+1 
f a+ | f IVc,]? < Cı forall t > 0. 
2 t 2 


Now, choosing p = m + 2a — 1 in (1.3.26), we get 
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1 
m+2a—1dt 
2a — 2)C2 
T6 f (n,  eY* (1-E n] Ve 
2m Q 
Qn + 2a - 2)C5 
m 2m 


7 m(m + 2a — 2) T 
Y dins + Beri + NN ME / (ng + gyn Wal 
2 


[iver for all t > 0. 
2 


(1.3.51) 
Furthermore, applying the Gagliardo—Nirenberg inequality, we obtain that there 
are C; > 0, (i = 1, 2, 3), such that 


] e onte 
2 


m+2a—1 


—1y) mta 
=|| (ne + gy" | E 1 
Lmia-i (2) 


1 2, 39m*2a— 1 m+2a—1 2 3(m+2a—2) 
«C, IV (1, + gynte- | e = lne + gynte- Il um T 6m+6a—7 
LEFT (Q) 


m+2a—1 


+C (n, + gyrte- Hi mas ma-l 


LT m 
1 6(m-4-2a — 
<C2(|V(ne + e)"**7 ea +1) 
m(m + 2a — 2) " 
gr M T nb) rmv + C 
8 Q 
6(m4-2a—2) 
thanks to prm 2, and 
2(m+a— 2) 
f (ne + g)2imta—3) =|| ne ap e)” ta- H ae 2, 
Q 


L mai (2) 


<C3(|V(ne + e)"**71]2, 


Inserting above two inequalities into (1.3.51), we derive 


1 
+e mr +f Ne te m+2a—1 
m+ 2a — - € n +2 1g) A € ) 


m(m + 2a —2 
ES J (n, + 5)? Vn]? + (ns ey (1.3.52) 
Q 
ae Es 


[vet e for all t > 0 
2m R 


with some positive constant C4. Now, we define y, (1) := |ne C, £) + el77223! and 


L”+2a-1 (9) 
m(m - 2a — 2) Í ie 


he(t) = p gym vs 24 (ne p efto 3) forall t > 0. 
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As an application of Lemma 1.4, this together with (1.3.51) readily yields (1.3.49) 
and (1.3.50). 


With the space-time regularity property of n, in (1.3.50), we can improve the regu- 
larity of Vu, beyond (1.3.14) through following lemma. 


Lemma 1.26 Let m +a > 2. There exists constant C > 0 such that for all t > 0, 


t+1 
f Vuen f T lAu;? < C. (1.3.53) 
2 t R 


Proof Multiplying the projected Stokes equation us, + Aus = P[n: Vo] by Aue, 
we derive 


14 atu I? + | lau? =| Zamivé)Au 
2 dt Be ja 5 Ja" * e 


1 1 (1.3.54) 
<; f |Aue|? + ZI Voll oc Í n2 forall t > 0. 
Code" ^ 2 Leeqq) Jone 
Recalling that lA? uel 2s oy = Il Vuell2 2o; (see p. 133 of Sohr 2001), and with some 


C; > 0, we have 
f |Vue(-, t)|? < al |Aus|? forall t > 0. 
(2 (2 


Thanks to the fact that || - || y22() and || A(-)||z2;@) are equivalent on D(A) (see p. 
129 of Sohr 2001), we see that for 


y(t) =} Vue, DP, t 0 
2 


and 
m 1 2 2 
h(t) := -|IVélzs(o, | ngt 0. 
2 Q 


Equation (1.3.54) implies the inequality 
+o e; f |Au,|> x h(t) forall t 0 
L— = ug < or all t > 0. 

dud pee a 


As an application of Lemma 1.4, this yields (1.3.53) thanks to (1.3.50). 


At this position, we can achieve the regularity of c; in the case m + œ > 2 just as 
that in Lemma 1.13. 


Lemma 1.27 Let m +a > 2. There exists C > 0 independent of £ such that 


t+1 
/ Vec np a f f |Ace|? < C forall t > 0. (1.3.55) 
R t R 
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Proof Similar to the proof (1.3.42), we can conclude that 


ld 2 
zg l Velle 


1 
T f er rakes 1 n= f E, 
2 Jo Q Q 


1 
<- f |Ace|* + Neola f n? + Il Vell coco lI V Cells (e for all t > 0. 
2 Q 


(1.3.56) 
Recalling (1.2.10), the Gagliardo—Nirenberg inequality entails that there exist Cı > 0 
and C5 > 0 such that 


2 2 2 
I V ce lao SCj||Ace || 22(@) IIe l ec) + Cillce TENET 


(1.3.57) 
xC»||Acellr2(2) + C2 for all t > 0. 


Substituting (1.3.57) into (1.3.56) and by the Young inequality, we obtain that for 
some positive constant C3, 


d 2 
54: lV eleo 
1 1 
x5 | Iac elus fn? + VusllarelCal Aelio, + CoP 
2 2 


1 
il Acs? + lola f n2 + Call Vuell2:(o, + Cs forall t > 0, 
g R 


(1.3.58) 
which together with (1.3.57) implies that for some positive constants C4, C5, 


ld 2 1 2 2 

zg Vele + gl Acero sp Call Vcellz2(o; 

(1.3.59) 

<lcolz= f nz + CalVusllz:g) + Cs forall t > 0. 
2 


Now, we define g(t) := ||Vce(-, 012; d 


(Q) an: 
h(t) = Neola) f n2(., t) + Cal|VusC, Dllo) + Cs. 
2 


As an application of Lemma 1.4, this in conjunction with (1.3.53) entails (1.3.55). 
Proceeding as the proof of Lemma 1.16, we can arrive at 


Lemma 1.28 Let m+ a > 2. Then there exists C > 0 independent of ¢ such that 
the solution of (1.2.2) satisfies 


/ (ne +£)" <C forall t » 0. (1.3.60) 
R 
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Proof Choosing p = m + 2a — 5 in (1.3.26), we obtain that for some C, > 0, 


LÀ Md L jn +ell H 
m + 2a — l4 £ pinta do 


1 49, a 5) u 
m+2a— IA Ey y2m-+2a— 1 Ving! 


za f (ne + gi ng) ve? 
Q 


1 
za f (ne + e)2| Vcg? 
(2 


1 
SCiTllnolly1 (9; + 121] + JA |Vee|* for all t > 0. 


(1.3.61) 
On the other hand, we employ the Gagliardo—Nirenberg inequality to derive that 
there exists positive constants C5, C3 and C, such that 


[atom 
2 


1 
m+2a— 5 


a3 yp mta 
=li (ns + "| Wed. 


m+a- 7 
L 4 (2) 


1 
m-H2a— 2m--4a — 
: 2 3(2m+4a—3) 
3(2m+4a—3) 3(4m+4a—3)—2 


2 mda 33 lans 4 gyrte-i i maa 


<C2||V (ne + eyrteci |i om : 
L” +4 (Q) 


3 
m+a— ai 


--Ca|l (ns + )"*7 5| 

ime 2 (2) 
3(2m+4a—3) 
3(4m+4a—3)—2 +1) 


<C3 (l|Y (ne + gea ll r2 2(Q) 


3(2m+4a—3) 


1 3(4m+4a—3)—2 
=C, (/ (ne + sri vw) +C; forall t > 0. 
R 


Inserting the above inequality into (1.3.61), one has 
3(4m4-4a —3)—2 


1 d +2a—1 1 3(Qm-+4a—3) 
=k 4 e|" a E d Cs (n; 4 73 2 
m 4- 2a 1 dt pet) Q 


«Cg + y |Vc|* forall t > 0. 
4 Jo 


With the help of (1.3.55) and (1.3.57), we derive that (1.3.60) by Lemma 1.4. 


At this position, by the result stated in Lemmas 1.28, 1.24 and 1.16, we have 


Lemma 1.29 Letm + o > n. Then there exist positive constants qo > 3 and C > 0 


such that the solution of (1.2.2) satisfies 


f nt(x,t)dx € C forall t >Q. (1.3.62) 
2 
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Proof Let 
* if A + ES dOx zt 
pug comtas mug sess. 
+ 2a if = + m d : 
m+2a if Mw S. ad a> rg 


3 
m 4- 2a if S C eee. 


1 
PM if m+a> 2, 


with p* given in Lemma 1.24. Then it is easy to see that qo > i and thereby (1.3.62) 
readily follows from Lemmas 1.28, 1.24 and 1.16. 


1.3.3 Uniform L9?-Boundedness of n, as Well as V c; and us 


With Lemma 1.29 at hand, further regularity properties of ns, c; and us can now be 
obtained by essentially rather standard arguments (see the proof of Corollary 3.4 in 
Winkler 2015b or Lemma 6.1 in Winkler 2018c for example). We firstly use the heat 
semigroup to obtain the L??((2)-bound for us. 


Lemma 1.30 Letm+a > » and assume that the hypothesis of Theorem 1.1 holds. 
Then there exists a positive constant C independent of £ such that, the solution of 
(1.2.2) satisfies 

lusC. Drei € C forall t > 0. (1.3.63) 


Proof Let h,(x, t) = Z[n, Và]. Then by Lemma 1.29, there is C, > 0 such that 
for all t > 0 
eG, Dl poco) € Ci. (1.3.64) 


Fixing ro and ó with rp € Cr 1) and ô € (0, 1 — ro), one can chooses rı > 3 such 
that W°"(2) — L**(2). It then follows from the variation-of-constants represen- 
tation, the Young inequality, the Sobolev embedding theorem and (1.3.64) that 


ue, ElL) 


t 
<lle™ tuolle) «f |A*e- 79^ APH, T)AT | re dt 
0 


t 
< e Aug LS(2) «f Ate“ €—04 AH (.. T)dt ||rz (dT 
0 


t 
<le4u0 a+r f (t— 1) 7 3e ED eA Ah, (-, T)dT || rn (ant 
0 


t 
n c 
< awla C | (t— 1) 77e p Phe, c) ro (oydt 
0 


<C; for all t > 0. 
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Here, we have used the fact that ro > n > 2 — +) and 


t oo 
| (t — r) a 0-9 < 1 [739g dr < oo. 
0 0 


Lemma 1.31 Assume that the hypothesis of Theorem 1.1 holds. Then there exists a 
positive constant C independent of £ such that the solution of (1.2.2) satisfies 


IV cC, t) || croco) <C for all t-0 (1.3.65) 


3qo 


To? 4}, where qo > 3 is given by Lemma 1.29. 


with 3 < ro < min( 


Proof Involving the variation-of-constants formula for c; and applying V - us = 0 
in x € §2,t > 0, we have 


c, (t) = ed co — f e 90D (n, (s)ce (S) — c«(s) — V - (uss)ce (5))ds, 
0 


and thus 
Vee, DI roc» 


t 
<Vel4 collo +f [Veins (s) — 1]ce(s) || za ds 
a P *« (1.3.66) 


t 
+f | Ve*7?4v . (ue(S)ce(S))||L¢ayds for all t > 0, 
0 


where ro € (3, ming £, 4). 
Now, we will estimate the terms on the right of (1.3.66) one by one. In view of 
(1.1.4), there is C, > 0 such that 


IIVe'4-Poollro(o < Cy forallt > 0. (1.3.67) 


1 3/1 1 
--—l, 
2 2Xdo o 


which together with Lemmas 1.29 and 1.8 implies that for some positive constants 
C5 and C3, 


Since go > 3, it yields 


t 
f l| Ve 79 4-Pt, (5) — Des G)]llpocnds 
0 


f 1 03(1. 1 
<C f [1+ (t — s) 2 369 7? ]e P? [ln (8) ll roo (oy + Hle ll zs condis 
0 


<C, forall f > O. 
(1.3.68) 
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Finally, we choose | = i satisfying 5 + Te — 3) < i and k = 5 € (0, 3] In 


view of Hólder's inequality, we derive from Lemma 1.30 that there exist positive 
constants C;, i = 4,--- , 8 such that 


t 
| | Ve*-94-D v . (u, (s)c, (5))ll io ds 
0 
t 
«Ci f jet-94-Pvy . it elina 
0 


t 
«Cs | I-A + 1e 79479 v . (u, (s)c; d 
< sf I(—A + lye (Uc(S)Ce(S)) Il reco d s (1.3.69) 


t "XP 
<Cs 1 (t — 5) tř eit- u )c, (Sls nds 
0 
t 
TO 
<c f (t — 5) 2 E eE hu, (8) I re (olco S) zoe iod 
0 
<Cg forall t > 0. 


Here, we have used the fact that 
t 1 += s l1. 
f t=T eds < / a2 Ke do < +00. 
0 0 


Combining with (1.3.66)-(1.3.69), we arrive at (1.3.65). 


From the regularity property of solutions obtained above, we can infer the higher 
regularity about ns. 


Lemma 1.32 Assuming that m +a > 2. Then for all p > 2, there exists C > 0 
such that 
line. t) + elle € C forall t > 0. (1.3.70) 


Proof Recalling Lemmas 1.14 and by (1.31), we have 
ld m(p — 1) ae 
zal” + ellZs(gy + -r (ne + ey?*?-3| vn? 


<Ci f e e orna env 
(2 


1 2 
3 3 
«Ci ( / pure) ( f va) 
2 2 


s 
<C (/ (ne + gei] for all t > 0 
Q 


for constants C, > 0 and k» > 0. By the Gagliardo-Nirenberg inequality, there exist 
positive constants C; > 0, (i = 3,4, 5, 6) fulfilling 
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1 
(/ Gis Lae? | 
2 
-1 


2(p+1-m-2a) 
mp = 
=|| (ne +E 2 6(p+1=m) 
L m+p-! (2) 
HIVE mipi MEM Shes 
xC3|| V (n; , amt3p—4 In + 8) =] "pl 5m43p-4 
LTE (Q) 
2(p+1-m) 
m+p-1 — 
+O3\\(ng te) 2 |! 
ugs 
<Cy (IV (ne aor * +1) forall 120 
and 
/ (ne + £)? 
Q 
nip = r 
=|| (ne +€ Du mrp 
Lm P= (O) 
LP 2p 9. 3p3 
xCs|[V (ns + € ^p * ln, +E pm In+3p—4 
Lmip-T(Q) 
2p 
+Cull(ne "E 
LIT (2) 


3p-3 


2mp +1) forall t > 0. 


<C6lllV (ne + € 


3p—3m--2—6a 


mtp ee ] and hence obtain that for 


With the help of m +a > >, we have 
some constant C; > 0 


3m+3p—4 
3p—3 


ld " 
— 7 Mte p C e P <C; forall t > 0. 
Ja” + ellz») + (fo +e) <C; forall t > 


Therefore, (1.3.70) follows from the application of Lemma 1.4. 


By applying the general semigroup estimates, the standard parabolic regularity 
arguments and a Moser-type iteration (see, e.g., Lemma A.1 of Tao and Winkler 
2012a), we can now establish the existence of global bounded classical solutions to 
the regularized system (1.2.2). 


Proposition 1.1 Letm+a > 2. Then there exists C > 0 independent of e € (0, 1) 


such that 


le C. DI roe + Mee Cs Oll wie ay + lAYusC, Hll € C forall t > 0. 
(1.3.71) 


Proof Let h(x, t) = £[n; V4]. Then by (1.3.70), there is Cı > 0 such that 


eC, Dro < C1 for all t > 0. 
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So combining the known smoothing properties of the Stokes semigroup (see Giga 
1986) with (1.1.4), there are positive constants C» and C3 such that 


t 
—tA —(t—1)A 
lA" usC, Dro) XI AY e~ ilo + f | A*e*7?^h,C, T)dT | rzoydt 
0 
t 
x| A" uollz2(9) + C2 f (t — 2) e hel, TDllrodT 
0 


<C; for all t > 0. 


Next, we rewrite the variation-of-constants formula for c, in the form 
t 
Cel, t) = eD co + i e*7(-D(c, — nic; — ug- Ve) (-, s)ds for all t > 0. 
0 


Due to 3 < ro < min( =e, 4} (see Lemma 1.31), one can pick 0 € G + T 1) 
and thereby the domain of the fractional power D((—A + 1)°) — WE®(2) (see 
Winkler 2010). Hence, in view of L?-L? estimates associated heat semigroup, 
Lemma 1.31 as well as (1.1.4), we conclude that there exist positive constants A1, C4 
as well as C5 and Cg such that 


II VceC. DI wise) 


-A 
Cae ^ || Vcollrs(o) 


t 
à f (£ — s) lee hete — tg Ves) Gods 
0 


t (1.3.72) 
<C; + c f (t — 5) eds 
0 
t 
+c f (t — s) *e ^ "Une C, s) roo + IV. ce C, 8) lz cay lds 
0 
XCg forall t € (0, co). 
Finally, we rewrite the first equation of (1.2.2) as 
Net = A(n, T €)" =V (Neue F ns Fe (Ne) Se (x, Ne, Ce) t Vc), (1.3.73) 


Hence, in view of (1.3.72) and using the outcome of Lemma 1.32 with suitably large 
p as a starting point, we may invoke Lemma A.1 in Tao and Winkler (2012a) which 
by means of a Moser-type iteration applied to (1.3.73) and establish 


lnsC. Dllzs(Q) <C7 forall £0 (1.3.74) 


with some positive constant C7 independent of e. 


To achieve the convergence result, we still need the following further regularity 
estimate. With the help of Proposition 1.1, we can straightforwardly deduce the 
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uniform Holder properties of c, as well as Vc, and us by using the standard parabolic 
regularity property and the standard semigroup estimation techniques. 


Lemma 1.33 Let m+a > D. Then one can find u € (0, 1) such that for some 
C -0 

les C Dllo t exui € C Jor all t € (0, 00) 
as well as 

lue C, Dll os (ox ap <C for all t € (0, oo), 
and for any t > 0, there exists C(t) > 0 fulfilling 


IIVce(, £l <C for all t € (1, oo). 


CHF (Qxp[ri4]) — 
Proof Based on the uniform boundedness of { (ns, Ce, Ue) }ee(0,1) as claimed in Propo- 
sition 1.1 and the assumptions on $, we conclude the desired estimates by applying 
the standard parabolic regularity theory (see, e.g., Ladyzenskaja et al. 1968) and 
some standard semigroup estimation techniques, which is omitted here. 


Unlike c; and us, we are not able to attain the Holder regularity for n, due to the 
presence of nonlinear diffusion. We now make full use of the a priori bounds derived 
so far to obtain the boundedness property of the time derivatives of certain powers of 
n, and spatio-temporal integrability property of m f goe + g)"*P—|Vn,[?, which 
plays a key role in deriving strong compactness properties for n,. Let us provide the 
following spatio-temporal estimates at first. 


Lemma 1.34 Let m +a > £. Then there exists a positive constant C such that for 


D. 
any € € (0, 1) 
oo 
f | (ne + e)" *?? vn, < C forall p » 1 and p>m+2a—1. (1.3.75) 
0 Q 


Proof In light of Proposition 1.1, there exists C, > 0 such that for all & € (0, 1), 
n, < Cj in 2 x (0, oo). For any p > m + 2a — 1 and p > 1, using Proposition 1.1, 
we can thereby estimate the integral on the right of (1.3.26) according to 


1 m(p—1) f " 
SeeD Helia +P f [e n 1Vne|? 
0 JQ 
(p - DC$ [/ 1-m-2 2,1 p 
gue ae n, + £)?* 17" vec? + — ng + ell? 
= m A E E ) | el | 0 nea) 


(p — ICS EDE 2,1 p 
<P DC c 4 pti a [ive EET A 
2m "a p Lin 


(p = DCj p+1—m—2a 1 p 
S (Ci DF 1-m-2 o © t glo + Mena for all t € (0, 00), 


which immediately leads to our conclusion. 
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In order to pass to the limit in system (1.2.2) by compactness argument, we intend 
to supplement Proposition 1.1 with an appropriate boundedness property of the time 
derivatives of n,. 


Lemma 1.35 Letm+a > D. Then one can find C > 0 such that for any e € (0, 1) 
IMG DIlw22 (2 <C for all t € (0, oo). (1.3.76) 
In particular, 
LAG t) — nC, SIl awo < C|t ES s| forall t>0,s>0 and e € (0, 1). 
(1.3.77) 


Moreover, let ¢ > m and ç > 2(m — 1). Then for all T > 0 and & € (0, 1), there 
exists a positive constant C (T) such that 


T 
Í l:e + 8)5 C, Dlia dt < C(T) forall e € (0, 1). (1.3.78) 


Proof To estimate the integrals on the right of (1.3.80) below appropriately, we first 
apply Proposition 1.1 to find C, such that 


(ng te)” < Ci, n; < Cı as wellas |Vc;| < Cj and |u;| x Cı in 2 x (0, oo). 
(1.3.79) 


For any fixed y € C$? (12), we multiply the first equation in (1.2.2) by (n; + g)s-lyy 
and then get 


1 
- din efe nis 
SJR 
=f (ne F e)s—! [A(ne F e)” - V. (ne Se (x, Neg, Ce)V Ce) — Ug: Vn.] 7 V 
Q 
——(g — Dm | (ne + £)? (n, + e)" Vn y 
Q 
-m Í (ne + €) (ne e)" Vn, - Vy 
Q 
+E- 1) f (e+ 7 vm. (Se nes ce) eV 
Q 
+f o. 5$, ne eve VY 
Q 
1 
+ f (ng 4- e)$*$us - Vy. forall t € (0, oo). 
SJR 
(1.3.80) 
In what follows, we shall estimate the right of the above equality appropriately by 
(1.3.79). Indeed, since ç > m and ç > 2(m + a — 1), the number p := ç — m + 1 


satisfies p > 1 and p > m + 2a — 1, so that, (1.3.75) becomes applicable so as to 
yield C3 > 0 fulfilling 
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oo oo 
f | (n; + 57] Vn, = Í Í (n, + e)? Vn]? < Cy 
0 R 0 Q 


for some positive constant C3. Now, applying (1.3.79), we conclude from the Young 
inequality that 


=(¢= Da f mta ata ya 
2 
—m f (ne +8)! (n, + e)" "1I Vn, - Vj 
RQ 
+ (s = Df (ne + e) !Vn, i (Sc (x, Ne, Ce) t Veg) 
Q 
1 
«f (ne + €)* Se (x, le, Ce) V Cg : Vw + -{ (ne + £)*ug i Vy 
9 Siei (1.3.81) 
sae- Í (ns + 95] Vnsl llle can 
(2 
ie / [ine + €)52|Vngl? + (Ci + DS] Vile o) 
R 
n f [is + T Eee 
Q 


1 
FCP OSIRIIY Yl + ZC RIN 


with some positive constants C4 as well as Cs and Cs. Inserting (1.3.81) into (1.3.80), 
we derive that there is C7 > 0 such that for all t > O and any e € (0, 1), 


if &(n, + 6)5(-,#)- Vl < cxf (n, + 57] Vag? + Dillo: 
R R 


As in the three-dimensional space, we have wè (2) <> WL®(2). Collecting the 
above inequalities, we infer the existence of Cg > 0 such that for any e € (0, 1), 


[3 (4 + eS, DI w32cayy* < ef (ne + e)? |Vn,? + 1) forall t € (0, 00). 
2 


Therefore, we obtain the desired estimate (1.3.78). 
Testing the first equation in (1.2.2) by an arbitrary o € C$? (12), we have 


/ Net, t) P =] [A(ne EE g)" —V- (ns S. (x, Ne, Ce) VCe) — Ug: Vn.] P 
2 2 
=f (ne + £)” Ag +f NeSe(X, ng, Ce) V Ce: Vo +f ngug : VQ 
2 2 2 


for all t € (0, oo). Then combining this with (1.3.79) as well as (1.1.3), we get 
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f Net(-, t): 9l soif ael + f IVe|] in 82 x (0, oo) 
R R R 


for all e € (0, 1) with some positive constant Co, which establishes implies (1.3.76) 
and thus also (1.3.77). 


1.3.4 Global Boundedness of Weak Solutions 


The a-priori estimates achieved so far allow us to construct weak solutions by com- 
pactness arguments. To this end, let us define what a weak solution is supposed to 
be. 


Definition 1.1 (Weak solutions) By a global weak solution of (1.1.1), we mean a 
triple (n, c, u) of functions 


n € Lige(@ x [0, 00)), 
c € Lj, ([0, 00); W^! (2), 
u € LL ([0, 00); Wy (2; R5), 


such that n > 0 and c > 0 ae. in 2 x (0, oo), 


nc,n" €L},.(2 x [0,00)), u&u e LL,((2 x [0, o0); R?*?), and 
nS(x,n,c)Vc, cu and nu belongto L},.(2 x [0, oo); R°), 


V -u = Q a.e. in 2 x (0, oo), and 


p 
-f fna- f mec. 
0 J2 Q 
T T T 
sl f nao | J 56 novo ve | f "ve 
o J2 0 J2 0 J2 


for any g € COLO x [0, co)) as well as 


T T T T 
-f fca- f owo- f f veve- f freer] fave 
0 JQ Q 0 JQ 0 JQ 0 JR 


for any o € C? (2 x [0, o0)) and 


T T T 
pue shes een opua 
0 R 2 0 QR 0 R 


for any 9 € C$? (2 x [0, 00); R3) fulfilling V - o = 0. 
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The Proof of Theorem 1.1 We first give a series of convergence results. According 
to Lemma 1.33, the Arzelà-Ascoli theorem and a standard extraction procedure, we 
can find a sequence (2;) jen € (0, 1) with e; N 0 as j — oo such that 


Ce, > c in CP (2 x [0, o0), (1.3.82) 
Vez, > Vc in C).(2 x [0, 00)), (1.3.83) 

and 7 
Ue, > u in C)).(@ x (0, 00)) (1.3.84) 


hold with some limit functions c and u belonging to the indicated spaces. On the 
other hand, Proposition 1.1 ensures the existence of a subsequence such that 


Vc,, — Vc weakly star in. L^ (42 x (0, oo)), (1.3.85) 
Dus, — Du weakly star in L*(€2 x [0, 00)), (1.3.86) 

and 
ns, — n weakly star in L® (2 x (0, oo)) (1.3.87) 


hold for some n € L??(€2 x (0, oo)). 
Fix £ > m — 1. Then Lemmas 1.34 and 1.35 assert that for any T > 0, 


((ne + €)5)ceco,1) is bounded in L?((0, T); W!2(Q2)) 


and 
(8, (n« + €)%)ce@.1) is bounded in L'((0, T); (WẸ (2)*) 


respectively. So the embedding W'?(2) >> L?(Q) <> (WẸ? (2))* and the 
Aubin-Lions compactness lemma yield that (n; + £):e0.1) is a relatively compact 
subset of the space L?(@ x (0, T)). This in conjunction with the Egorov theorem 
gives that for some subsequence of ¢ = £j, 


(ne + €)S — n$ strongly in L?(2 x (0, T)) 


and hence 
(ng +e) — z ae. in 2 x (0, 7), 


for some nonnegative measurable z : 2 x (0, T) — R. This combined with the 
Egorov theorem, then we can see that z — n, and thereby 


n, >n ae. in 2 forall (0,00) V N. (1.3.88) 
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Next, noticing that L°(2) —— (Wo 2(92))* is compact, in view of Proposition 1.1 
and Lemma 1.35, we can use the Arzelà-Ascoli theorem again to assert 


n, > n in CP. ([0, 00); (WE? (Q2))*). (1.3.89) 
With the help of (1.3.89) and the fact that |[n || rs (Q2 (0,55) is finite, we can derive 
ne C9 .([0, oo); LO (2)) (1.3.90) 
by using the similar methods in the proof of Lemma 4.1 in Winkler (2015b). 
Combining (1.3.83) with (1.3.88), noticing the definition of Ss, we may further 
infer that 


NeSe(X, ng, Ce) * Vc, > nS(x,n,c): Vc ae.in Q x (0,00) as & :— e; \ 0. 


Then we may use the dominated convergence theorem, along with a subsequence 
(still denoted by {e npa we derive that 


Ne Se(X, ng, Ce) + Vcg > nS(x,n,c)- Vc strongly in Li xD x[0,00)) as &:— £j buo (1.3.91) 


In the following, we shall show that the triple (n, c, u) is exactly a global weak 
solution to system (1.1.1). Indeed, multiplying the first equation in (1.2.2) by g € 
C5 (2 x [0, oo)), integrating by parts, we obtain 


oo 
-f f na- f moe. 
0 (2 Q 
oo oo 
=f f (ne + £)” AQ +f j Ne (S(x, Neg, Ce) * Vc) ? Vo 
0 R 0 Q 


oo 
+f f ngus- Vg. 
0 JQ 


In view of (1.3.89), (1.3.91) as well as (1.3.84), we conclude from the dominated 
convergence theorem that 


-f f na- f neco 
0 Je Q 
=f fao] J i56 o v0 ve 
0 JQ 0 JQ 
+f [ve 
0 JR 


Next, multiplying the second equation and the third equation in (1.2.2) by e € 
C5 (X2 x [0, oo)) and y € C$? (2 x [0, co); IR?), respectively, then with the help 
of (1.3.85)-(1.3.86) and by a limit procedure, we also derive that 
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-f| [e [ oec. 

0 JQ Q 

=- Í [ve ve- f Jf [ove 
0 J2 0 Je 0 J2 


-f f uo- f mme - - f f vve- f OZE 
0 2 2 0 Q 0 R 


in a completed similar manner. This means that (n, c, u) is a weak solution of (1.1.1). 
The convergence properties in (1.3.82)-(1.3.89) lead to the stated boundedness of 
global weak solutions thereof, and thus complete the proof of Theorem 1.1. 


and 


1.4 Asymptotic Profile of Solution to a Chemotaxis-Fluid 
System with Singular Sensitivity 


1.4.1 Basic a Priori Bounds 


In order to derive some essential estimates, it would be more convenient to deal with a 
nonsingular chemotaxis term of the form V - (nV w) instead of V - (Vo) in (1.1.5). 
To this end, we employ the following transformation as in Lankeit and Lankeit 
(20192), Lankeit (2017), Winkler (2016a): w := — In(i ies whereupon 0 < 


w € C°(2 x (0, 00)) N C?! (Q x (0, 00)), and the problem (1.1.5), (1.1.8), (1.1.9) 
transforms to 


n; -u- Vn — And xV- (nVw)-4 n(r — un), x€E€2,t>O0, 
w, tu- Vw = Av —|Vu|* +n, xe£Q,t»-0, 
u, + (u- V)u = Au + VP +nVọ, xe£Q,t-0, 
V.u-0, xe€£f2,t»0, 
Vn-v=Vw-v=0, u-0, x €02,t >Q, 
co(x) 
n(x, 0) = no(x), w(x, 0) = —In( — ———), u = u(x), x €. 
llcoll rece) 
(1.4.1) 


Let us first recall some basic but important information about (n, w) due to the 
presence of the quadratic degradation term in the first equation of (1.4.1). 


Lemma 1.36 The classical solution (n, w, u, P) of (1.4.1) satisfies 
"" | 2 |r 
(i) lim sup [nC Dllo) < ——; 
t—00 H 
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"T i rz [f 1 
zl ln C. 5)llz2(9ds < = | ln C, s) pieds + —|lnG, tolle for all t > 
to u to UL 
to; 
t t 
«i f / |\Vw|*dxds < f w(x, to)dx «f ln C. s) rio ds for all t > to. 
to JQ 2 to 


In particular, ifr < 0, then 


(2| 
ln C. Dp < NET forall t > to (1.4.2) 


In" 
u fo no(x)dx 


Proof Integrating the first equation in (1.4.1) and using the Cauchy-Schwarz 
inequality, we get 


d x 2 
sh [bo <r f n- af (1.4.3) 


which yields (i) readily. By the time integration of (1.4.3) over (fo, t), we get (ii) 
immediately. In addition, from the second equation in (1.4.1), V - u 2 0andu = 0 


on 0 £2, it follows that 
-f vw + f n, (1.4.4) 
Q Q 
and thus establishes (iii). 
When r < 0, it follows from (1.4.3) that 


d ny (1.4.5) 
dijg 7 es s = 


which then yields (1.4.2) by the time integration. 


with y = 


In order to make use of the spatio-temporal properties provided by Lemma 1.36(ii) 
to estimate the ultimate bound of f. o |Vu ^, we shall utilize the following elementary 
lemma (see Lemma 3.4 of Winkler 20192): 


Lemma 1.37 Let t; > 0, T € (to, co], a > 0 and b > 0, and suppose that the 
nonnegative ‘easel he LLCR) satisfies Pan h(s)ds < b for all t € [to, T]. If 
ye C? ([to, T)) AC! (Eto, T)) has ad prapery that y'(t) + ay(t) < h(t) for all t € 
(to, T), then y(t) < e= y (t9) + forall t € [to, T). 


f= ^ 


With Lemmas 1.36 and 1.37 at hand, we can employ the standard energy inequality 
associated with the fluid evolution system in (1.4.1) to derive some boundedness 
results for u. 
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Lemma 1.38 For the global classical solution (n, w, u) of (1.4.1), we have 
(i) ifr > 0, then 


— 30+ N12 Yelse r 


lim sup |lu(-, I2, < (1.4.6) 
ecg EB Cp =e FY 
as well as 
Hl 5(0 2 r)9| IIVélZ« 
tim sup f [Vuc s)Iiaqyds s OE Ee qa) 
too Jt H C,(1—e 2)" 


with Poincaré constant Cp > 0. 
(ii) ifr < 0, then 


V 2 
Ix. DÈ < uc IBS e En, 200 IY I 
qo e PIS ou] Coq =P tty 

Cpl 272) 


forall t > tọ 
(1.4.8) 


as well as 


t+1 
f IVuC. s)l2. ds 
t 


4|2| lVélzsqo, 1 
R C0 —e-T)tot y 


Cp 
<lluG, to) zoe ? 69 + forallt >t. (1.4.9) 


Proof (i) According to the Poincaré inequality, one can find some constant C, > 0 
such that C, fo |u|? < fo |Vul?. Testing the third equation in (1.4.1) by u and using 
the Hélder inequality, we obtain 


d 
Zf utc, f ute [vue 
dt Jo Q Q 
< 2 | nVo -u < 2| Voll rscolniirzq»iul:o) 
Q 
C 2 
< -2 lulio + —IIVl-(olnlizz(o. 
2 C, 
due to uļag = 0 and V - u = 0. 
Writing h(t) = Eltso lInC. Dli we see that y(t) :— Ja lu C, t)? sat- 


isfies 


MORS Ch yq) +f IVuC, Ð < h(t) forall t > 0. (1.4.10) 
2 
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In view of Lemma 1.36 (1) and (ii), we know that 


ANIR F 
Bou 


tl 2 
lim sup f h(s)ds < c I Vols, (1.4.11) 
1 p 


1—00 


An application of Lemma 1.37 thus shows that there exists positive fy > 0 such that 


30-9] Yel æg) r 


Cp 
P" giei" 


Cp 
Í lu, DP < lu, tol age 2 € 4 for all £ > to 
2 


and thereby verifies (1.4.6). Thereafter, again thanks to (1.4.11), an integration of 
(1.4.10) in time yields (1.4.7). 
(ii) In view of (1.4.2), we have 


|2| 1 


— —., 1.4.12 
AET (1.4.12) 


tH 2 j 
Í h(s)ds < IVE xc) 
t C, 


whereupon Lemma 1.37 guarantees that 


212| Vélo) — 1 


Cp t 
D Cpl- T 0t Y 


Cp 
I lu. OP < Iu folla (oye 2 670 4 for all £ > ig. 
R 


This precisely warrants (1.4.8), and thereby in turn yields (1.4.9) after integrating 
(1.4.10) over (t, t + 1) and once more employing (1.4.12). 


Now by a further testing procedure, we can turn the above information into the 
estimate of ||Vu(-, £)|| r2 (o), particularly its decay in the case of r = 0, on the basis 
of an interpolation argument, which is inspired by an approach illustrated in section 
3.2 of Tao and Winkler (2016). 


Lemma 1.39 For the global classical solution (n, w, u, P) of (1.4.1), we have 
(i) ifr > 0, then there exists uj := u(2,r) > 0 such that for all u > pu, 


1 
li Vul, Dllo < = 1.4.13 
io ug II VuC. Dro VEI ( ) 
(ii) ifr < 0, then for any u > 0, 
Jim Vu, Hll = 0. (1.4.14) 
— 00 


Proof Applying the Helmholtz projector Y to the third equation in (1.4.1), multi- 
plying the resulting identity u; + Au = —[(u - V)u] + A[nV¢] by Au, and using 
the Gagliardo-Nirenberg inequality, we can find C, > 0 such that 
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ld 
ixl Ivar + f |Au|? 
2dt Jo Q 


E -f Zu - V)u]- Au +f PinVe]- Au 
Q Q 


1 
E Ji lawl? +f (u Vou? IVelEs f n? 
RQ B R 
1 
< J) Au + ulli cg Vuzo + IVE ey f n? 
R Q 


1 
ES f (Au? + Cil Aul sco» lul coco ll V ull 22 (o, + IV (o; f n 
2Q R 


C2 
<f | Au|? + F lllo lulio + Volo f n 
Q Q 
which entails y(t) :— fo |Vu(-, t)|? satisfies 


y (t) x hi(Dy() + a(t) forall t > 0 (1.4.15) 


with hy (t)=C} |lu(., tl: (ll Vu. Dios and h(t) = 2YE lnc, Doa 
(i) In order to prepare the integration of (1.4.15), we may use Lemma 1.38 (i) to 
find some fo > 0 such that 


304 r)9| lVélzsq r 
Cp 


p C,(1—e 2) 


lC, Dao, < C2 = 
and f; , ||Vu(-, Syl easy < 2C, for all t > fg + 1. 
Hence for any t > fo + 1, we can find t, = t,(t) € [t — 1, f) such that 
IIVuC. t) lizo) € 2C2, (1.4.16) 


and then integrating (1.4.15) over (tx, t) yields 
t 
y(t) x y(1)el« ete 4 f el e hy (s)\ds < (2 + Cp) Ce 
ty 


and thereby verifies (1.4.13). 
(ii) For any tọ > 1 and t > t + 2, we use Lemma 1.38 (ii) to pick t, = t,(t) € 
[t — 1, t) fulfilling 


t 
Vut Olio = f Iu lids 
t—1 


2 
Sei) , 2121 Velea — 1 


2: = 
x|[uC, t9)llz3(9,€ u? C, e Xt y' 
p(l- 
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as well as 


t t 
h do < C? max . z^ Vu(- S ones 
J i(a)do < Ci Pein lu. Slo - |Vuc, 8)llr2(9; 5 


4|2| lVéll«go 1 3 


Cp 
< Ci (lle, toot 07 + 
re we C, — e )t Y 


In addition, by (1.4.12) we also have 


Ed 1 


t 
J ha(o)do = Vo= f In C. DI 1gyds € = 2IIVOlli~(@) —- us Pisis 
t—1 


Therefore combining the above inequalities, (1.4.15) implies that 


t 
yt) € yte Ode 4 ef nde f ho(s)ds 


t—1 


and thus (1.4.14) holds readily. 


1.4.2 Global Boundedness of Solutions 


In this party, we show that the classical solution of problem (1.4.1) is globally 
bounded in the cases of r > 0 and r < 0, respectively. 

1. The Case r > 0 

In this subsection, we derive the global boundedness of solutions to (1.4.1) whenever 
u is suitably large compared with r. As in Winkler (2016c), the main idea is to 
examine the behavior of the functional 


(n, w) ET no [ IVwp? (1.4.17) 
R 2 2 


where H (s) := s In E + xs along trajectories of the boundary value problem (1.4.1). 
The following elementary property of H (n) will be used in the sequel. 


Lemma 1.40 For all nonnegative function n € C(Q), H (n) > 0. 
Proof It is easy to verify that HG) = 0, HS = 0 and H"(s) = I > 0, which 
implies H(n) > 0 for alln > 0. 


Now we can describe the evolution of F (n, w) along the trajectories of (1.4.1) 
by the standard testing procedure. 


Lemma 1.41 Let 2 C R? be a smooth bounded domain and (n, w, u) be the global 
classical solution of (1.4.1) with r > 0, p > 0. Then whenever u > m(2, x,r) :— 
maxíu,, mss y), there exists t, > Q such that 


52 1 Chemotaxis-Fluid System 
d 
ae w) <0 for all t > ty. (1.4.18) 


Proof Multiplying the first equation in (1.4.1) by H'(n) and integrating by parts, we 


get 
-J H (n) 
dt Jo 


| H'(n)(An + xV - (nVw) +rn — un? —u- Vn) 
Q 


= f B'DAN? + nsn uy f t'en = un?) 
Q 


IVan? — 
=- | = x [vn vu | nn - m on - un?) 
wa 
<- | x [vn Vw 


due to (Inn — In zn — un?) € 0, V -u = O and u = O on 82. 
On the other hand, testing the second equation in (1.4.1) by — Aw, using V - u = 0 
and u = 0 on 992 again, we can obtain 


sah IVw| ef. lAw|? 


«f |Vw| aw + f vn vw fw vwaw 
2 2 


< Í Awl? 4 
n 


1 
2 
=; f, Awl? 4 
1 
2 
1 


(1.4.19) 


vut. [ vivus f (u- Vw)Aw 
Q Q 


vut. f ve vw f vw Vu: Vu) — | u(D2w + Vw) 
R R R 


S8 8 59 


1 
vut. f vis vu f Vw: Vu: vo) - 5 [ uvivu 
Q Q 2 Ja 


| 
B 
> 
€ 
N 
t 
NIE NIE IO NIS 


vut. f ve vw- f Vw-(Vu- Vw). 
(2 Q 


l 
NI 
S 

- 

€ 

N 
S 


Furthermore, by Lemma 1.9 (i) and the Cauchy-Schwarz inequality, we get 


ld >, 1 2 
zx [aVvwl-z][dAul 
2 dt Jo 2 Jo 
<- lV wlio [Aw] + | Vn-Vw4 [Vul|Vw| 
2 2 2 2 


Ky H 
<(FUlVw ling + Kill? IValo) f |Awl? «f Vn. Vw 
Q Q 


and thus 
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af Plac Kyl Vwl2a) — 2K 1212 Vell fia P 
e w = — Ky w me 1 ulmo w 
2 dt Q 2 L?(Q) (2) A 


<f Vn- Vw. 
= (1.4.20) 


Since 2.Z (n, w) > XIV wl: (o; due to H (n) > 0, combining (1.4.20) with 
(1.4.19) yields 


Ps IVnl? | x x 1 
gow H Í "m S KiF (n, w) - 2x Kill [Vul oo) f Ii? <0 (1.4.21) 
fort > 0. 
On the other hand, when u > 41, it follows from (1.4.13) that it is possible to pick 
1 
some fy > 0 such that 16K,|S2|2||Vu(, t)]r2to) < 1 forall t > to, and thereby 


d Vn] 3 
5o.» [ Wal OX E A w) f |Aw|? <0 for t > to. 
dt Q n 8 Q 


(1.4.22) 
In what follows, we shall show that there exists tą > to such that 4K;.7 (n, w)(f.) < 


Firstly by Lemma 1.36 (i), there exists t; > f such that for all t > tı 


3|«2|r 
ln C. Dp < ay ^ (1.4.23) 
u 
which along with Lemma 1.36 (iii) yields 
to t2 
[ | vues f e f meotot 
t JQ Q ti 
h 3|«2|r 
<| wo) + In C. s)Ilz1@ayds + (h — t1). 
2 0 2u 
Similarly invoking Lemma 1.36 (i) and (ii), we find that 
[metis < EPa -m+ ines l 
n(-, S)||F2 sS < 2— tı nC, tllo. 
A L2) Z `u 7 L! (2) 
Hence there exists t* > tı suitably large such that whenever ft» > t*, 
n , .2llr 
[Vw|^ x — (h — ti) (1.4.24) 
ti 2 M 


t? r 
In, Reds < 2121 — n). (14.25) 
f H 
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Let "T 
" 
d^ cte in. i f IVwC, DP > ——) 
Q H 
and 
A im {t € [f, b]|lln. Dili) = 81217 yh 
Then ; ; 
to —t — 
LAI < E Al < EU (1.4.26) 


In order to estimate the size of .7/, and A, we recall (1.4.24) to get 
T Ir 2|QIr 
Bai m Í IVwf < m —— (h = 4) 


and thus |.74| < Inl is valid. Similarly, one can verify that |.75| < iex, 
As (1.4.26) warrants that |(t1, t) V (4% U%)| = peal one can conclude that 
there exists tą € (tj, t2) such that 


n 
In C. tlx) < seo (1.4.27) 


and 
4 . 8|Q2|r 
Vw, t) < ——. (1.4.28) 
Q H 


Applying EIn Ë < né? li & for all € 20,5 > 0,0 > 0 with n= £ E (see 
Lemma 5.5 of Winkler 20160) and (1.4.27), we then arrive at 


I Hone. te) S Ef (1) — f pe ope 
Q r Jo 2 u ü 


Thereupon from (1.4.28) and the definition of F (n, w), it follows that F (n, w)(t.) < 
(9 + 4x)|2| 7, which entails that 4K, F (n, w)(t.) « x provided ju > AO 
As an immediate consequence of (1.4.22), we have 


IVa]? 


d 
— F (n, w) +f + xf |Aw|* « 0 forallt > t (1.4.29) 
dt Q 8 Jo 


when u > u2(2, x, r), and thus end the proof of this lemma. 
Additionally from (1.4.29), one can also conclude that 


Corollary 1.1 Under the conditions of Lemma 1.41, we have 
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E d 


HJ Í [Aw]? < (9 44,)|Q|— forallt > t. 
u 
(1.4.30) 


(n, w)Y(t) + Wa 


Next by a further testing procedure, we can turn the above information into the 
uniform-in-time boundedness of ||n(-, t)]| r2(2) and || VwC, t| r9 if u is appro- 
priately large compared with r, which will serve as the foundation for the proof of 
global boundedness of ||n(-, £)|| r» (o) and ||Vw(-, t)l rss. 


Lemma 1.42 Ifu > uo(x, 2, r) :- max(u»(x, 2,7), SEE), then there exists 
C > 0 such that 
In, DI co + Vw, Dro) € € forall t > ty. (1.4.31) 


Proof Since u > u(x, 2,7), it follows from (1.4.30) that 


: IVw? < 2 Dol for allt > t, 
and moreover due to 7 « xia 
.1 
K f IVwp < E for all t > ty. (1.4.32) 


Multiplying the first equation in (1.4.1) by n and integrating the result over 2, 
we get 


ld 2 2 3 
l— m = [Vl —X QUERITUR n —u]n 
2 dt Q R 
eei wn tz ! [ eivapie [i-a a 
R R 


On the other hand, by the second equation in (1.4.1) and the identity Vw - V Aw = 
5A|Vwl|? —|D?w|?, we obtain 


d 4 
— V 
Sfi uc 


= 2 | Ivuf'AIvuf 4 f Vw Dw -4 | |Vw| Vw - V|Vwf? 
2 Q Q 


(1.4.33) 


ea] IVufvn Vw -4 | IVw/ Vw - V(u- Vw) 
R 2 


=-2 f vivu? -4 f IVwpD?wf 
£2 2 


-4 f Vw Vw: VIVw -a f n|Vw| Aw 
2 R 
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;8IVw 
ðv 


-4 f avivuf vu +2 f IVw| Piaf |Vw| Vw - (Vu- Vw) 
2 092 


(1.4.34) 


due to V-u = 0 and u = 0 on 9 2. 
According to uve < Ci|Vw|? on dQ for some C, > 0 and 


5 
Vw? zeae) € nlIVIVwl rz + CoM) II|Vwl? ro for any n € (0, re 


(see Lemma 4.2 of Mizoguchi and Souplet (2014) and Remark 52.9 in Quittner and 
Souplet 2007), one can conclude that 


avu a 2 
2 IVwp ——— m INI P + C3( el ) (1.4.35) 
aa 


for some C3 > 0. 
For the other integrals on the right side of (1.4.34), we use the Young inequality 
to estimate 


_ 2 21 2)2 6 
4 ] |VwtVvw-Vivwl <= | Ivivu? +12 | [vul (14.36) 
Q 3 Jo Q 


E 2 1 212 2 2 
4] nv|Vw?-Vw x IVIVwP? +12 | n?|Vwl (1.4.37) 
Q 3 Jo Q 
as well as 
1 
-4 f n| Vw Aw < al Vw Aaw? +24 | n?|V w]? 
M i i " (1.4.38) 
< JI Vw Dw +24 f n’|V w]? 
3 Jo Q 


due to |Aw|? < 2| D?w|? on 2. 
Substituting (1.4.35)-(1.4.38) into (1.4.34), we readily get 


11 2| 32,12 
ET M [d Nd. d is IVw|*|D^w| 
2 


b vul +36 | verse vw? ea f IVw|^IVu| 
2 2 2 2 


and thus 
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d 
zl vwt +2 f IV|Vw]?]? 
dt Q Q 


(1.4.39) 
zn | Vw +36 | vivw + ccf vw? +4 f |Vw]t|Vul] 
(2 2 2 2 


due to the fact |V| Vw??? < 4|Vw/?|D?w|? on 2. 
Therefore combining (1.4.33) with (1.4.39) leads to 


d 
5 [oe + ivory f vive + f |Vn]? 
dt Jo Q Q 
<12 f Vw +37 f rvw + exc f IVwp» 
2 2 (2 
+2r f n-an | v «a IVw|^|Vul (1.4.40) 
£2 £2 Q 
<3 f Vw es? [ nd «esc Vw]? 
2 2 R 
+2r f n-on f naf IVw|^|Vu]. 
2 2 2 


Furthermore by Lemma 1.9 (ii), we get ale < Ka||Vell2.llello + Calle}, and 


thus 
[ives = Koc wivefi(f vu?) ecu Vw». 
RQ Q R Q 


Upon inserting this into (1.4.40) and (1.4.30), we obtain 


d 

Ka E |Vw|^ + (2 Br f vwd f Ivivwi?? 
dt Jo Q Q 
«f vn? + f (n? + |Vw|^) 

2 R 


<3? f m+ Ort | n-an f n+ f vwt +4 f [Vw|*|Vul + Cs, 
R £2 £2 R 2 


which, along with 


1 
[vt sf [VIV wl? + C; 
R 7 £2 


and 
Ji IVw[^|Vu| x AlllVwl?llzsg I Vul, 3, < = | IVIVwPP+C 
Q in L*(02 ~ 56 Jo 


by the Gagliardo-Nirenberg inequality and (1.4.13), implies that 
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d 2 4 13 2 242 
— | (n+ |Vul")4+ (— — 13K2 |Vwl|*) IVIVwl|*| 
dt Jo 8 Q Q 
«f Ivar f (n? + IVw[^) (1.4.41) 
2 Q 


eap f torto f -auf o. 
2 2 2 


On the other hand, according to an extended variant (Biler et al. 1994), (1.4.23) and 
(1.4.30), one can infer that 


2 3 2 3 1 2 
37 n> < Cg IVa] n|inn|]--Co(] n) +Co < = |Vn|* + Cio. 
Q Q Q Q 2 Jo 


Hence from (1.4.41) it follows that there exists Cj; > O such that for all t > t, 


E Í (n? + |Vul4) 4 Í eve + Bk f vD f IVIVwi?? < Cii, 
dt Jo Q 8 Q Q 
(1.4.42) 


which, along with (1.4.32), entails that 
d 2 4 2 4 
— | (+ |Vul)+ J --IVwp)-zCu 
dt Jo Q 


for all t > tą and thereby (1.4.31) is valid. 


We are now ready to prove Theorem 1.2 in the case of r > 0. 
Proof of Theorem 1.2 in the case of r > 0. From the above lemmas, it follows that 
there exists C > 0 such that 


ln C. roig) +IVwG, Dlo + (Vu, Hll € C 

whenever u > uo(x, €2,r) :- max(po(x, 2,7), ens up d So, by the argument 
in, e.g., Lemma 4.4 of Black (2018), we can readily prove that ||n(-, £) | reo); 
I| Vw, troc and || A*uC, t)||r:(2) with some «œ € G, 1) are globally bounded; 
we refer the reader to the proof of Lemma 4.4 in Black (2018), Lemmas 3.12 and 
3.11 in Tao and Winkler (2016) for the details. 

Based on the global boundedness of solutions, we are able to derive the conver- 
gence result claimed in Theorem 1.2, namely, 


à r 
lim |nC. t) — —|lz~«a) = 9, (1.4.43) 
[— 0o H 

Jim |I VwC, Ðllr= = 0, (1.4.44) 


lim [uC, £)|rs() = 0 (1.4.45) 
1—00 


1.4 Asymptotic Profile of Solution to a Chemotaxis ... 59 


as well as 
lim inf w(x,t) = oo. (1.4.46) 
t>oo xEQ 


oo IVnj? oo j 
— + [Aw] <C 
t JQ n &o JR 


established in (1.4.30), we can show (1.4.44), (1.4.45) and 


In fact, due to 


lim In.) — llus = 0 (1.4.47) 


with n(t) = m So n(.,t) by the arguments in Proposition 4.15 of Black (2018), 
where we have used 


T pa E 2 * ff (Val? 
J ne n-solias sc f Wel sc f. qi s f m 
by ty f Q n Q 


and the regularity of n. Therefore it suffices to show that 
MD r 
lim |n(t) — —| = 0. (1.4.48) 
1—00 H 


To this end, we adapt the idea of Litcanu and Morales-Rodrigo (2010b) and give the 
details of the proof for the convenience of readers. 
Integrating the first equation in (1.4.1) on the spatial variable over 2, we obtain 


= = D f 2 = —2 H / 2 
n, —rn— — | n^ 2rn— un (n — n). 
I2] Jo I2] Jo 


Putting a(t) :— irm f eM, t) — 7), the above equation then becomes 


ipa — 7) — alt). (1.4.49) 
u 
Thereupon multiplying (1.4.49) by n — i we get 
d_ ri "TE Fa zw 
—(n— —) t2un(n— —) = —2a(t)(n — —) 
dt u u u 
and then 


oO. o _ r = r oe. 
2u f n(n— —y < (n(1) - —) 4-2sup[n(t) — af a(t). (1.4.50) 
1 H H H Jı 


t>1 


In addition, invoking the Poincaré—Wirtinger inequality 
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1 2 Vol? 1.2 
lp- — | gQ)dyl < Cp | lvl for all p € W4 (82) 
Q I€2| Jo Q e lel 


for some C, > 0, one can find 


* [ |Vn()P? 
ds < C (1.4.51) 


Q ns) B 


oo 
f a(s)ds < C, sup ln(Ollzi o f 
1 t>1 1 


due to (1.4.30) and Lemma 1.38 (1). Hence combining (1.4.51) with (1.4.50) yields 


aa- <C. (1.4.52) 
1 H 
On the other hand, Zn = ay -mnm- a + 2n(n — 7)), which along with 
|| € rn + d Jon? < C implies that 


<C. (1.4.53) 


d__ T 
Laga- >) 
dt H 


Therefore by Lemma 6.3 of Litcanu and Morales-Rodrigo (2010b), (1.4.53) and 
(1.4.52) show that 


lim AOAC) — —-)? = 0. (1.4.54) 
t— oo H 


From (1.4.47), it follows that there exists t; > tą such that ||n(-, t) — n(t)lrs(o) < 
ni for all t > tı, and thus 


— = —2 u = 
n, =rn — un — ii ouem 
Bun -7 = sup ines D — ROMs) (1.4.55) 
r 
zn =n). 


On the other hand, noticing that the solution y(t) of the ODE 
/ Eg — 
yO US y> 
u 


satisfies lim y(t) = m by the comparison principle, (1.4.55) implies that there 
t>oo H 


exists £5 > tı such that for all t > t5, n(t) > am This together with (1.4.54) yields 
n 
(1.4.48). 
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Finally, in view of (1.4.43), one can find t5 > 1 such that n(x, t) > m for all x € 


Q and t > ts, and thereby w(x, t) satisfies w, > Aw — IVwp? + oa —u-Vw for 
t > tz. Hence if y(t) denotes the solution of ODE: y(t) = DE y(t3) = min w(-, t3), 
xe 


then 


wx, t) > (t-n) (1.4.56) 
2u 


by means of a straightforward parabolic comparison which warrants that (1.4.46) 
holds and thereby completes the proof. 

2. The Case r < 0 

In this subsection, we show the global boundedness of solutions to (1.1.5), (1.1.8), 
(1.1.9)inthecaser < 0, u > 0. As mentioned in the introduction, due to the structure 
of (1.1.5) withr < 0, u > 0, itis difficult to find a decreasing energy functional com- 
pared with the situation when r > 0, u > 0 considered in the previous subsection or 
when r = u = O considered in Winkler (2016c). Indeed, the energy-type functional 
F (n, w) in (3.1) of Winkler (2016c) decreases along a solution in 2 x (tọ, oo) if 
F (n(-, to), wC, to)) is suitably small, namely 


d 
ae w) <0 forall t > tọ. 


The main idea underlying our approach is to make use of the quadratic degradation in 
the first equation of (1.1.5) which should enforce some suitable regularity properties. 
More precisely, on the basis of (1.4.2), we can show that the quantity of form 


F(n, w) = ndn c ads X f IVwl^dx, (1.4.57) 
Q 2 Jo 


with parameter a > 0 determined below (see (1.4.64)), satisfies a certain of differen- 
tial inequality. Although unlike the case ofr > 0 in which it enjoys the monotonicity 
property, F (n, w) also provides us the global boundedness of f gol Inz|dx and 
I Q IVw|[^dx. This is encapsulated in the following lemma. 


Lemma 1.43 Let 2 C R? be a smooth bounded domain and (n, w, u) be the global 
classical solution (1.4.1) with r < 0, uw > 0. Then there exists t, > 0 such that for 
all t > t, 


1 
Youn < — 1.4.58 
f, wC, t)| < AK ( ) 
with K, given in Lemma 1.9 as well as 


f n|lnn| < C (1.4.59) 
2 


for some C > 0. 
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Proof We test the first equation in (1.4.1) against In n + a + 1, and integrate by parts 
to see that 


Z f anno 
— f n(inn 
di Jo a 


V 2 
<- f r -x [ vivus f et = um -u Vnnn+a+ i) 
R Q g 


n 


IVa 
x— ——— — X Vn-Vwt+ | n(r — un)(lnn +a) (1.4.60) 
Q n Q Q 


due tor < Oand V. u = 0. 
On the other hand, recalling (1.4.20) and (1.4.14), it is possible to fix tọ > 0 such 
that for all t > to, we have 


A "E NE ; ; 
14 [ iv 23! IAwf + 13 2k, vwl | Awl 
2dt Jo Aja 44 x Jo 


(1.4.61) 
<f Vu- Vw. 
Q 
From Lemma 1.9 (i), there exists a constant K3 > 0 such that 
8Ks|Vwll72(o < lAwl72(. (14.62) 
Hence combining (1.4.61) with (1.4.60), we get 
d _ IVa x 2 
— F (n, w) + += [Aw] + K3 | nnn +a) 
dt Q n 4 R R 
+ X 2K Vw) | law 
44 N Y Wia Jo deum 
<f n(K3 — un)(lnn 4- a) + rf n(Inn +a) for t > to. (1.4.63) 
Q Q 


Now for any fixed £ < min( x, ggg}, we pick a > 1 sufficiently large such that 


K 
e^ < Eu (1— r)|s2] max InInn| < emin{K3, 1}, (1.4.64) 
H «nxe ^ 


dueto lim nlnn = OandnInn < Oforallz c (0, 1), and thereby fix t; > max{1, fo} 
fulfilling 


a|Q| e Ill € 
mieu « 
Mitty) 4 u(ü-cy) 16 


(1.4.65) 


as well as 
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(a+ dn £),)I2| — 2x C2! + nolo + wolo) e 
<-. 
4 


+ (1.4.66) 
ulti +y) ti 
Leth = ti + 12, 
€ 
VEIT in. t f Vw. D? = Š) 
R 2x 
and F 
5 È (te In. llla Dlo) 2 7} 
Then ; 
to—t =ý 
[Alz re Al < E (14.67) 


By Lemma 1.36(1ii), (1.4.2) and the second equation in (1.4.1), we obtain that 


[p] t2 
f [vef fine [ mem 
ti 2 ti R Q 
t? ti 
=f he he+h h” 
ti 2 2 0 2 
| 2 


| fms | 
<— —~(h-t))+ | wott no. 
uti +y) 2 1 d 0 1 " 0 


Furthermore, by (1.4.65) and (1.4.66) 


h Q t 
f f IVwdxds <( [42] ES ilizollzico + Holen g, i 
ti 2 


ulti +y) h-t 


Q 
P + linolio + lwollrico) 


x (t2 — tı) 


ti 


: (t5 — t) 
« — (h — ti). 
Bx 2—1 


h 
On the other hand, by the definition of 4, we see that = Al x f / [Vw E and 
X Hi R 


thereby |7] < bmi 
In addition, by (1.4.2) and (1.4.65), we get 


h 2 1 | 2| E 
m s | ngt) S =n ex 
n JQ Hh Jo H^t-cy) 16 


which implies that || < 27. 
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Therefore from (1.4.67), it follows that | (t1, 2) V C74 U-A%)| > 2*1, and thereby 
there exists f. € (tı, t2) such that 


€ 
In, tllo) < (1.4.68) 
and 
Í IVw(, t)? < — < SED (1.4.69) 
Kj 


By (1.4.69), we can see that the set 
^ 2 1 
S 5 (t € (t, 00)| Kı [Vw(,s)|* < 1 for alls € (t,, t)} 
Q 


is not empty and hence Ts = supS is a well-defined element of (t4, oo]. In fact, we 
claim that Ts = oo. To this end, supposing on the contrary that Ts < oo, we then 
have Kı fo |VwC, t)|? < 1 for all t € [t,, Ts), but 


1 
Ki f IVwC, Ts)? = =. (1.4.70) 
5 4 


Hence from (1.4.63) and (1.4.62), it follows that for all t € [t,, Ts), 


d Ms 
gw) + Awl + K3 | nann+a + E R 
2 


<f oun! n(In n + a) 
Q Q 


<f k ns = unnn a) +r | n(lnn +a) 

e-a «nx 53 O<n<e~4 

<k f : ndnn a) r f ninn (1.4.71) 
e^ «nz O0cnze-^^ 

<aky | ntk f ninn—r|2| max |nIinn| 
Q e-a <n< K3 O<n<e~¢ 


K3 
<K3(a+ (In Sof n+éK3 
u Q 


(a + (In 8),) K3|2| 
< 
uti + y) 


3; 


where we have made use of t, > tı, the decay estimate (1.4.2) and (1.4.65), and thus 
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T, Vn|? 
a woos | |Aw(-, o)|)do 
g n 4 Jo 


(a + (In *3)4)12| 
n T y) 


F (n, w)(T,) + f 


ty 


SF (n, w) (t) + 


which implies that 

(a+ (In £2), 9| 
uti +y) 

<| nani 0c10 € £ f ivwP et te 
Q 2 Jo 


(a + (In 52),4)192] 
} j) n(Inn + a)(-, Ts) 
2 


xf IVwC, Ts)? <F (n, w) (ts) 4 [anne oc mo +8 
2 Je R 


nt +y) 
<f o? cane) E [ IVwl2(, t) + (1.4.72) 
Q 2 Jo 
ps í " 
C n y) p PHP 


due ton > Inn for all n > 0. 
In addition, by (1.4.65), we see that 


f mann ec. ro > | n(nn +.a)(-, Ts) (1.4.73) 
2 


O<n<e~4 


zonae 
O<n<e~4 


>— |2| max |ninn| 
O<n<e~¢ 


= &, 


Upon inserting (1.4.73) into (1.4.72), we see that 


xf IVwC, TP <f o? eant) f IVwl^C. t.)c1.2 — 3.58 
2 Q Q 2 Q 
(1.4.74) 
(a + Qn ©), 
w(t +y) 


which along with (1.4.68), (1.4.69), (1.4.2) and (1.4.65), establishes that 
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xf Vwi fee ae | iene (a + (In 2)4)|2| 
Pu wi, Ix cT NG, Ly 
2 Jo i 2 Q pu + y) 


«3e (1.4.75) 


This contradicts (1.4.70) and thereby Ts = oo, which means that the differential 
inequality (1.4.71) is actually valid for all f > t,. 

Now revisiting the proof of (1.4.75), upon integration in time over (tx, t), we have 
$ Js IVw(, t)? < 3e forallt > t, which implies that (1.4.58) is valid by the choice 
of £, as well as 


f nlnn(,t) € C, forall t >t, (1.4.76) 
2 


for some C, > 0. 
Since £ Ing > —+ forall £ > 0, 


2|2 
f mme n» f ninn(.t)~2f ninnct) s f iunt rae 
R Q 0<n<1 £2 e 


which along with (1.4.76) readily implies that (1.4.59) is actually valid with C = 
Cı + aa, 


Furthermore, from (1.4.71), one can also conclude that 


Corollary 1.2 Under the conditions of Lemma 1.43, we have 


t>oo 


. ttl |Van]? 5 : " 
lim C—— + |A^w) 20, lim | Vw, Ð =0. (14:77) 
t Q n 100 Jo 


Proof On the basis of the decay estimate (1.4.2) and revisiting the argument in the 
proof of Lemma 1.43, one can conclude that for any £ € (0, iini. iz; )), there 
exists f, > 1 such that g 


t V 2 
f ewe or + f para m eosk[ l^w(,o)|)de < € 
Q te Q n 8 Jo 


for all t > ¢,. Furthermore, it follows from the above inequality that 


t 2 
f (f we (oy +H f |Aw(-,0)|2)do x se 
t1 Jo n 8 Jo 


for any t > te + 1, which implies that (1.4.77) is indeed valid. 


At this point, we can prove Theorem 1.2 in the case of r < 0. 
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Proof of Theorem 1.2 in the caser < 0. We can repeat the argument in the proof of 
Theorem 1.2 in the case r > O. In fact, in view of (1.4.58) and (1.4.59), (1.4.31) is 
also valid for r < 0, u > 0, and thereby the global boundedness of solutions can be 
proven. In addition, similar to the case of r — 0, we can show 


lim ||nC, t)|rs«() = 9, (1.4.78) 
1— oo 
Jim Vw, trs) = 0 (1.4.79) 
— 00 

as well as 
Jim luc, Dle = 0. (1.4.80) 


For the sake of completeness we shall only recount the main steps and refer to the 
mentioned sources for more details. Invoking standard parabolic regularity theory 
(see the proofs of Lemma 4.5 and Lemma 4.9 of Winkler 2016c for details), one can 
see that there exist 0 € (0, 1) anda € G, 1) and C, > O such that for all t > 1 

Wl et axu t IWG Dle + lA C Dl C 4.81) 
If (1.4.78) were false, then there would be C2 > 0, (t,) cen and (xx) ken € Q such that 
tk > œas k — oo, and n (xp, tj) > C5forall k € N, which, along with the uniform 
continuity of n in (2 x [t, t + 1] as shown by (1.4.81), entails that one can find r > 0 
such that B(x,r) C Q for all k € N and n(x, fj) > e for all x € B(x,r). This 
shows 


C 
[ewe f nt) = ar? 
Q B(xy,r) 2 


which contradicts (1.4.2) and thus proves (1.4.78). Similarly, on the basis of (1.4.77) 
and (1.4.81), (1.4.79) can be proved. Finally, (1.4.80) results from (1.4.14), (1.4.81) 
and a simple interpolation, and thereby completes the proof. 


1.4.3 Asymptotic Profile of Solutions 


It is observed that in the case r < 0, solutions to (1.1.5), (1.1.8), (1.1.9) enjoy the 
exponential decay property due to the exponential decay of ||n(-, t) || (oy. There- 
fore, we pay our attention to the asymptotic profile of (1.1.5), (1.1.8), (1.1.9) in the 
cases r > 0 and r = 0, namely, we will give the proofs of Theorems 1.3 and 1.4 
respectively. 

1. The Case r > 0 

Making use of the convergence properties of (n, ) asserted in Theorem 1.2, 
we apply L? — L4 estimates for the Neumann heat semigroup (e'4),.9 to show 


[Vel 
c 
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(n,c,u) > bs 0, 0) in L® (£2) and Wel — O0 in L?(Q2) at some exponential rate as 
t — oco, respectively, whenever pu is suitably large compared with r. To this end, we 
first make an observation which will be used in the proof of the subsequent lemma: 


Lemma 1.44 For any fixed o € (0, min(A, rJ), there exists eq > 0 such that 
Bue, «r—a (1.4.82) 


as well as 
4ci1&) < 1, 8xc4le2 < 1 (1.4.83) 


where cj > 0 (i=1,4) is given in Lemma 1.1, I = fo a + on + oi )e7 41-8 dg 
and e2 = 4ci|£2|$ Ley. 


Lemma 1.45 Let (n, w,u) be the global bounded solution of (1.4.1). For fixed 
1 

a € (0, min{A,,r}) and u > 32x caci| £2|$ Pr, one can find constants C; > 0 (i = 

1,2, 3) and B <a such that 


|nC, t) — Tlo «Ce T, (1.4.84) 
I VwC, Dllzsqo) € Cae (1.4.85) 
as well as 
lut, Dire) € Cse P (1.4.86) 
for all t > 1. 


Proof Let N(x, t)=n(x,t)— FE £&1 > Qand e» > Obe given by Lemma 1.44. Then 
from (1.4.43), (1.4.44) and (1.4.45), there exists fy > 1 suitably large such that for 
t >to 
a €1 E2 
ING, Dll c2) < ri (co + DIIVwC,. lnc) < 3 (1.4.87) 
and 


oo 
Sel dlio f (1-- o 73)e- 91799 qg. < 1. (1.4.88) 
0 


Now we consider 


ING, Dlr € £16 9*7 for all t € [to, T), 


T sup T € (to, oo) Nu 
Vw, Olea) < &:€ "^ forall t € [to, T). 


| (1.4.89) 


By (1.4.87), T is well-defined. In what follows, we shall demonstrate that T = oo. 
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To this end, we first invoke the variation-of-constants representation of w: 


t t 
w(-, t) =e" 4 (10) - f tai vun(,s)Pas + f e4 N(., s)ds 
f f 
; 0 : 0 
af e 79^ (u . Vw), s)ds + —(t — to), 
1o U 


(1.4.90) 
and use Lemma 1.1(1), (11) to estimate 


I VwC, Oli zea) 


t 
—to)A —s)A 2 
<||Ve4 wC, to)ll reo; + J I Ve ?4lvw(., s)Plzsods 
to 


t t 

+ I I Ve ?^NC., s)lreoyds + f I| Ve ^ (u - Vw)C., s)lrsgyds 
to to 

<2eze™ Vw, to) lleva) 


t 
P I AE — )75e79 9 [vwC, 5) sods 


to 


t 
t oleis / (1 4- ¢—5) e 9 C, s) dis 
to 


t 
+a f ae- De u Dlo VC. ds 
to 
=h+h+h 
(1.4.91) 
for all ty « t « T. 
Now we estimate the terms J; (i = 1, 2, 3), respectively. Firstly, from (1.4.87), 
we have J, < 22e ?7'?, By the definition of T and (1.4.83), we can see that 


$ 
h seie f (+Gastos 
to 


t 
zas f AE — s) 3)e NE Me SW) gs 
to 


oo 
sas f (1-07 3)e 01799 do . got) 
0 


«£2 g—alt—to). 


By the definition of T, (1.4.88) and £2 = 4ci |£2|$ Ie, we also have 
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1 t 1 , ; 
I3 €(c1lQ2|$6; + cq sup lut, Dllo) | A +E- 5) 20e MEM CAO“ dg 
tto to 


1 t 1 
=(c1 |216 £1 + c1 sup lut, Ðllræ(2)£2) | + € — 5): 2)e MIME) e70) ds 
t>to to 


I n l. —(A4—a)a a(t—to) 
&(c1]€2]6 e1 + c1 sup [uC. £)] roo ()82) A (+o 2)e “1 do-e 
t>to 


4282 p-a (1—10), 


Substituting these estimates into (1.4.91), we get 


7 
Vw, Dlzsio < os < ee "79 for all t € [to, T). (1.4.92) 


On the other hand, since N, — AN TY -(nVw) — rÑ — uÑ? —u- VN, the 
variation-of-constants representation of N yields 


t 
N(-, t) =ef 4-9 N C. to) + x / ef XG-Dy . (nVw)C, sds 


to 


t t 
— uf e44- a? (.. s)ds — f ef 94—-N (u . V N)C, s)ds. 


to to 


Then by V - u = 0 we can see that 


INC, DI ze co) 


t 
<le 7 47? NC, to) ll ree(g) + uf [e4 N?(.. 8) I re ds 
to 
t 
—s)(A—r w 
+f lle" s)( DV. (uN)C, s)|rsqods 
to 


t 
ip f et? 47? v . (nVw)C, s)llze ds 
to 
mJ, +4 h + Js 4 J4. 


Here the maximum principle together with (1.4.87) ensures that 
—r(t—t0) | Ñ El —a(t—to) 
JI <e INC, to)llzæc2) < rx. : 


By the definition of T and comparison principle, we infer that 


Jo 


IA 


t 
pf € e RC lods 


to 


IA 


t 
" f eÑ, Dsds 


to 
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t 
« usi | eT tS) g72a(—8) qs 


to 


t 
= ua | gU dec oe) 


to 


2 
HEI gt) 
r—a 
£1 ,-e-t) 


8 


I^ 


IA 


due to (1.4.82) and æ < r. Similarly by (1.4.88), we have 


t 
, - 
Js <c sup |lu C, £l rco) / (1+ (t — 5) 2)e MOON G., 5) || L(y ds 


t>to 


to 
t 
1 ] 
xc, sup lu, t)| rs (9581 f (1-F (t —5) 2)e (Ai+r)(t No a(s DE 
to 


tzto 


oo 

1 

<c, sup lu C, t| ro (o&1 / d+ o 2)e 01-99 dg OY 
t>to 0 

PRIME 


As for the term J4, we recall (1.4.83), (1.4.89) and apply Lemma 1.1 (iv) to get 


t 
Ja sxa f (+ E= STETA iV w)C, lrs ds 


to 


t 
2 . r 
zxeies | (L (t= qu p ATO ge OP ie ds 
to u 


r d " 
xxcae3(— + ed f d+ o7 3)e t-90 dg ge 7t) 
nu 0 


€ r 
<i! e~el) + Xc4— 1656 96 
8 u 


El alt- 1 F- ga 
= eto) 4. Axcici£]|s12e; —e 970 
m 


«fL gat) 
4 


due to u > 32xcaci|£2| s I?r. Hence combining above inequalities, we arrive at 
V 561 a(t) 
IN C. Dp < 3° forall t € [to, T). 


This along with (1.4.92) readily shows that T cannot be finite. In combination with the 
decay property (1.4.84), a straightforward interpolation argument can be employed 
to prove (1.4.86). 
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Proof of Theorem 1.3. According to (1.4.56) and w = — naks? we have 
c(x, t) € |Ieollz~caye for all t > tz. On the other hand, if jJ, (x. 2, r) = 
max(uo, 32x c4c|42| ai ?r), then as an immediate consequence of Theorem 1.3 and 
Lemma 1.45, n(-, t) > z and “+ (C, t) > Oin L*(€2) and L°(2), respectively, at 
an exponential rate when u > (x, $2, r). Moreover, with the help of the uniform 
boundedness of || Il C, 1) ||L~(@) with respect tot > 0, one can show that Wel (C, t) > 
0 in LP? (2) for any p > | exponentially by the interpolation argument. The proof 
of this theorem is thus complete. 

2. The Caser = 0 

The proof of Theorem 1.4 proceeds on an alternative reasoning. To this end, making 
use of the decay information on | V w| in L (12) in (1.4.77) and the quadratic degra- 
dation in the n—equation, we first turn the decay property of ||n(-, t)|r:(2) from 
(1.4.2) into an upper bound estimate of |[n (, H) || i» (25. 


Lemma 1.46 Let (n, w, u) be the global bounded solution of (1.4.1) obtained in 
Theorem 1.2 with r = 0, u > 0. Then one can find constant C > 0 such that 


C 
ln C. rs < T for all t > 0. (1.4.93) 


Proof According to the known smoothing properties of the Neumann heat semigroup 
(e*^),.9 on 2 C IR" (see Winkler 2010), one can pick c, > 0 and c; > 0 such that 
for all 0 « t <1, 


lle ^ellrs < Cic? lolze forall e € L'(2) (1.4.94) 
and 
le'^v ellc < Cit? F olrre forall e € C(2:R')..— (14.95) 
By (1.4.79) and (1.4.80), there exists fy > 3 such that 
24C5(xIlIVwC, Hll + lut, Dli) € 1. forall t > to — 1. (1.4.96) 
Now in order to prove the lemma, it is sufficient to derive a bound, independent of 
T € (t, oo), for M(T) € sup {t\|n(-, Drs o] 


to—l<t<T 
By the variation-of-constants representation of n, we have 


t t 
n(,t) = e4n(-,t —1) + Ji etA . (nvw)C, s)ds -f e794 (u . Vn)C, s)ds 
t—1 t—1 


t 
= uf ef 94,82. s)ds. 
t—1 
(1.4.97) 
Since e is nonnegative in £2 for all 0 < s < t due to the maximum principle, it 
follows from the nonnegativity of n that for all t € (to, T) 


(t—s)A 
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ln C. £l zoe co) 


t 
Sleat, t = Disi + f ev eva) C Dlscnds 
t-1 
t 
+f lle* 94 (u - Vn)C, s)l rss ods 
t-1 
which along with (1.4.94)-(1.4.96) and (1.4.2) yields 


ln C. eco) 


t 
<Ci (In, t£ — Dro + ex f (t — s) 8| Vw)C, leo ds 
1—1 


t ] 
«ol (t — 5) 54 un), s) Mn gds 
t—1 


a (x max, | VwC., sll + duc, Dey: MIO) 
Wi 3 ut- 2 . 

~p(t—-1+y) fal uds SM 2) DID) 

C,|2 1 
Z 1|2| M). 
m(t—-l+y) 4¢-1) 

Hence, 
4C,|2| 
MT) <—— +2 sup {slln(, Dll} 
H to—1<s<to 


which readily yields (1.4.93) since T > tọ is arbitrary, and thus ends the proof. 
In light of Lemma 1.46, we can derive a pointwise estimate c(x, t) from below. 


Lemma 1.47 Let (n, w, u) be the global classical solution of (1.4.1) obtained in 
Thenrem 1.2 with r = 0, u > 0. Then there exists k > O fulfilling 


e(l, t) = ==, (1.4.98) 
Proof By the second equation of (1.4.1) and Lemma 1.46, we can see that 
2, C 
w, € Aw —|Vw|- + — -u Vw 
t+1 


with some C, > O forall t > 0. Let y € C! ([0, oo)) denote the solution of the initial- 
value problem y'(t) = zt. y(0) = || wol| ro), then from the comparison principle, 
we infer that 


w(x, t) < woll») + Ciln(t +1) forall t > 0, (1.4.99) 


which along with w — ), yields (1.4.98) with «x = Cj. 


— In 
ake Ilco [Eum 
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Now utilizing the decay information on |Vw| in L® (2) in (1.4.77) again, and 
thanks to the precise information on the decay of |n ., £1) || r»(o) in Lemma 1.46, we 
can obtain the desired estimate for ||n(-, £)|| r»(o) from below as well as the upper 
estimate for || Vw(., t)|lrs(o». 


Lemma 1.48 Let (n, w, u) be the solution of (1.4.1) obtained in Thenrem 1.2 with 
r = 0, u > 0. Then one can find C, > 0 and Cz > 0 fulfilling 


1 C 
ln C. Dre c2) = jg ne. Dp = T for all t — 0 (1.4.100) 
as well as 
C2 
ll VwC, Drs < rl forall t >Q. (1.4.101) 


Proof We first adapt the method in Lemma 1.46 to derive the precise decay rate of 
I| Vw, Dro co. By (1.4.79) and (1.4.80), one can choose some to > 2 such that 


oo 
ta f (1 - a73)e"* do (Vw, Hle + lC Dle) <1 (14.102) 
0 


for all t > 3 and then let M(T) ê sup {s||Vw(., S)||z~(@)} for all T > to. 
‘0. <s<T 
By the variation-of-constants representation of w, we have 


i t t t 
we.) = ewe, 5) | e'aivwP(, sds + | e 9^(n —u- Vw)C, s)ds 


i E 
2 


for all ty < t < T. We then show that 
I VwC., t)lroecQ) 


t t t E t be 
<||Ve24w¢., jua» + f, Ive PAivullzs o, + f, IVen] roc) 
2 Z 


T 
n D Ive *794(. Vw) Loo) 
2 


1 M t t ae ges ere 
ser De E wC, zlec) 4 af, (14 (t — s) 3)e 1079 nE, DL) 
2 


t eee ore 
+a f, (+ = 5) 3)e 07) [Ivwc, ecg (IVWC, Dlr + lut, Dlie) 
2 
2c1€2 


1 Àt oS 1 
scp +t 2)e 77 (lwollrsecg) + co In(t+ 1)) 4 ; Í (14 o 2)e M? do 
0 


2c 9d — M 
+ f (+a 2)e ^do sup (Vw, Dl zea) + lut, Dll): M(T) 


> 
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1 AM 
Seb +t 2)e 2 (|wollroe(g) t coIn(t + 1) 


5 
~ 
an 
a 
€) 
— 
si 
Z 
a 
a 
q 


1 
—M(T 
dies (T) 


by using Lemma 1.4.1(1), (1.4.99), (1.4.93) and (1.4.102). This along with the defi- 
nition of M (T) yields 


M(T) <2 sup (slVwC, s)lroe(oy) + c4 


t 
$ <s<to 


with some constant c4 > 0 as lim ft In(t + D)e ^" = 0. Hence, upon the definition 
t— oo 


of M (T), we arrive at (1.4.101) with an evident choice of Co. 
Continuing with the proof, we claim that there exists c4 > O such that 


1 C 
ln C. Dre coy = — lat, Dll = a for all t > 0. (1.4.103) 


|$2| 


Indeed, from the n —equation of (1.4.1) with r = 0 and Young's inequality, it follows 


d |Van]? 1 x? 2 
that — puc +x -V-(nVw)— u o ZTT Mia —u 
dt n? gn 4 


n. ime (1.4. 3 and (1.4.101) into the above "ar ME T f. glnnz 


CHE. Va. and thus 


aX 
4 (t+1)2 tty 


I Inn(.,t) > —|Q|In@+y)—cs forall t>1 (1.4.104) 
Q 
with some cs > 0. On the other hand, by the Jensen inequality, we have 


iuc nC.) — |2|In|2| = ient. S, ub mre f. boten. 
(2 


This inequality together with (1.4.104) readily leads to (1.4.100). 


With the above lemmas at hand, we can now complete the proof of Theorem 1.4. 
Proof of Theorem1.4. By w = — In(, — — PES a ), Lemma 1.46 and Lemma 1.48, one can 


see that (n, Wel) — (0, 0) in L® (2) algebraically as t — oo. Hence, it suffices to 
show the decay property of c(x, t). In view of the w-equation in (1.4.1), (1.4.103), 
(1.4.101) and V - u = 0, we can pick C; > 0 (i = 1, 2, 3) such that 


d C1|2 C2|2 
sl w= f »-[ ww? - f u:Vwz 1l Im 2l i 
dt Jo Q Q Q t+1 (t+ 1) 


and hence Jia wC,t) > Ci|X2| In(t + 1) — C3, which entails Pus for any t > 0 
there exists xo(t) € 2 such that w(xo(t), t) > Cy In(t + 1) — ue Since for each 
gy € WEP (Q2) with p > 2, there exists C4 > 0 such that 
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—2 
IPE) — eol < Calx — yl? Voleo) forall x, y € 2, 
we therefore obtain from (1.4.101) that 


w(x, t) > wolt), f) — |x — xo) [Vw lr co) (1.4.105) 


C 
> Ciln(t +1) — al — Cadiam(Q2), 


and thereby c(x, t) < for x € 2, t > 0 for some Cs > 0. This together 


Cs 
(t + 1)€ 
with (1.4.98) shows that c(x, t) actually converges to 0 in L® (92) algebraically as 


t — oo, and thus ends the proof of Theorem 1.4. 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter's Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter's Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


Chapter 2 A) 
Keller-Segel-Navier-Stokes System get 
Involving Tensor-Valued Sensitivity 


2.1 Introduction 


Chemotaxis, the biased movement of cells in response to chemical gradients, plays 
an important role in coordinating cell migration in many biological phenomena (see 
Hillen and Painter 2009). For example, the fruit fly Drosophila melanogaster navi- 
gates up gradients of attractive odors during food location, and male moths follow 
pheromone gradients released by the female during mate location. In 1970, Keller and 
Segel (1971b) proposed a mathematical model describing chemotactic aggregation 
of cellular slime molds 


n, = An — V - (nVc), xE€, t>0, 
(2.1.1) 
Cc; = Ac—c+n x€E€2, t>0, 
where 2 C R”, and n and c denote the density of the cell population and the con- 
centration of the attracting chemical substance, respectively. One of the most char- 
acteristic mathematical features of system (2.1.1) is the possibility of blow-up of 
solutions in a finite or infinite time. It is well known that solutions of system (2.1.1) 
may blow up when N = 2 with large total mass of cells and N > 3 with arbitrarily 
small prescribed total mass of cells (see Bellomo et al. 2015; Horstmann 2003; Nagai 
et al. 1997; Winkler 2013). In order to describe the nonlinear dependence on the cell 
density in cell movement, the following variant has also been widely studied: 


n, = An" — V . (nVc), xe£,t-0, 
(2.1.2) 
c; = Ac—c-n, xE2,t>O0, 
where m > 0. Recent results indicates that m = 2 — x is the critical blow-up expo- 


nent of (2.1.2) in some sense. Indeed, all solutions are global and uniformly bounded 
ifm > 2— x (see Tao and Winkler 2012a; Winkler 2010b); whereas if m < 2 — 2. 
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(2.1.2) has some solutions which blow up in a finite time (see Cieślak and Stinner 
2012; Winkler 2010b). 

Recent analytical findings show that already cell transport through a given fluid can 
substantially influence the solution behavior in certain Keller-Segel-type chemotaxis 
systems (Kiselev and Ryzhik 2012a, b); in fact, even complete suppression of blow- 
up may occur (Kiselev and Xu 2016). To the best of our knowledge, however, the full 
mutual coupling of equations from fluid dynamics to chemotaxis systems, including 
buoyancy-driven feedback on the fluid motion, has been considered in the analytical 
literature in cases when the signal substance is produced by the cells, which seems 
rather thin compared with that in cases for the oxygen-consumed though, such as the 
Keller-Segel-Navier-Stokes of the form 


n, +u- Vn = An—V- (nS(x,n,c)Vc), x €&2,t>0, 
c; tu-Ve=Ac—c+n, x€2,t>0, 

u; -k(u- Vu-- VP = Au+nVvVd, x€2,t>0, 
V-u=0, xE€,t>0, 

(Vn —nS(x,n,c))-v=Ve-v=0, u=0, x €082,t > 0, 
n(x, 0) = no(x), c(x, 0) = co(x), u(x, 0) = uo(x), xe, 


(2.1.3) 


where n and c are defined as before and 2 C IR? is a bounded domain with a smooth 
boundary. Here, u, P, $ and k € R denote, respectively, the velocity field, the asso- 
ciated pressure of the fluid, the potential of the gravitational field and the strength of 
nonlinear fluid convection. S(x, n, c) is a chemotactic sensitivity tensor satisfying 


S e C?(Q x [0, oo); R?'3) (2.1.4) 
and 
IS(x,n, c) x Cs +n) forall (x,n,c) € 2 x [0, oo)? (2.1.5) 


with some Cs > Oando > 0. Problem (2.1.3) is proposed to describe the chemotaxis— 
fluid interaction in cases when the evolution of the chemoattractant is essentially 
dominated by production through cells (see Winkler et al. 2015 and Hillen and 
Painter 2009). For example, in two dimensions, if S = S(x,n, c) is a tensor-valued 
sensitivity fulfilling (2.1.4) and (2.1.5), Wang and Xiang (2015) proved that the 
Stokes version (x = 0 in the first equation of (2.1.3)) of system (2.1.3) admits a 
unique global classical solution that is bounded. Recently, Wang, Winkler and Xiang 
(2018) extended the above result Wang and Xiang (2015) to the Navier-Stokes ver- 
sion (k Æ 0 in the first equation of (2.1.3)). In both papers Wang et al. (2018) and 
Wang and Xiang (2015), the condition o > 0 is optimal for the existence of the 
solution. Furthermore, similar results are also valid for the three-dimensional Stokes 
version (k = 0 in the first equation of (2.1.3)) of system (2.1.3) with a > i (see 
Wang and Xiang 2016). In the three-dimensional case, Wang and Liu (2017) showed 
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that the Keller-Segel-Navier-Stokes (x Æ 0 in the first equation of (2.1.3)) system 
(2.1.3) admits a global weak solution for tensor-valued sensitivity S(x, n, c) satisfy- 
ing (2.1.4) and (2.1.5) witha > j. Recently, due to the lack of enough regularity and 
compactness properties for the first equation, by using the idea proposed by Winkler 
(20152), Wang (2017) presented the existence of global very weak solutions for the 
system (2.1.3) under the assumption that S satisfies (2.1.4) and (2.1.5) with a > i 
which, in light of the known results for the fluid-free system mentioned above, is an 
optimal restriction on a. However, the existence of global (stronger than the result 
of Wang 2017) weak solutions is still open. 

When taking the nonlinear diffusion of the cells into account, the system above 
may be reformed as 


n, +u -Vn = An" — V - (nS(x,n,c)Vc), xe€£Q2,t»0, 


Cc; tu-Veo= Ac—c+n, xE2,t > 0, (2.1.6) 
u; 4 k(u- V)u -- VP = Au 4- nVQ, xe£,t-0, K 
V-u=0, xe£,t-0, 


with S fulfilling 
IS(x, n, c)| < Cs 


for some positive constant Cs. When x = 0, Li et al. (2016) and Zheng (2019) 
considered the chemotaxis-Stokes system (2.1.6) for N = 2and N = 3, respectively. 
They concluded that when m > 2 — x the weak solutions of the simplified system 
(2.1.6) (x = 0) are global existent and bounded. But till now, as far as we know, it 
is still not clear that in the case that x Æ 0, whether the solution of the chemotaxis- 
Navier-Stokes system (2.1.6) is bounded or not. 

The emergence of degenerate diffusion, full Navier-Stokes fluid (x z& 0) and 
rotational flux (tensor-valued sensitivity S) makes the system (2.1.6) contain a more 
complex cross-diffusion mechanism, which brings more mathematical difficulties to 
the problem. In fact, if = 0, by utilizing the L! estimate on n, one can invoke Lemma 
2.4 in Wang and Xiang (2015) and the Sobolev embedding theorem (Theorem 5.6.6 
in Evans 2010) to obtain the regularity of u in arbitrary L^ spaces (see Lemma 2.4 
in Li et al. 2016). Then one can also obtain L” estimate on c, by using the variation- 
of-constants representation for c (see the proof of Lemma 2.6 in Wang and Xiang 
2015 and Lemma 2.6 in Li et al. 2016). By using the estimates on c and u, one can 
finally derive the entropy-like estimate involving the functional f. "PLE f 2 |Vc|74 
(see Lemma 2.9 in Li et al. 2016 or Lemma 2.10 in Wang and Xiang 2015). Once the 
crucial step has been accomplished, the main results can be easily obtained by using 
the standard Alikakos-Moser iteration. However, when « Æ 0, one cannot acquire 
the regularity of u in arbitrary L^ spaces directly. Here, we develop some L? -estimate 
techniques to raise the a priori estimates of solutions from L!((2) > L”! (2) > 
L” (2) > L"(*2) (for any p > 2), which even seems a new method in the case of 
fluid-free system. 
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The first part of this chapter is concerned with system (2.1.6) along with the initial 
data 


n(x,0) = no(x), c(x,0) = co(x), u(x,0) —uo(x), xe, (2.1.7) 
and under the boundary conditions 


(Vn" — nS(x,n, c) Vc) -v=Vc-v=0, u=0, x€02,t>0 (2.1.8) 


in a bounded domain 2 C R? with smooth boundary, where the chemotactic sensi- 
tivity tensor S(x, n, c) satisfies 


S e C?(QQ x [0, o0); R7?) (2.1.9) 


and 
[S(x,n,c)) € Cs forall (x, n,c) € 2 x [0, oo)? (2.1.10) 


with some C; > 0. Throughout this part $ € W?-9* (£2) and the initial data (no, co, uo) 
fulfills 


no € C*(Q2) for certain «x > 0 with no > 0 in 2, 
co € W^**(Q2) with co > 0 in €, (2.1.11) 
uo € D(A), 


where A denotes the Stokes operator with domain D(A) :— W??(Q)n Wo ?(Q) N 
L- (2), and L2 (2) := (o € L?(2)|V - e = 0} (see Sohr 2001). 

Within the above frameworks, the main result on global existence and bounded- 
ness of solutions to (2.1.6)-(2.1.8) is stated as follows (Zheng and Ke 2020). 


Theorem 2.1 Letm > 1, 2 C R? bea bounded domain with smooth boundary, and 
assume (2.1.9)-(2.1.11) hold. Then the problem (2.1.6)-(2.1.8) admits a global-in- 
time weak solution (n, c, u, P), which is uniformly bounded in the sense that 


In C. t) zc + lel, llw + lut, Hll») x C forall t 0 (2.1.12) 


with some positive constant C. 


Remark 2.1 (i) If u =0, Theorem 2.1 coincides with Theorem 5.1 in Winkler 
(2010b), which seems to be optimal according to the two-dimensional fluid-free 
system. 

(ii) Theorem 2.1 extends the results of Li et al. (2016), in which the authors dis- 
cussed the chemotaxis-Stokes system (x = 0) in a two-dimensional convex domain. 
As mentioned earlier, we not only extend the results to the chemotaxis-Navier- 
Stokes system (x 4 0), but also remove the convexity assumption of the domain. In 
Li et al. (2016), in order to get the regularity of Vc, the assumption that the domain 
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should be convex is required. Applying the boundedness of || Vc||;2(2) (see Lemma 
2.8) and the fractional Gagliardo-Nirenberg inequality (see Lemma 2.5 in Ishida 
et al. 2014) to gain the regularity of Vc in arbitrary L^ spaces, the hypothesis of 
convexity for £2 is removed herein. 


The second part of this chapter considers the globally defined weak solution (see 
Definition 2.1) to system (2.1.3) with the initial data (rto, co, uo) fulfilling 


no € C*(Q2) for certain x > 0 with no > 0 in 2, 
co € W'** (Q2) with co > 0 in Q, (2.1.13) 
ug € D(AY) for some y € (3/4, 1) and any r € (1, oo), 


where A, denotes the Stokes operator with domain D(A,) :— W2"(Q)N Wo "(2)n 
L^ (82) and L} (2) := {p € L'(12)|V -p = 0j forr € (1, oo) (similar to that in Sohr 
2001). 


Theorem 2.2 Let 2 C R? be a bounded domain with a smooth boundary, and 
(2.1.13) hold. Suppose that S satisfies (2.1.4) and (2.1.5) with some a > i. Then 
problem (2.1.3) possesses at least one global weak solution (n, c, u, P) in the sense 


of Definition 2.1. 


2.2 Preliminaries 


In order to construct the weak solutions to (2.1.6)-(2.1.8) by an approximation pro- 
cedure, we consider the approximate variant of (2.1.3) given by 


Dg + ug: Vn, = A(n + g)" — V. (ngS; (xn; Ce) Ve), xe, t0, 
Cet H ug: Vc; = Ac; — Ce Hne, XE 2, t > 0, 

ug; + VP, = Au, —K(Ue: Vue -n, V, x € 2, t >0, 

V.ug—0, xE 2, t>0, 

Vne: V=Vepg-V=0,u,=0, x € 02, t > 0, 

ne(x, 0) = no(x), ce, 0) = coe), Q0) = u(x), x € Q, 

(2.2.1) 
where S(x, n, c) := Pe(x)X-(n)S(x,n,c), n > 0, c > 0, p, € Cg? (X2) such that 
O<p, <1 in Q and p, Z 1 in 2 as €N 0, x. € Cy? ([0, 00)) such that 0 < 
Xe <1 in [0, 00) and x, 71 in [0,c) as & VO. 

By the well-established fixed-point arguments (see Lemma 2.1 in Winkler 2016v, 
Winkler 2015b and Lemma 2.1 in Painter and Hillen 2002), we could show the local 
solvability of system (2.2.1). 

Lemma 2.1 Let 2 C R? be a bounded domain with smooth boundary, and assume 


(2.1.9)-(2.1.11) hold. For any & € (0, 1), there exist Tmax, € (0, oo] and a classical 
solution (nz, Ce, Ue, Pe) of system (2.2.1) in 2 x [0, Tinax,e). Here, 
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ny OC" (2 x 10, Tmax,e)) C^ CO x (0, Tmax,e)), 
ce € CÓ(Q x [0, Tmax,e)) N C^ (2 x (0, Tmax,e)) N (^] L0, Tnax,e); WP (2), 
p»1 


ue € CË x [0, Tmax,e)) N CP (Q x (0, Tuas) n. (^). COMO, Tmax,e); D(A), 
y€(0,1) 
Pe € c! 0g X (0, Tmax,e))- 
(2.2.2) 


Moreover, n, and c, are nonnegative in 2 x (0, Tmax e), and if Tmax, < +00, then 


lim sup[lneC, £l rs) + lcs Cs D wroco) + LAT usC, Dii] = oo 
t 7 Tmax,e 


for all p >2andy € G, 1). 


Lemma 2.2 (Tao and Winkler 2015b) Let T € (0, œ], o € (0, T), A > Oand B > 
0, and suppose that y : [0, T) — [0, oo) is absolutely continuous such that y'(t) + 
Ay(t) < A(t) fora.e. t € (0, T) with some nonnegative function h € Ll, ([0, T)) 


loc 
satisfying S h(s)ds < B for all t € (0, T — o). Then y(t) € max{yo + B, I + 
2B} for all t € (0, T). 


In light of the strong nonlinear term (u - V)u, problem (2.1.3) has no classical 
solutions in general, thus we consider its weak solutions. 


Definition 2.1 Let T > 0 and assume that (no, co, uo) fulfills (2.1.13). Then a triple 
of functions (n, c, u) is called a weak solution of (2.1.3) if the following conditions 


are satisfied: _ 
n € LL(Q x [0, T)), 


c € L0, T); W^! (Q2), (2.2.3) 
u € LLT0, T); W12); R°), 


where n > Oandc > Oin 2 x (0, T) as wellas V - u = 0 in the distributional sense 
in 2 x (0, T). Moreover, 


uGucec Li (OQ x [0, co); R?*3) and n belongs to LL x [0, co)), 
cu, nu, and nS(x, n, c) Vc belong to LL, (42 x [0, 00); R°) 


T 
-f fna- f mec. 
0 JR Q 
T T T 
=- | [vof f n5e nove: ves f f mvo 
0 JR 0 JR 0 J2 


for any 9 € C° (2 x [0, T)) satisfying Ea = 0 on 042 x (0, T), as well as 


(2.2.4) 


and 


(2.2.5) 
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T 
-f f co- [ome o 
0 Q R 


p " j T (2.2.6) 
=- f f veve- f fof fref f cuve 
0 JQ 0 J2 0 JQ 0 J2 
for any o € Ce 2 x [0, 7)) and 
T T 
-f f im f mme - f f «9 ve 
0 JQ Q 0 JQ (2.2.7) 


T T 
=- Í f vve- f POZE 
0 J2 0 J2 


for any ọ € Ce (2 x [0, T); R?) fulfilling Vg = 0in 2 x (0, T). 
If (n, c, u) : 2 x (0, o0) — I? is a weak solution of (2.1.3) in 2 x (0, T) for 
all T > 0, then (n, c, u) is called a global weak solution of (2.1.3). 


To obtain the solution of system (2.1.3), we first consider the following approxi- 
mate system of (2.1.3): 


Nest tue: Vng = An,— V. (ne FL (ne) Se (x, Ne, Ce)VCs), X EM, t > 0, 
Cet + Ue © Vcg = ACe — Ce + Fe (ne), x € 2, t > 0, 

ug; + VP; = Au, — K(Y,Ue- V)u; +neVG, x E22, t > 0, 

V-ue=0, xE€ 2, t>0, 

Vng-v—Vc;-v—0,u,—0, x € 02, t>0, 

ne (x, 0) = no(X), ce (x, 0) 


Co(x), Ue(x,0) = ug(x), x € Q, 


(2.2.8) 
where 1 
F.(s):= -—Ind+es) forall s > 0 and e > 0, (2.2.9) 
E 
as well as 
Se (x, n, C) = p (x)S(x,n,c), x € 2, n20, c>0 (2.2.10) 
and 


Yw := (1 +£A)!w forall w € LŽ (2) 


is a standard Yosida approximation and A is the realization of the Stokes operator 
(see Sohr 2001). Here, (P¢)eco,1) € C$ (12) is a family of standard cutoff functions 
satisfying 0 < o, < lin 2 and p, Z lin €2 as e NV 0. 

The local solvability of (2.2.8) can be derived by a suitable extensibility criterion 
anda slight modification of the well-established fixed-point arguments in Lemma 2.1 
of Winkler (2016v) (see also Winkler 2015b and Lemma 2.1 of Painter and Hillen 
2002), so here we omit the proof. 
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Lemma 2.3 Foreache € (0, 1), there exist Tmax, € (0, co] anda classical solution 
(Ne, Ce, Ue, Pe) of (2.2.8) in 2 x (0, Tmax, e) such that 


ne € C(12 x (0, Tuas DO N C (0 x (0, Trace), 

Ce € OO KW, Tnax,s)) CC 002 x (0, Tmax,e)), 

us € C°(2 x [0, Tnax e); R?) N C^ (2 x (0, Tmax,s); R^), 
P, € "t0 x (0, Tmax,e)), 


classically solving (2.2.8) in 2 x [0, Tmax, s). Moreover, n, and c, are nonnegative 
in €2 x (0, Tnnax,e), and 


Ins C. zoe co) + lc C. Oll wera) + lA" uct, Dp > CO as t > Toa, 


where y is given by (2.1.13). 
Lemma 2.4 (Winkler 2010; Zheng 2017c) Let (e*^),—9 be the Neumann heat semi- 
group in Q and p > 3. Then there exist positive constants kı :— ki (2), kz :— ko (£2) 
and ks :— k3(Q2) such that for all t > 0 and any o € W'?(Q), 

II Ve" ^el» < kill Vell, 
and for all t > 0 and each g € L?*(€2) 


at 
IVe olro € kA ++ THe, 


as well as for all t > 0 and all e € C! (Q; RÌ) fulfilling g v =0 on dQ 


duh 
le'^v - ellzsco Sa +D elro: 


2.3 Blow-Up Prevention by Nonlinear Diffusion to a 
Two-Dimensional Keller-Segel-Navier-Stokes System 


2.3.1 Some Basic a Priori Estimates 


In order to establish the global solvability of system (2.2.1), this section is to derive 
some necessary estimates for the approximate system (2.2.1). Let us first state two 
basic estimates on ns and cs. 


Lemma 2.5 (Ke and Zheng 2019) The solution of (2.2.1) satisfies 


/ Ng al no for all t € (0, Tmax) (2.3.1) 
R Q 
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as well as 


Ce X maxi f m. f co} forall t € (0, Tmax.e). 
Q Q 


Q 


According to Lemma 2.5, we will derive some information on (ns + ey"! V (ns + 
e)™—! c? and |Vc,|?. This approach has been undertaken previously in, e.g., Wang 
et al. (2018), Ke and Zheng (2019) and Liu and Wang (2016). 


Lemma 2.6 Let m > 1. Then there exists C > 0 independent of & such that the 
solution of (2.2.1) satisfies 


foto +f a+ | lus? < C forall t € (0, Tnax.e) (2.3.2) 
B 2 2 


as well as 


ETE 
[ [loro Nnt Vat vue e33 
t 2 


for allt € (0, Tmax,e — T) with t = min{1, $ Tmax}. 


Utilizing the latter spatio-temporal bound for V (n, + £)”7!, we can establish the 
regularity of c, beyond Lemma 2.6. 


Lemma 2.7 Let (nz, Ce, Ug, Pe) be the solution of (2.2.1). Then for any q > 2, there 
exists C :— C(q) independent of £ such that 


lcC. H) llre) < C forall t € (0, Tnax,e)- (2.3.4) 


Proof Multiplying the second equation in (2.2.1) by cZ^! with p > 3+ 4(m — 1), 
using the fact V - us = 0, we have 


mal. 
(p—=DIp—2(m—1)] N p=2m—) 
-i 
<||ne + ell p—2(m-1) ut á 
Lp-3m-n (2) 


plp-2 - i 1 y zb a 2p-1) 
p—2(m—-1) (p-\)[p—2(m—1)] 
<Cillme + ell, acp (Wee Ian Mee M + Mee M) 7 
p 2p- ze D- 1] 
< T 2 p-2(m—1) 
<Cy|[n_ + uM {ll Vee ll rto» +1) 


(p—1) 
ge=) C IVe? + Calne el Cs 
2 L »-Am-1 (Q) 


(2.3.5) 
for some positive constants C;, (i — 1,2, 3), due to the Gagliardo-Nirenberg 
inequality. 
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By appropriate reformulation, if follows from (2.3.5) that for all t € (0, Tmax,e), 


ld —1 
—— qi | iver + f c? 
p dt Jo 2 Q Q 


A (2.3.6) 
xCs|[ns + E + C3 for all t € (0, Tmax,e). 
L p—4(m—1) (Q2) 


In the following, we will estimate the integrals on the right-hand side of (2.3.6). In 
view of the Gagliardo-Nirenberg inequality, for some C4 > 0 and C5 > 0, we may 
derive from (2.3.3) that 


p—2(m—1) 
ns + ell p-2(m-1) 
L Pm (Q) 


p-2(m-1) 


—1 = 
|. + £)” | ^ c 
L PAm- DMD (2) 


p-2(m-1) 


jt We + ge i 


2 
—142 —lqym-i 
«| VG + £)” leco lle Ts)" "4 i 


LET (Q 


xI VQ + ey"! iz) 
which along with (2.3.6) and Lemma 2.2 leads to (2.3.4). 


Based on the information from Lemma 2.7, we can derive the more regularity 
property of solutions than that in Lemma 2.6 asserted in the following lemma. 


Lemma 2.8 Let m 1. Then the solution of (2.2.1) satisfies 


f (n, te)" + J va eC forallte( tss G37 
(2 X2 


as well as 


t+T 
j / [Vine +e) T|? <C forall t € (0, Tuas. — 1), (2.3.8) 
t 2 
where t = min{1, ¿Tnax s}. 


Proof Multiplying the first equation of (2.2.1) by (n, + &)"-! and noticing V - us = 
0, one obtains 


ld m 2m—3 2 
milet ello, + Om — 1 | (ne "Iv 
=- | (ne + e)"-!V Y (ng S. (x, Neg, Ce) VCe) 
2 


<Cs(m—1) f (n, + "7! |Vn,||Vc,| for all t € (0, Tana) 
(2 
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by using (2.1.10). From the Young inequality, it follows that for any 7 > 0, there 
exists Cı (n) > O such that 


1 d m m= 
5. e ela) + om — 1) f te) "Ivy, i? 
zu - bc 
g” f (n, + syn, + PES 1 wraak (23.9) 
2 Ja 2 Ja 


m— 1 


< f tnn [ate f Ve, zs. 
2 Q Q Q 


On the other hand, in view of Lemma 2.5 and the Gagliardo-Nirenberg inequality, 
we infer that for some C5 > 0, 


2m 


2 = SA. 2m-l 9 
[ore "= Me HE Mus. gy S Cl VI Mag + Cr 
Q n- 


L2n-T ( 
(2.3.10) 
Inserting (2.3.10) into (2.3.9) and choosing 7 appropriately small, we then get 


ld m m—1 2m—3 2 
sag Ine ell T ff tne + 0n 


4m 
<c f |Vcg |. 
R 
1 


In light of (2.3.4), there exist positive constants lọ > —— and C3, such that 


m-—1 
lcs C. H) lloc) € C2 forall t € (0, Tmax,e). (2.3.11) 


Next, with the help of the Gagliardo-Nirenberg inequality and (2.3.11), we derive 
that 


(1—a) xt 


EN ay 4 
[ IV. «Cil Ac MEE cell oo + Callcell eo 
<Cs5 | Ace ll rios + Cs 


with some positive constants C3 and C4, and 


1 1 2m—1 

a + A m 

2 h i 4m € (0, 1), 
=. + eu 
2 lo 


I 
m-—1 


which together with the fact that ue < 2 (due to Ip > 


cam. 
C3 | veg < 
Q 


), yields 


ll AcellZ2 (9, + Cs- (2.3.12) 


Col = 
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On the other hand, taking — Ac; as the test function for the second equation of 
(2.2.1), and using the Young inequality, it yields that for all t € (0, Tmax,e) 


d 
q leli wt |Ace|? «f IVc.? 
=- f n e ACe -f Vcs V (Ue - Vcg) 


n Ace f. Vcs(Vu, - VC) 


NI = 


f (2.3.13) 


1 
af lAc;l? + = >| nz + || VusllzzcollVcellz4(o) 
Q 
zl |Ace|? + Ji n? + Cill Vuelo ll Acl lY cell 
2 Jg 2 Jo 
3 2,1 2 2 2 
«il, |Ac;| E ; J + evisos, 
where we have used the fact that 
2 1 2 
Vce + (D Ce + Us) = = ue: V|Vc4|^ = 0 forall t € (0, Tmax,e) 
Q 2 Jo 
as well as 


KAR < Call Ace || rq) Vee ll roo) for all t € (0, Tinax,e) 


for some C7 > 0 by the elliptic regularity (Gilbarg and Trudinger 2001). 
Hence by appropriate reformulation, (2.3.9), (2.3.12) and (2.3.13), we derive that 
for all t € (0, Tnax,e)s 


d m 2 2m-l (5 
PAUL + Ell Pm (o) + I Vcell2(9) + Cs z [Vins +e) ? | 
«af (Acel? + |Veel*) 
(2 
<Co f (ne + £)? + Coll Vuslz: (ol Vcellzzto; + Co forall t € (0, Tmax,e) 
2 


(2.3.14) 
with some Cg > 0 and Co > 0. So by (2.3.10) and m > 1, we can see that 


d Ca 2m-1 
5; ns + elno + Yeso +S f IV(n, te) * P 
dt 2 Jg 


«aj (|Ace|? + |Vee|*) (2.3.15) 
2 


<Coll Vuli2:(o)l Vcel22(9) + Cio for all t € (0, Tmax,e) 
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for some constant Cg > 0. 
Note that from the Gagliardo—Nirenberg inequality and (2.3.3), it follows that 
there exist constants C; > 0, (i = 11, 12, 13), such that 


t+T 
f f (ne + £)” 
t 22 
t+t 


=f gen 
t 


LPT (Q) 


1 


eae m-l È 
<Cu ( [teeter Balin eot 
t Ln-T(Q) (2.3.16) 
e 


t+t m " 
m-i 
+ i le. + e) las coy) 


t+T 
«Cp f VG + 6)" Ig + Ce 
t 


XC. 


Therefore, if we write y(t) := |ne C, t) + ell? (o, + Vee, Él ono + land p(t) = 
Co fo IVusC, OP + Cio, (2.3.15) implies that 


YO+h@) < p()y() forallt € (0, Traxe), (2.3.17) 


with 


C. "m 
in 25 [ Ives e ^7 Pc, f |Ace|?. 
2 Jo Q 


Next, by estimates (2.3.3) and (2.3.16), one obtains 


t+T 
f p(s)ds € C14 (2.3.18) 
t 


as well as nn 
Í y(s)ds < Cis, (2.3.19) 
t 


for all t € (0, Tmax, — T) and some C14 > 0. For given t € (0, Tmax,e), by estimate 
(2.3.19), one can see that there exists to > 0 such that to € [t — t. t], yC, to) < Cu 
and hence 


C 
y(t) x y(to)elo^ 95 < =H ets (2.3.20) 
T 


due to (2.3.18) and the Gronwall lemma. Moreover, combining (2.3.17), (2.3.18) and 
(2.3.20), we immediately get the desired inequality (2.3.8). 
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In order to obtain the global boundedness of n,, a further regularity of Vn, beyond 
(2.3.7) seems to be required. Indeed, drawing on (2.3.3) and (2.3.8), we first have 
the following. 


Lemma 2.9 Let m > 1. There exists a positive constant C independent of £, such 
that 
I IVug(, t)|? x € for all t € (0, Tmax). (2.3.21) 
Q 


Proof Applying the Helmholtz projection to the third equation in (2.2.1), and also 
multiplying the result identified by Aus, we then find that 


ld i 42 2 
54; A loo T ? |Aue| 
=f Aus Z (—k(Ysug - V)ug) +f P (n, V$)Au; 
Q R 


1 
<; | Ave | [(Yeue - V)uel” 
2 Jo Q 


+ I VólZ- (o i n? forall t € (0, T5454). 
Q 


(2.3.22) 


Noticing that since || Yu. ||z2(@) < |luellz2(2), it follows from the Gagliardo-Nirenberg 
inequality and the Cauchy—Schwarz inequality that with some C, > 0 and C2 > 0 


ef [Qus - Vue” 
Q 


2 2 2 

<k I|Yette Ip (oll Vuelio (2.3.23) 
2 

SKC WV Yeu llea ll Yee ll r2 c) MI Aue] 2c) Ve ll r2 (951 

<k’ Cll VYeus lro || Aue ll 222) Vuelo for all t € (0, Tnax,e)- 


Now, from the fact that D(A?) = Wo? (2; R5n L2 (2) and (2.3.2), it follows that 
1 1 
IV Yeuellr2(g) = lA3Yeuellz2(o) = llYeA?uslz2(o) € ll'A3uellz2(o) < Vuelo. 
This, together with (2.3.23), yields 
e | Ius < V)uel? 
Q 


2 
<C3l| Aus llo l| Vuelio 


1 
<z luel) + C3lVuslltzo) forall £ € (0, Tras), 


which combining with (2.3.22) implies that 
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I 4 Atuel ao < CHIvuult Voll; ? for all t € (0, T, 
zy! ? ue| r2 (oy = 3 Il Us| ro; + || oll (o n, loralif € (0, Trax e). 

R 


By the fact that || A3u; IZ = Vus we conclude that 


2 (2) lizo 
Z(E) € p(t)zt) + h(t) forall t € (0, Tax.) (2.3.24) 


where z(t) := fo |Vue(-, t)|?, as well as p(t) = 2C$ fo |Vue(-, 0|? and 


h(t) =21V8lixc | nC, t). 
2 


Note that (2.3.3), (2.3.8) and (2.3.10) warrant that for some positive constant C4, 


t+T 
f (p(s) + h(s))ds < Cy. 


Therefore, by an argument similar to the proof of (2.3.8), we can arrive at (2.3.21) 
and thus complete the proof of this lemma. 


Lemma 2.10 Let m > 1. Then there exists a positive constant C independent of € 
such that the solution of (2.2.1) satisfies 


Vee, Dllzm x € forall t € (0, Tnax,e): (2.3.25) 


Proof Considering the fact that Vc, - V Ac, = iA|Vc? — |D?c, ^, the straightfor- 
ward computation implies that 


2 
Fm di 2 Veelo, 


=f | Wee [7 Ve,» V (Ace — Ce + ny — ug VCe) 
Q 


1 
= f [Vcs "A| Vcl? — / [Vcel2"2| Deg? — Jj [Vc [^ 
2 Jo Q Q 


-f nV (Veve) + | (up - Vcj)V - (Vc? Vice) (2.3.26) 
2 2 


=i 1 8|Vc,? 
EU EA Cg Hu Ce ? F pd Cg T heey E Ce 
m V 2m—4 VIV 2 V 2m—2 | el V 2m 
2. Q 2 a2 Qv Q 
- / |Vee|7"?|D°ce|? — / ne|Vee|" 7 Ac, — 1 Jig Yos» VI Ves) 
RQ QR 2 


«f (ue Vel Ves aes + | AM EN >) 
2 Q 


2(m— 1 1 a |V cel 
=- f [VIV ce” |7 + ;] |Vce K 2 D € -f [Vcs pup 21 Dc, 2 
m? R 2 Jag 
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-Í nVa ae, — f no VVar — f |Vc, |?" 
Q 2 R 


«f (ue - Ve)IVe Ae, + f (us © Vee) V Ce - V(|Vc, 72) 
2 2 


for all t € (0, Tmax,e). Since |Ac;| < A/2|D?c, |, we can estimate 
J "vea ij ne|V cel"? Dce | 
2 R 
1 
zl IV Prat e2 f n2|Vc,["? 
4 R 2 
1 
gt f Vc, "1D? +2 Í (n, + | Ve 7? 
4 2 2 
(2.3.27) 
and 
/ (ug - Vee)| Ve, "2 Ac, «2 f lu. - Vell Ves P2126, | 
2 2 
1 
zl [Vee |"? | D?c, 42 f [Ue : Veel? |V ce”? 
4 2 R 
1 
al |Vc, P721 Dc, 242 f lu, PV c, P" 
4 2 R 


1 
zl IV." D? 42 f lwel?1Vcel2" 
4 Jo Q 


(2.3.28) 
for all t € (0, Tinax,e). Again, from the Young inequality, we have 
-f neVCe - V(Vc4["?) 
Q 

=—(m — Df nj|Vc,[ "7? ve, . v|Vc,? 

TU S (2.3.29) 
zT S wet Ivivel 202 - 0 [ Pivot? 

8 Q Q 

= t 


— 1 
rf vivan 20 - n f Inel’ Ives? 
2m Q R 


and 


Í (ue - Ve) Ve, - V(Ve [27 
Q 


ge Df (ue - Ve) Ve," ve, - V| Ve, 
RQ 
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m-—i 


8 


= 


f [Vee| |vive P P (2.3.30) 
2 


+20m — Df lu, - Ve f| ve, 7? 
R 


(m 


— 1 
>f vivo inf 20 — 0 f wives P^. 
2m Q Q 


= 


Observe that 


2 
f 9|Vc.| va; p^? <Ca f |Vc, |?" 
ag ðv aR (2.3.31) 


2 
—Cg|IVcsl" l 02 


Due to Proposition 4.22 (ii) in Haroske and Triebel (2008), Wr*:i2(Q) > LOR) 
with r € (0, 2 is compact and thus 


2 2 
MV cel" liza S Call eel rs se (2.3.32) 


Therefore, from the fractional Gagliardo—Nirenberg inequality and Lemma 2.8, it 
follows that for some positive constants C5 and C3, 


2 
WV col eao 
2 2-2 2 
SCAVI Vee" lo Mes" 325. + Sill Vert 3 o (2.3.33) 


<C3||V|Ve.|” lizo) + C3 


with a = ec, Note that r € (0, 5) and m > 1, 0 <a < 1. Hence, combining 
(2.3.31)-(2.3.33) and using the fact that a € (0, 1), we can see that 


a|Vee|? =f 
f iiy Vel" = ou | |V|Veel"|? + Ca. (2.3.34) 
az OV 2m? Jo 


Now from (2.3.26)-(2.3.30) and (2.3.34), we obtain that for some positive constant 
Cs, 


l d 2 m—1 2 1 2m-2) n2. 2 2 
V m zs V|Vc, |" =, V m D V m 
3s di Vee limo t f; IVce|" | tify cel" ^ D" ce] «f, ce| 


zw | n2|Vcg [1 + m | lug|2| Vcg?" 4- C5 forall t € (0, Tax e). 
2 R 


(2.3.35) 
Next we turn to estimate terms on the right of (2.3.35). By the Young inequality, we 
have 
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2m | nz Vas] t? zn | (n; + e| Ve, 7? 
R R 


1 
<- / [Vcs] + Cs j) (ne + E". forall t € (0, Tmax,e) 
2 Jo Q 


(2.3.36) 
and 


2m f lus |? | Vc, |” «f |Vc,[27* + C6 DE: 4m+2 forall x (0, Tas 2); 
Q 
(2.3.37) 
i 
where C5 = —" (im) "' (2m)” and Cg = (2m)?"*!. On the other hand due to 


m—1 
(2.3.7), we derive from the Gagliardo—Nirenberg inequality that for some positive 


constants C;, (i = 7, 8, 9), 


V 2m+1 . V m aul 
ven SiMe s 
R 


2m-1 2 
m || 2m m || mF m 
<C (Vee! lito lll Vcl bun IVc” ll 


(2) 
2m+1 
LÀ (o) 2 


2m-i 
<Ca(IVIVeel"l Sq) + D. 


<> | verte 


which along with (2.3.37) implies that 


2m f PRELZNZ 
R 


(2.3.38) 
m-—1 m|2 4m+2 

<- | |vIVel"| + Cs | wu? + Cy for allt € (0, Tmax e). 
2m? Q Q 


Substituting (2.3.36) and (2.3.38) into (2.3.35), we have 


1 


by (ng F gj + seal us F Cio for all t € (0, Tmax) 
2 2 


Hence, due to W'?(2) — L?(2) for any p> 41, the boundedness of 
|Vue(-, D|r2(o) (see Lemma 2.9) implies that there exists a positive constant C11 
such that ||us C, t) || r»-2(9y < C11 for all t € (0, Tmax,s), which together with (2.3.8), 
(2.3.10) leads to (2.3.25) by Lemma 2.2. This completes the proof of Lemma 2.10. 
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Lemma 2.11 Let m > 1. Then for all p > 1, there exists a positive constant C 
independent of £, such that the solution of (2.2.1) from Lemma 2.2 satisfies 


Ite, Dre € € forall t € (0, Tias c). (2.3.39) 


Proof Taking (ns + €)?~! with p > max(1, m — 1) as the test function for the first 
equation of (2.2.1), combining with the second equation, and using V - us = 0, we 
obtain that for all t € (0, Tinax.c), 


1d p m+p— 
— |e + ellz») + mG — Df (ne + e)" *3|vn,? 
pdt Q 
<(p >: Df (ne + 6)? ?n,|Vn.||S; (x, Ds, Ce) ||VCe| 
Q 
xt - ncs f (ne + 8) IvnlIves 
Q 
=j — 1)C2 
cu (n, + ey*r? |a, + P= DC 1 (n, e)! "|ve f", 
2 Q 2m Q 
and hence 


ld m(p — 1) SEES 
pail + ell zi + mo [ (ne + ey"? |n, 
Q 
2.3.40 
(p 7 c; pti-m 2 ! 
S— 5p (ne + €) |Vce| 
Q 


for all t € (0, Tmax). In the following, we will estimate the right-hand side of 
(2.3.40). In fact, due to m > 1, we conclude from (2.3.25) that 


Jj (n, + £)P t! |V ce]? 
2 


1 


m(p+1—m) e 2m m 
<| | mete) = Vcs] (2.3.41) 
(2 (2 


1 


zi ( / (n. +") "for all t € (0, Tnax.c)- 
2 


2 
Further, noticing that 2?" +D < 2 due tom > 1, an application of the Gagliardo- 
m(p--m—1) 


Nirenberg inequality then leads to 
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m-l 


m(p--1—m) m 
e (f mer m-i ) 


m(p+1=m) ID 
=C || (ns +e) 7 | 2m(p+1—m) 
T (m—1)(m+p—I1) (2) 


bimi ES E pimi rl) 
«Co(|V(ng te) 3 ren” |n: e Mb 
xCx(l vas + (Qj Me + LEA) (2.3.42) 
pim-l 2(p+1—m) 
2 -1 
+ I (ng + E b m+p 
2(mp—m?-+1) 
<C3(||V (ne Ge 1) +1) 


-1 
<n a m 
Q 


for some C3 > 0 and C, > 0. Therefore, combining (2.3.40), (2.3.41) with (2.3.42), 
we arrive at 


ld m(p — 1) ip 
PEL + elpo) ga mw f a +£) "P 3I VR] < Cs, 
which along with the fact that for some Cg > 0, 
m(p—1 
[ne + &lz» 5 mp” J (ne + gy» 3g? + Cs, 
Q 


and Lemma 2.2 implies that (2.3.39) holds. 
Now we can rely on standard reasoning to obtain the following. 


Lemma 2.12 Let m > land y € G, 1). Then one can find a positive constant C 
independent of £, such that 


UAG t)|roco) < C for all t € (0, Tnax,e)s 


lcs C. Hilweg) € C forall t € (0, Tnax,e) 


as well as 
lA" ue, Ü roo < C for all t € (0, Trase): 


Proof Firstly, applying the variation-of-constants formula to the projected version 
of the third equation in (2.2.1), we derive that 


t 
ust, D) =e Aug +f e 0-94 Din, (C, 1) V — x (Yesus - V)ueldt forall t € (0, Tmax,e). 
0 
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Leth, = P[n:(, t)V$ — kK (YU, - V)uz]. Then in view of the standard smoothing 
properties of the Stokes semigroup, we can conclude that for y € G, 1) and po € 
Giy 2), there exists C, > 0 such that 
JA” usC. Dro co» 


t 
x| A" e^" uollzzto +f | A" e Pih, c)dt | ri godt 
(2) A (2) (2.3.43) 


t 1 1 
-y- i-i AG- 
<||A” uoll 22a) + Ci f (t— D) 1-8 0-9 ht Dllamandt 
0 


for all t € (0, 75,4. «). 
In light of (2.3.39), for some positive constant C5, it has 


ILMO t)|lrp (o) < C; for all t € (0, Traxe): 


So employing the Holder inequality and the continuity of Z in L? (2; R?) (see 
Fujiwara and Morimoto 1977), there exist positive constants C;, (i = 3, 4, 5, 6), 
such that 


IA C, t) loro (o) 
<C3||(Vette - Ve, Ol poc) + Callne(, Dl oco) 
SCall¥ewell jm IIVusC, Hla) + Ca (2.3.44) 
SCs| V Yzusll coll Vue, Olea) + Ca 
XCelVusC, Dllo) + Ca. for all t € (0, Trax,e), 


2 


where we have used the fact that W 1? (2) —> L = (42). Collecting (2.3.43), (2.3.21) 
and (2.3.44), we conclude that 


JA’ uel, DILD < C; for all t € (0, Tuara) 


which together with the fact that D(A”) is continuously embedded into L® (2) by 
y > i yields 
luc, HDIL) < Cs for all t € (0, Tnax,c)- (2.3.45) 


Further, in view of (2.3.25), one may use (2.1.11), m > 1 and the smoothing proper- 
ties of the Neumann heat semigroup (e'^) t20 to obtain that there exists Co > 0 such 
that 

Vee, D|lzoca) € Co forall t € (0, Taxe). (2.3.46) 


Moreover, the boundedness of n, can be archived by the well-known Moser-Alikakos 
iteration procedure (see, e.g., Lemma A.1 in Tao and Winkler 2012a). Indeed, by 
(2.3.45) and (2.3.46), we see that the hypotheses of Lemma A.1 in Tao and Winkler 
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(20122) are valid provided that the parameter p in Lemma 2.11 is appropriately large. 
The proof of Lemma 2.12 is complete. 


With all the above regularization properties of ns, Ce and us at hand, we can show 
the existence of global bounded solutions to the regularized system (2.2.1). 


Lemma 2.13 Letm > landy € G, 1) and (ng, Cs, us, Pz)ec(o,1) be classical solu- 
tions of (2.2.1) constructed in Lemma 2.2 on [0, Tmax e). Then the solution is global 
on [0, co). Moreover, one can find C > 0 independent of € € (0, 1) such that 


lneC. Drei) € € forall t € (0,00) 


and 
lice C. D llw) € € forall t € (0,00) 


as well as 
JA’ usC, Dg € C forall t € (0, oo). 


Then, with the help of Lemma 2.13, we can straightforwardly deduce the uniform 
Holder properties of ce, Vc, and us by the standard parabolic regularity theory as 
the proof of Lemmas 3.18-3.19 in Winkler (2015b) (see also Zheng 2016). 


Lemma 2.14 Let m > 1. Then one can find u € (0, 1) such that for some C > 0 


lcs C, DI oss cox) x C for all t € (0,00) 
as well as 

lug C, Dll os (oxi) <C for all t € (0, oo), 
and for any t > 0, there exists C(t) > 0 fulfilling 


Vee, £l C(t) for all t € (t, oo). 


p, < 
C'^2Z(Qx[tt4-1]) — 


2.3.2 Global Boundedness of Weak Solutions 


Based on the above lemmas, the weak solution of (2.1.6)-(2.1.8) can be obtained 
as the limitation of classical solutions to the systems (2.2.1). Applying the idea of 
Zheng (2016) (see also Liu and Wang 2016 and Winkler 2015b), we first state the 
definition of the solution as follows. 


Definition 2.2 Let T > 0 and (no, co, uo) fulfill (2.1.11). Then a triple of functions 
(n, c, u) is called a weak solution of (2.1.6)-(2.1.8) in 2 x (0, T) if the following 
conditions are satisfied: 
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ne i40 x [0, T)), 
c € Ll ([0, T); W^! (Q)), 


loc 
u € LL,(0, T); W^! (2), 


loc 


where n > Oandc > Oin 2 x (0, T) as well as V -u = Ointhe distributional sense 
in 2 x (0, T), moreover, n" € Lj, (2 x [0, 00)), cu, nu and nVc belong to 
L} (2 x [0, oo); R2) and u Q u € Li (2 x [0, oo); R2*2); and 


loc 


T T T: T 
-f Í n- | meco = [ ji nao | Í nve-voe+ f Í nu : Vo 
0 Q 2 0 2 0 2 0 2 


for any 9 € C° (2 x [0, T)) satisfying ae = 0 on 992 x (0, T), as well as 


T 
-f f ca- [ooo 
0 JR Q 
T T T T 
=- | | vevo-f f otf [nof [ove 
0 JR 0 JR 0 JR 0 JR 


for any o € CP x [0, T)) and 


T 
-f |ua- f mo. 
0 J2 2 
T T T 
= f f uou vo- f vve- f POZE 
0 J2 0 JR 0 J2 


for any g € Ce (2 x [0, T); R2) fulfilling Vo = 0 in 2 x (0, T). 
If for each T > 0, (n, c, u) :2 x (0, oo) — R^ is a weak solution of (2.1.6) 
(2.1.8) in 2 x (0, T), then we call (n, c, u) a global weak solution of (2.1.6)-(2.1.8). 


In order to apply the Aubin-Lions Lemma (Simon 1986), we will need the reg- 
ularity of the time derivative of bounded solutions. Employing almost exactly the 
same arguments as that in the proof of Lemmas 3.22-3.23 in Winkler (2015b) (the 
minor necessary changes are left as an exercise to the reader), and taking advantage 
of Lemma 2.13, we conclude the following lemma. 


Lemma 2.15 Let m > 1 and let ç > max(m, 2(m — 1)). Then for every T > 0 
and £ € (0, 1), one can find C(T) > 0 independent of £ such that i |ð; (ng + 
E)S(-, Dllo dt < C(T) as well as js Ja IV(n, + e)? < C(T). 

At this position, the main result can be proved as follows. 

Proof of Theorem 2.1. In conjunction with Lemmas 2.13, 2.11 and the Aubin- 


Lions compactness lemma (see Simon 1986), one can infer the existence of a 
sequence of numbers £ = £; N 0 along which 


n, — n a.e.in £2 x (0,00), (2.3.47) 
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Vn? — Vn" in Lr x [0, o0)), (2.3.48) 
Ce > c in Cie x [0, co)), (2.3.49) 
Vc, > Ve in CP, (Q2 x (0, 00)), (2.3.50) 
Vc, — Vc weakly star in. L^? (£2 x (0, 00)) (2.3.51) 

as well as ] 
ug > u in Cru x [0, co)) (2.3.52) 

and 

Du, — Du weakly star in L® (2 x (0, o0)) (2.3.53) 


holds for some limit (n, c, u) € (L*(€2 x (0, 00)))* with nonnegative n and c. 
Indeed, Lemma 2.15 implies that foreach T > 0, (n2)«e(o,1; is bounded in L?((0, T); 
W'?(q)). By using Aubin-Lions lemma, one then obtains n? — z‘ for some non- 
negative measurable z : 2 x (0, 2) — IR. Further by Lemma 2.11 and the Egorov 
theorem, one has (2.3.47) and (2.3.48). 

Due to these convergence properties (see (2.3.47)-(2.3.53)), by applying the stan- 
dard arguments, we may take £ = €; N 0 in each term of the natural weak formu- 
lation of (2.2.1) separately. Then we can verify that (n, c, u) can be complemented 
by some pressure function P in such a way that (n, c, u, P) is a weak solution of 
(2.1.6)- (2.1.8). Finally, we can infer from the boundedness of (ns, Ce, Us) and the 
Banach-Alaoglu theorem that (n, c, u) is bounded. 


2.4 Global Existence of Solutions to a Three-Dimensional 
Keller-Segel-Navier-Stokes System 


2.4.1 A Priori Estimates for Approximate Solutions 


In this subsection, we are going to establish an iteration step to develop the main 
ingredients of our result. The iteration depends on a series of a priori estimates. We 
first recall some properties of F, and F7, which play an important role in the proof 
of Theorem 2.2. 
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Lemma 2.16 Assume F; is given by (2.2.9). Then 


0x F!(s) = < lfor alls > 0and e > 0 (2.4.1) 
l+es 
as well as 
lim, F.(s) = 8, lim, F! (s) = 1 foralls > 0 (2.4.2) 
and 
0 < F,(s) < s for all s > O. (2.4.3) 


Proof Recalling (2.2.9), by tedious and simple calculations, we can derive (2.4.1)— 
(2.4.3). 


The proof of this lemma is very similar to that of Lemmas 2.2 and 2.6 of Tao and 
Winkler (2015b) (see also Lemma 3.2 of Wang 2017), so we omit it here. 


Lemma 2.17 There exists à > 0 independent of £ such that the solution of (2.2.8) 
satisfies 


i Ng +f ce < À for all t € (0, Tmax, e). (2.4.4) 
Q Q 


Lemma 2.18 Let a > i. Then there exists C > 0 independent of € such that the 


solution of (2.2.8) satisfies 


I n2* «f c +f lus < C forall t € (0, Tage): (2.4.5) 
(2 R (2 


Moreover, for T € (0, Tinax,e), one can find a constant C > 0 independent of € such 
that 


T 
f f pei + wee Vue] < c. (2.4.6) 
0 2 


Proof The proof consists of two cases. 
Case (I) 2a zz 1: We first obtain from V - us = Oin 2 x (0, Tinax,¢) and straight- 
forward calculations that 


l l " 
signQe — 1) z Incl gy 


+sign(2a — 1)(2a — »f no val 

a (2.4.7) 

=- Í signo — 1)n2*"'V - (ne F(n,) S, (x, Ne, Ce) - Vee) 
2 


<sign(2a — 1)(2a — Df n?n, F!(ng)|Se(X, Ne, cz)|| Vne|lVcel 
2 
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for all t € (0, Tinax,¢). Therefore, from (2.4.1), in light of (2.1.5) and (2.2.9), we can 
estimate the right-hand side of (2.4.7) as follows: 


sign2o — 1)(2@ — 1) f n?n, F! (Nne) Se (X, ne, Ce)||Vne||Vce| 
2 


<sign(2a — 1)(2a — Df n2—2n Cs(1 + ne) ™®|Vne]|V cel 
2 


2a — 1 

<sign(2a — 1) E f wet 
2 

(2.4.8) 


2a — 1 
m E ei f n2*?g?(1 + ne) |V ce]? 
2 


2923] 
«signo — 1) = [ wt 
R 


2a — 1| 
2 


+ a |Vce|? for all t € (0, Tnax.) 
2 


by using Young’s inequality, where in the last inequality we have used the fact that 
m t n,)?* < 1 foralle > Oand (x,t) € 2 x (0, T4, 4). Inserting (2.4.8) 
into (2.4.7), we conclude that 


; | d 2a : 2a -1 20-2 2 
sign(2a — Das di te o) + sign(2a — 1) 2 nz. ^|Vn.,| 
Q 


(2.4.9) 


|2a — 1| 
< 
2 


ci IVc.l? for all t € (0, 77,5, .). 
R 


To track the time evolution of cs, taking c; as the test function for the second equation 
of (2.2.8) and using V - us = 0 and (2.4.3) together with Hólder's inequality yields 


ld 2 2 2 
5 qi; lelto + NL T NI 


=f F; (ne)Ce 
R (2.4.10) 


<f NeCe 
Q 


<||n- I Ice ll rsco» for all t € (0, Tmax). 


6 
L5 (2) 


By applying Sobolev embedding W!:?(2) <> L°(Q) in the three-dimensional set- 
ting, in view of (2.4.4), there exist positive constants C, and C2 such that 


2 2 2 
lce lr s(oy xCi IVc lizo +Ciı llce lr: (oy 


] (2.4.11) 
xCi IV cellz2¢a) + C2 for all t € (0, Tmax). 
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Thus, by means of Young's inequality and (2.4.11), we proceed to estimate 


ld 
Lou. [Vc] + A 
1 


c 
zc; lesse += 5 linli vium (2.4.12) 


a 
2 1 2 

E. [Vcs lz) T 2 ln I $ (oy =r C3 for allt € (0, Tmax,e) 
and some positive constant C3 independent of £. Therefore, 


d y2 1 2 2 a Cin 2 
; lel gy ts f, Ives f. le sg lelg Cs forall € (0 Tuas 


(2.4.13) 


To estimate Inell, e (a) for all t € (0, 75,4,,.), we should notice that a > i ensures 


that oo < 2, so that in light of (2.4.4), the Gagliardo—Nirenberg inequality and 
Young’s inequality allow us to estimate that 


2 
Well” 6 
L5(Q) 
"me 
—|nzI* « 
L5« (Q) 


(2.4.14) 


SC. rel o tls 7 + ntl) 


1 a2 
sgag" Zeca + Cs for all t € (0, Tnax,e) 


with some positive constants C4 and C5 independent of £. This together with (2.4.13) 


contributes to 
ME J) IVc. efe lc. 


s ae l| Vn l2; (5, + Cs for all t € (0, Tmax,s) 


(2.4.15) 


and some positive constant Cg. Taking an evident linear combination of the inequal- 
ities provided by (2.4.9) and (2.4.15), one can obtain 


; d 2d 2 
ee B Dist -Ine lico) + 2e — VCS lees qo 


mete IVc]? +220 - ics f. Icel? 
(2.4.16) 


-1 1 LE 
sign(2o pes J n [2a — 1| a nil" 
Q 


XC; for all t € (0, Trax.) 
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i . ; 2a — 1 [2a — 1| 
and some positive constant C7. Since sign(2a — 1) 2 = 2 , (2.4.16) 


implies that 


: ld 2a 2 d 2 
sign(2a — Drg gr leo + |2a — TICs z lelie 


2a — 1 
+! 5 ei Ves + 2/20 = ci | lc. |? 
R £2 


2a —1 
+! 2 l f nevn 
4 Q 


XC; for all t € (0, T4, 4). 


(2.4.17) 


If 2a > 1, then sign(2a — 1) = 1 > O, thus, integrating (2.4.17) over time, we can 
obtain 
f n” «f c < Cs for all t € (0, Tinax.e) (2.4.18) 
Q Q 


and 
T 
1 / [nVn]? F [Veal] X Cg(T +1) forall T €(0,7,4,,:) (2.4.19) 
0 JR 


and some positive constant Cg. If 2a < 1, then sign(2a — 1) = —1 < 0; hence, in 
view of (2.4.4), integrating (2.4.17) over time and employing Hólder's inequality, 
we also conclude that there exists a positive constant Co such that 


1 n? + f c? < Cs for all t € (0, Tmax.) (2.4.20) 
(2 R 
and 
T 
f S reme We] s esr +0 for all T € (0, Tnax). (2421) 
0 £2 


Case (II) 2a = 1: Using the first equation of (2.2.8) and (2.2.9), integrating by 
parts, and applying (2.1.5) and (2.4.1), we obtain 


a) 
— | n, Inn, 
dt Jg 


=f n, Inn, f n. 
Q Q 


=f An, nn, — f In nzV - (ne FL (ng)Sc(x, Ne, Ce) - Vcg) 
Q Q 


[Vne]? —a le 
< m — S us Cs(1 F ng) — |Vn.||Vc;| for all te (0, Tinax,e)s 
R Ne Q Neg 
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which combined with Young's inequality and 2a = 1 implies that 


d 1 |\Vne|? l5 2 
— n, Inn, + = x 2C; [Vc;|* for all t € (0, Tinax.e)- 
dt Q 2 R Ng Q 


However, since 2a = | yields a > 1 by employing almost exactly the same argu- 
ments as in the proof of (2.4.10)-(2.4.16) (with the minor necessary changes being 
left as an easy exercise to the reader), we conclude an estimate of 


f n,lnn, + Í c? < Cio for all t € (0, Tnax.c) (2.4.22) 
(2 R 


and 
d [Vne]? 
| f | E. ver] s cur n forall T € (O, Tmax). — 2423) 
2 Ng 


Now, multiplying the third equation of (2.2.8) by us, integrating by parts, and using 
V -u, = 0 give 


oat lu. +f [Vue]? =f» n;u;- Vo forall t € (0, Tnax). (2.4.24) 


Here, we use Hölder’s inequality, Young’s inequality and the continuity of the embed- 
ding W1? (2) — L9(£2) to find Cj; and Cj; > 0 such that 


lue ll rece» 


: V6 xII Vol rs cone, s 
[^ ell $a) 


SC Ygl linell, s, Vuelo (2.4.25) 


L5 (2) 


<$ Vuel?zo + Crrllnell g o forallt € 0, Tmax.e)- 


Next, in view of (2.4.4) and a > i (2.4.14) and Young's inequality along with the 
Gagliardo-Nirenberg inequality yield 


1 a 
nu, : Vo <—||Vue + Cgl| Vn? e n a 
[rete TO elis + CIE Eh 


> II Vus l2: (oy + Vine lizo) Æ C3 for all t € (0, Tmax,e) 

(2.4.26) 
and some positive constant C13. Now, inserting (2.4.25) and (2.4.26) into (2.4.24) 
and using (2.4.19) and (2.4.23), one has 


Jl lus|? < Cra forallt € (0, Tnax.) (2.4.27) 
2 
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and 


T 
f / IVus|? < Ci4(T + 1) forall T € (0, Tnax.c) (2.4.28) 
0 (2 


and some positive constant C14. Finally, collecting (2.4.18)-(2.4.21), (2.4.22)- 
(2.4.23) and (2.4.27)-(2.4.28), we can get (2.4.5) and (2.4.6). 


With the help of Lemma 2.18, based on the Gagliardo-Nirenberg inequality and 
an application of well-known arguments from parabolic regularity theory, we can 
derive the following lemmas. 


Lemma 2.19 Let a > i Then there exists C > 0 independent of £ such that, for 
each T € (0, Tmax e), the solution of (2.2.8) satisfies 


T 3a+1 Gat2 ..1 1 
[Ivn. ; 3 | 2CT SHY. enm. (2.4.29) 
0 JR 3 2 
T 10v 10a 1 
f / [vn +n | € C(T - Difz «o «1, (2.4.30) 
0 JR 2 
as well as : 
10 
f J [IvneP +n | <C(T+lifa>1 (2.4.31) 
0 £2 
and 
T 10 
f u [cé + luel $ IBS DE «x C(T 4 1). (2.4.32) 
0 Q 


Proof Case i «ax 5: From (2.4.4), (2.4.5) and (2.4.6), in light of the Gagliardo- 
Nirenberg inequality, for some C, and C; > 0 that are independent of £, one may 


verify that 
[ ns ee 
6a+2 
=f In ese (2) (2.4.33) 
T 
ES km 
«o f (Ives Ine e ez) 
<C2(T + 1) forall T > 0. 
Therefore, employing Hólder's inequality (with two exponents X i; and 4 Tx we 


conclude that there exists a positive constant C3 such that 
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T - T od ; E T ini T 
[Vel sf ] ve | li [^ | 
Í | o Jo o Je (2.4.34) 


<C3(T + 1) forall T > 0. 


Case i «a «1: Again by (2.4.4), (2.4.5) and (2.4.6) and the Gagliardo- 
Nirenberg inequality and Hólder's inequality (with two exponents — and xe ), 
we derive that there exist positive constants C4, Cs and Cg such that 


T 102 
f f ng 
0 J2 
T 10 
=f wa, 
0 L3 (2) (2.4.35) 


T 4 10a 
2 3 zm 
<C; f (Iv zolini + Into) 
0 


<C;(T + 1) forall T > 0 


and 


f "T T dcs 4 Sion T 100 m 
INE. <| f Ea ve | li fone] 
6 I o Jo o Jo (2.4.36) 


<Co(T + 1) for all T > 0. 


Case a > 1: Multiplying the first equation in (2.2.8) by ns, in view of (2.2.9) and 
using V - us = 0, we derive 


ld 2 2 
zg leo F J IVn,| 
=- | nV (ns F (ne) Se (x, Ne, Ce) Vce) (2.4.37) 
Q 
x [| ne FIIS: nes eDlInelIVe for all t € (0, Tias. 
Q 
Recalling (2.1.5) and (2.2.9) and using œ > 1, via Young's inequality, we derive 
J Fols ens. cael Vee 
Q 
<Cs / |Vne||Vce| (2.4.38) 
Q 
1 2 Ci 2 
<= | IVnj^ o — | [Vc for all t € (0, 75,5, «). 
2 Jo 2 Jo 


Here, we have used the fact that 
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= 
Ne F! (ne)|Se (x, Ne, Ce)| < Csn;(1-- nj) < Cs 


by using (2.1.5). Therefore, collecting (2.4.37), (2.4.38) and using (2.4.6), we con- 
clude that 


/ n? < C; for all t € (0, Tj...) (2.4.39) 
Q 
and 
T 
f / IVn,P < C4(T +1). (2.4.40) 
0 JQ 
Hence, from (2.4.39)-(2.4.40) and (2.4.5)-(2.4.6), in light of the Gagliardo—Nirenberg 
inequality, we derive that there exist positive constants C;, (i = 8,--- , 17) such that 
2 T 2 5 Ei 
8 <C | (vm. elin + Well) 
Í Í ne <Cs ^ [Vrelo Inele + Welle co) Dan 
<Co(T + 1) for all T > 0, 
ial 10 T j 4 10 
cë «cu | (IV cell2acayllcell:2¢qy Mele; 
o Je 0 PP MSN L9) (2.4.42) 


<Cıı(T + 1) forall T >0 


as well as 


T T 4 10 
5 2 3 EJ 
Í Í VAE <cu f (Vuez Mello, T nadi an) (2.4.43) 
xCis(T + 1) forall T > 0 


T T 
hey c Í Vull? 
J e fo MMe) (2.4.44) 
<C17(T + 1) for all T > 0, 


where in the last inequality we have used the embedding Wo (2) — L®°(2) and 
the Poincaré inequality. Finally, combining (2.4.33)-(2.4.36) with (2.4.40)-(2.4.44), 
we can obtain the results. 


8 


2 
Lemma 2.20 Let + <a < gr. Then there exist y = = € (1,2) and C > 0 inde- 


pendent of & such that, for each T € (0, Tmax e), the solution of (2.2.8) satisfies 


T 2y 
/ ln s <CT+D. (2.4.45) 
0 L®-¥ (Q) 


Proof To this end, we first prove that for all p € (1, 6a), there exists a positive 
constant C, independent of & such that, for each T € (0, Tmax,s), the solution of 
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(2.2.8) satisfies 


T 2p(a— €) 
f Inel <C(T +1). (2.4.46) 
0 


In fact, by (2.4.4) and (2.4.6), we derive that for some positive constants C5 and C3 
independent of £ such that 


T 2po- 0) 
Mell neo 
Í (2) 


T 2 2p 6a-1_4 p .6a-1 
«C Vg gp & nel? p-l 6a 
<c | (ea "Io etl? E 7 e nce 


<C3(T + 1) forall T > 0, 


2a 
which implies that (2.4.46) holds. Next, by a € G, il. we may choose y — = 
such that 
1 ee (2.4.47) 
« y < min( ——., A. 
Y a1 
as well as 
6y 
p := € (1, 6a) (2.4.48) 
6—y 
and i 
2 — 2 12 — 2 2 
uk Vs O (2.4.49) 


p-1 Ty —6 2—y 


Collecting (2.4.46)—(2.4.49), one can derive (2.4.45) by the Young inequality. 


2.4.2 Global Solvability of the Approximate System 


The main task of this subsection is to prove the global solvability of the regularized 
problem (2.2.8). To this end, first, we need to establish some e-dependent estimates 
for ns, c, and ue. 


Lemma 2.21 Leta > i. Then there exists C = C(&) > 0 depending on & such that 
the solution of (2.2.8) satisfies 


f pet «f |Vus|? < € forall t € (0, T'as i). (2.4.50) 
2 2 
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In addition, for each T € (0, Tmax e] with T < co, one can find a constant C > 0 
depending on & such that 


T 
f f pev] < c: (2.4.51) 
0 R 


Proof In view of (2.2.9), we derive 


1 
F (n) Š r 
En 


€ 


so that, by multiplying the first equation in (2.2.8) by n1?*, using V - us = 0, and 


applying the same argument as in the proof of (2.4.7)-(2.4.21), one can obtain that 
there exist positive constants C, and C2 depending on e such that 


i ne < Cı forall t € (0, T. (2.4.52) 
2 


and 
f | n?"|Vn4|? < C? forall T € (0, Tmax] with T < oo. 
0 2 


Now, from D(1 + £A) := W??(2)n WEER) <> L**(€2) and (2.4.5), it follows 
that, for some C3 > 0 and C4 > 0, 
lYeuellroe(Q) = || +A)! uellz(@) < C3lluc, DI r2 9) < C4 for all t € (0, Tmax,e). 
(2.4.53) 
Next, testing the projected Stokes equation uz + Au; = Z7 [—k(Yzus - V)ug + 
ng V $] by Aus, we derive 


ld. 
=—||A?uell; +f | Aue|” 
2 dt DT Ja 


=f Aus P(—K (Yelle + V)ug) «f P (n, V$)Au; 
Q Q 


1 
<; | Aue | Yeti, V)us|? + Vo= f n? for all t € (0, Tmax). 
2 Jo Q Q 
(2.4.54) 
However, in light of the Gagliardo-Nirenberg inequality, Young's inequality and 
(2.4.53), there exists a positive constant C5 such that 
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e f Ioue - V)us? x^ Y uil (o f [Vue]? 
2 (2 
se prada, f [Vue]? (2.4.55) 
(2 


<c f |Vus|? for all t € (0, Tnax.e). 
Q 


Here, we have used the well-known fact that ||A(-)||z2(2) defines a norm equivalent 
to || - ||w22(9; on D(A) (see Theorem 2.c2.2-1.3 of Sohr 2001). Now, recall that 


A341 29, = II Vutell2()- Substituting (2.4.55) into (2.4.54) yields 


ld 
~—||Vuellz2 +f | Au.|* 
2 dt c RN m 


(2.4.56) 
se f MM n? for all t € (0, Tmax.e). 
R Q 


Since o > 4 + yields 2a +2 > $ > 2, by collecting (2.4.52) and (2.4.56) and per- 
forming some basic calculations: we can get the results. 


Lemma 2.22 Under the assumptions of Theorem 2.2, one can find that there exists 
C = C(e) > 0 depending on £ such that 


f IVc.C, t)? < C for all t € (0, Tnax,e) (2.4.57) 
R 


and " 
f Í lAc,? x C forall T € (0, Tmax] with T < oo. (2.4.58) 
0 JQ 


Proof First, testing the second equation in (2.2.8) against — Acs, employing Young's 
inequality, and using (2.4.3) yields 


ld 
5g Vests, =f — Ac; (AC; — c, + F,(nj) — Us Vce) 
t R 


=- [ iat -f [Vcs]? -f F; (ne )Ac; — [ow Veg) Acs 
sif |Acel? -f Vel? E «f iae veaa 


(2.4.59) 
forallt € (0, Tinax,¢). Next, one needs to estimate the last term on the right-hand side 
of (2.4.59). Indeed, in view of Sobolev's embedding theorem (WER) > L9(q)) 
and applying (2.4.50) and (2.4.5), we derive from Hólder's inequality, the Gagliardo- 
Nirenberg inequality, and Young's inequality that there exist positive constants C4, 
C5, C3 and C4 such that 
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[ Ius < Vce|| Ace] <llMell roca) ll V Cell 23(@) ll Acel) 
XCi|| Vell riso ll Ace llo) 
xxl Acel izo leel io + Mesas oy Acele) (2.4.60) 
xCs(I Ac. Mis o, + lcl) 
- || Acel72(, + Ca for all t € (0, Tmax,e). 
Inserting (2.4.60) into (2.4.59) and using (2.4.50), one obtains (2.4.57) and (2.4.58). 
This completes the proof of Lemma 2.22. 


Lemma 2.23 Let a > i Assume that the hypothesis of Theorem 2.2 holds. Then 
there exists a positive constant C = C (e) depending on & such that, for any 3 < q < 
6, the solution of (2.2.8) from Lemma 2.3 satisfies 


lA" uc, tro <C for all t € (0, Tmax) (2.4.61) 
as well as 
lus C, Dro) SC for all t € (0, Tnax,e) (2.4.62) 
and 
Vee, Dllzsqoy <C for all t € (0, Tnax.e)s (2.4.63) 


where y is the same as in (2.1.13). 
Proof Let h,(x, t) = Z[n, V$ — k(Y,u, - V)u,]. Because a > i then along with 
(2.4.50), and (2.4.53), there exist positive constants qo > 3 and C, such that 


IIne(-, t) Il L490 co) < Cı for all t € (0, Tmax,e) (2.4.64) 


and 
Ihe C. Dre (o) € Ci forall t € (0, Tmax,e). (2.4.65) 


Hence, because qo > 3, we pick an arbitrary y € G. 1) and, then, —y — i — 


i) > —]. Therefore, in view of the smoothing properties of the Stokes semigroup 
Giga (1986), we derive that, for some A, C2 > 0, and C3 > 0, 


JA” ue C. DI zoo) 


t 
<A’ e™ uol) + f | A*e € ?^n,(., T)dT || z2«q)dT 
- (2.4.66) 
Ee: y e dX We 7 
SIA" uolina) + C f (t— r) "30 Pe MUR, T)llLodT 
0 


<C; for all t € (0, Tnax). 
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Observe that y > i and D(A”) is continuously embedded into L% (92). Therefore, 


we derive that there exists a positive constant C4 such that 
KAG t) ll ro c < C4 for all t € (0, Tnax,e) (2.4.67) 


from (2.4.66). However, from (2.4.57), with the help of Sobolev’s embedding theo- 
rem, it follows that, for any fixed g € (3, 6), 


LAG DIL) < Cs for allt € (0, Tnax,e)- (2.4.68) 


Now, involving the variation-of-constants formula for c, and applying V - us = 0 in 
x € 2,t > 0, we have 


t 
celt) = aac +f ef PAOD (F; (ne(s)) + V - (e(s)ce(s))ds, t € (0, Tmax,e), 
0 


(2.4.69) 
so that, for any 3 < q < minig. q}, we have 
II V ce C. Draco) 
t 
SUVE also [. Ive 97 E Oio ds 
LEN 7 (2) (2.4.70) 


t 
m Í l| Ve 794-9 y . (u, ()c, (Hll ds. 
0 


To address the right-hand side of (2.4.70), in view of (2.1.13), we first use Lemma 
2.4 to get 
Ver colle) «Cg for all t € (0, Tnax e). (2.4.71) 


Since (2.4.64) and (2.4.68) yields 
1 3 ( 1 -) 
>-l, 
2 2\q 4 
together with this and (2.4.3), by using Lemma 2.4 again, the second term of the 
right-hand side is estimated as 


t 
f Ve) F (n. (s)) llancards 
0 


f -1-id.-D,-0-5 
«e f [1+ ( — 5) 3739872367679 lin, (8) rn qd 
0 


<C; for all t € (0, Tinax,c)- 
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Finally, we will address the third term on the right-hand side of (2.4.70). To this 


end, we choose 0 < ı < i satisfying 5 + Ie — 1) < Land K € (0, 5 —). In view 


of Hólder's inequality, we derive from Lemma 2.4, (2.4.68) and (2.4.67) that there 
exist constants Co, C19, Cj; and Cy such that 


t 
f || Ve -947P y . (u.(s)ce (S) llzac ds 
0 


t 
<c f I-A + Ite PF-OFW - (us (s)ce (Dllo ds 
0 


] ERN 2.4.72 
xci f (t — s) Pg ME |ue(s)ce(s)Ilzacayds ( 
0 


t 
—1-}-& J—A(t—s 
xe, f (t =s) 3 ^g ss ° Muse CS) rco) llce(S) II ra cod 
0 


XC) for all t € (0, Tinax.e)- 
Here, we have used the fact that 


1 


t [o9] 
1 ~ 3 
f (t — s) T3 e> ds <f o 3e dg < +00. 
0 0 


Finally, collecting (2.4.70)-(2.4.72), we can obtain that there exists a positive con- 
stant C5 such that 


3 
f |Vee(t)|% < Cız for allt € (0, Tmax,s) and someq € (s min lo. il) : 
Q (3 — qo)+ 
(2.4.73) 
The proof of Lemma 2.23 is complete. 


Then we can establish global existence in the approximate problem (2.2.8) by 
using Lemmas 2.21 and 2.22. 


Lemma 2.24 Leta > 1. Then, for alle € (0, 1), the solution of (2.2.8) is global in 
time. 


Proof Assume that 7,4, « is finite for some £ € (0, 1). Fix T € (0, Tinax,e), and let 
M(T):— SUP;<(0,7) LAG 1) reso) and A, :— F/(n;)S. (x, Neg, C,)V Cs + Ug. Then, 
by Lemma 2.23, (2.1.5) and (2.4.1), there exists C, > O such that 

TAG tH)llzac2) <C: for all t € (0, Tmax,s) and some 3 < q < 6. (2.4.74) 


Hence, because V - u, = 0, we can derive 


n,(t) = e*7 945, (., to) -f e*79^v . (n,C, s)he(-, s))ds, t € (tg, T) (2.4.75) 


to 
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by means of an associate variation-of-constants formula for n, where tọ :— (t — 1)+. 
If t € (0, 1], by virtue of the maximum principle, we can derive 


(t—to)A 


lle Ne(-, to)l rco xlnollzsco. (2.4.76) 


while if t > 1 then, with the help of the L?—L^ estimates for the Neumann heat 
semigroup and Lemma 2.17, we conclude that 


(t—to)A 


lle Ne(-, fo)lro(o) <Ca(t — to)? IIne(-, to)lr qo) < Ca. (2.4.77) 


Finally, we fix an arbitrary p € (3, q) and then once more invoke known smoothing 
properties of the Stokes semigroup (see P. 201 of Giga 1986) and Hólder's inequality 
to find C4 > 0 such that 


t 
/ le 4V $ (ne(-, S)he-, S)IlL~ «ads 
to 


t 
neo EE ~ 
«C. f ta Feee a 
to 


(2.4.78) 


i 13 > 
< — ^2 2p " q ; 
<c f (t = 5) 35 llne Nl, a o Mte Cs Dli co ds 


t e T 
x E ^ b 1—b 
xc; | € — 5) 27 lue C, 9e tss Nita lle, Hzc ds 
to 


«Cs M" (T) for all t € (0, T), 


where b := EM € (0, 1) and 
2—b M 
Cs := C4CQ- Í o ? »do. 
0 


Since p > 3, we conclude that -i — i > —]. In combination with (2.4.75)- 


(2.4.78) and using the definition of M (T), we obtain Cg > 0 such that 
M(T) < C; + CeM"'(T) for all T € (0, Tmax,e). (2.4.79) 


Hence, in view of b < 1, with some basic calculation, since T € (0, Tmax,s) was 
arbitrary, we can obtain there exists a positive constant C7 such that 


lne C, Dl reco) <C7 for all t € (0, Tmax). (2.4.80) 


To prove the boundedness of || Vc; (-, t) || r» (o). we rewrite the variation-of-constants 
formula for c, in the form 
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t 
cel, t) = AVeg + [ e79(A7 DUE, (ng)(s) — ue(s) - Vce (s)lds for all t € (0, Tmax,e)- 
0 


Now, we choose 0 € G + i 1), where 3 < q < 6 (see (2.4.73)), then the domain 


of the fractional power D((—A + D) — W ^99 (12) (see Horstmann and Winkler 
2005). Hence, in view of L?—L^ estimates associated with the heat semigroup, 
(2.4.62), (2.4.63) and (2.4.3), we derive that there exist positive constants A, Cs, 
Co, Cio and Cy, such that 


lice C. D wise c) 
«Call A + D'el, DI reco) 


t 
«Cot? e^" llcoll soy + Co f (t —5) *e ^9 WF (nz) — uc - Vee)G)ll ps ds 
0 


t 
<Cio + co f (t — s) Pe n Ollo + luel) ll Vee (9) I eacay lds 
0 


<Cıı for all t € (0, Tinax,e)- 
(2.4.81) 
Here, we have used Hólder's inequality as well as 


t oo 
1 Gos e> < f a "e "P do < +00. 
0 0 


In view of (2.4.61), (2.4.80) and (2.4.81), we apply Lemma 2.3 to reach a contradic- 
tion. 


2.4.3 Regularity Property of Time Derivatives 


In preparation of an Aubin-Lions-type compactness argument, we will rely on an 
additional regularity estimate for n, F! (ne) S; (x, Ne, Ce)V Ce, Ue - VCe, ngu; and Cele. 


Lemma 2.25 Leto > i and assume that (2.1.13) holds. Then one can find C > 0 
independent of £ such that, for all T € (0, co), 


P / 3a+1 g 
Ing Fi (Me) Se (x, Ne, Ce)VCe| > + [neus] ei 
0 2 


i : (2.4.82) 
<C(T +1), if — <n —, 
<C(T+1), if 3 ** 54 
T 3a+1 10(3a+1) 
f / [Inc Fin Sex, ne, e) Vcl + [neus | 9e» | 
0 JQ (2.4.83) 


8 1 
<C(T +1 if — = 
<C(T + 1), fuc S55 
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T 
f Í [Ins Fin). G5 Mes e) Vee] + [neul |, 
0 JQ i (2.4.84) 
<C(T 4 1) ifs <a<l 
as well as 


T 
f / [In Fin) Gn e) Ve + mus |] SCT +1), ifa =1 (2.4.85) 
0 (2 


and 


T F 
/ f [lus | Vcs? + lcsusl*] SC +1). (2.4.86) 
0 2 


Proof First, by (2.1.5), (2.4.1) and (2.2.10), we derive 


Ne F! (ne) Se (x, Neg, Ce) = Qui + 


with (1 — aw), = max(0, 1 — æ}. Case E «ax 5: It is not difficult to verify that 
-a + : (1 —o) 
wil 2 2” ” 
and 
9(a + 2) 3 3 


108a +1) 10 6a+2’ 


so that, recalling (2.4.29), (2.4.44) and Hólder's inequality, we can obtain (2.4.83). 


While if i «ax i. in light of (2.4.6), (2.4.29), (2.4.32), (2.4.45), an employment 


of the Hólder and Young inequalities to shows that 


* j ETSI y 
[Ins Fi) Gs ne e) Ve neu] 
0 2 


T 62 zs T 
xCi p ns | p / nd 
0 nR 0 Q 
T 


+a f ln uo uel 
0 | Ley | 


<C2(T + 1), 


3a+1 
4 


where y = Zata is given by Lemma 2.20. 


Other cases can be proved very similarly. Therefore, we omit their proofs. 
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To prepare our subsequent compactness properties of (ns, Ce, Ue) by means of 
the Aubin-Lions lemma (see Simon 1986), we use Lemmas 2.17-2.19 to obtain the 
following regularity property with respect to the time variable. 


Lemma 2.26 Let a > i and assume that (2.1.13) holds. Then there exists C > 0 
independent of £ such that 


T 
I Ome, t)lleowzacoydt < C(T + 1) for all T € (0, oo) (2.4.87) 
0 
as well as 
T 5 
f l]O,ce(-, DI iso dt x C(T + 1) forall T € (0,00) (2.4.88) 
0 
and ; 
5 
i IAG DI wisay x C(T + 1) forall T € (0, oo). (2.4.89) 
0 c 


Proof Firstly, testing the first equation of (2.2.8) by certain o € C* (Q2), we have 


f e| 
2 


= f [An. cM (ne Fy (ne) Se(x, Ne, Ce) VCg) — Ue - Vie | e 
2 


= i) [-Vn. ` Vo F ne Fi (Ne) Se (x, Ne, Ce) V Ce ` Vo T Nee * ve] 
Q 


IA 


Í [I Vn. T Ins F!(ne)Se(x, Ne, Cg) VCe| + iei] lle wies (y 
Q 


for all t > 0. 

Observe that the embedding W?^(Q) — W!(Q), so that, in view of a > 1, 
Lemmas 2.19 and 2.25, we deduce from the Young inequality that for some C, and 
C» such that 


T 
[ laine C, Dey 24(ydt 


T T T 
«e fi f Wna f f MeFi: nes cee! + f [mete] 
0 R 0 Q 0 Q 


<C(T + 1) forall T > 0, 
(2.4.90) 


where 
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3a 4-1 ..1 1 
if-<a<-, 
2 3 2 
1 1 

r= vu if—<a<l, 

3+ 2a 
2 ifa>1 

and 

244-2 1 8 
if-<a< —, 
a+l 3 21 
103a+1) .. 8 1 
————— if— <a<-, 
E 9(a + 2) 21 = 2 

is 10a 
if—- <a <1, 
300-1) 2 


= ifa>1, 
3 


Likewise, given any 9 € C* (Q2), we may test the second equation in (2.2.8) 
against ọ to conclude that 


f deat Do| 
(2 


Í [Ace — ce +e — ue Vedi 
2 


-|- f vo ve f aot f mgt f cate Vel 
2 R R 2 


< five 


ri * lel gy + Melsi o + Neetell, 3 coy lll wsscay 
for all t > 0. Thus, from Lemmas 2.19 and 2.25 again, in light of a > 1, we invoke 


the Young inequality again and obtain that there exist positive constant C4 and C4 
such that 


T 5 
Í lO;ce(, DI ws (oy dt 


T T T 10 T ið 
olf fivar+f oo [ [fe fatur) 
0 R 0 2 0 R 0 R 


<C4(T +1) forall T>0 


with 
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r3 = e ea (2.4.91) 


— ifo -l. 
3 


Finally, for any given o € Coy (Q; IR?), we infer from the third equation in (2.2.8) 
that for all t > 0 


f auc no|- |- f Vue Ve ce | (ou ue) ve | nvo- o: 
£2 2 (2 R 


Now, by virtue of (2.4.6), Lemmas 2.19 and 2.25, we also get that there exist positive 
constants C5, Ce and C7 such that 


T 5 
4 
i lus C. DU das o dt 
T P T " T 5 
«e (f DESI f woui f f) 
0 2 0 R 0 R 
T T T jö T 
rse (f f vet f f met f EMI [^ *7) 
0 G 0 2 0 R 0 R 


<C7(T + 1) forall T > 0, 


which implies (2.4.89). Here r3 is the same as (2.4.91). 


2.4.4 Global Existence of Weak Solutions 


Based on the above lemmas and by extracting suitable subsequences in a standard 
way, we can prove Theorem 2.2. 


Lemma 2.27 Let (2.1.4), (2.1.5) and (2.1.13) hold, and suppose that a > i There 


exists (£j) jen C (0, 1) such thate; N 0 as j — oo and such that as € = £j N Owe 
have 


ng > n a.e. in Q x (0, 00) and in L (2 x [0, 00)) with r = 10v ..1 (2.4.92) 
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3a 4-1 yl zd 
NES ET. 
Vn, — Vn in LL, (Q x [0,00)) withr = { 10e if Log 2g, (2493) 
3+2a 2 , 
2ifa>1, 
Ce > cin EL x [0, co)) and a.e. in R x (0, co), (2.4.94) 
Vc, > Vc ae. in 2 x (0,00), (2.4.95) 
us — uin L? (42 x [0, o0)) and a.e. in 2 x (0,00) (2.4.96) 
as well as i 
Vc, — Vc in L?,.(2 x [0, oo)) (2.4.97) 
and 7 
Vu, — Vu in L2,.(€2 x [0, 00)) (2.4.98) 
and T 
us — u in Lj. (€2 x [0, o0)) (2.4.99) 


with some triple (n, c, u) that is a global weak solution of (2.1.3) in the sense of 
Definition 2.1. 


Proof First, from Lemma 2.19 and (2.4.87), we derive that there exists a positive 
constant Co such that 


Ine llo 


loc 


(0,09; Wt«g)) < Co(T + 1) and ||8inell ri qo, (w24(9)*) S Co(T + 1), 

(2.4.100) 
where r is given by (2.4.92). Hence, from (2.4.100) and the Aubin-Lions lemma 
(see, e.g., Simon 1986), we conclude that 


(n5)«e(o,1 18 strongly precompact in Li, (Q x [0, co)), (2.4.101) 


so that, there exists a sequence (€;) jen C (0, 1) such that e = £; N 0 as j — oo 
and 

n, > n a.e. in 2 x (0, oo) and in L2 x [0,00)) as £— e; \ 0, (2.4.102) 
where r is the same as (2.4.92). Now, in view of Lemmas 2.18, 2.19, 2.25 and 2.26, 
employing the same arguments as in the proof of (2.4.100)-(2.4.102), we can derive 


(2.4.92)- (2.4.94) and (2.4.96)-(2.4.99) hold. Next, let g(x, t) := —ce + F; (ne) — 
Us © Vcg. With this notation, the second equation of (2.2.8) can be rewritten in com- 
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ponent form as 
Cer = ACe = gs. (2.4.103) 


Case 1 «ac "E Observe that 


5 A4 . [69 4-2 10 1 1 
— < — < min ; for- «a x -—. 
4 3 3 3 3 2 


Thus, recalling (2.4.29), (2.4.32) and (2.4.86) and applying Hólder's inequality, we 
conclude that, for any £ € (0, 1), ge is bounded in Li(Q x (0, T)), and we may 
invoke the standard parabolic regularity theory to (2.4.103) and infer that (Cs)se(0,1) is 
bounded in L4 ((0, T); w23 (2)). Hence, by virtue of (2.4.88) and the Aubin-Lions 
lemma, we derive the relative compactness of (cs)se(0,1) in L3((0, T); WE3(2)). 
We can pick an appropriate subsequence that is still written as (€;)jen such that 
Vc; > zı in Li(Q x (0, 7)) for all T € (0, oo) and some z; € Li(Q x (0, T)) 
as j — co. Therefore, by (2.4.88), we can also derive that Vc;, — zı a.e. in 2 x 
(0, co) as j — oo. In view of (2.4.97) and Egorov's theorem, we conclude that 
zı = Vc and hence (2.4.95) holds. Next, we pay attention to the case 1 < œ < 1: By 


2 
straightforward calculations, and using relation i <a < 1, one has 


5 5 . [10a 10 
— <- <min}—,—}. 
4 3 3 3 


Consequently, based on (2.4.30), (2.4.32) and (2.4.86), it follows from Hólder's 
inequality that 


Cet — Ac, = gs is bounded in Li(Q x (0, T) for any € (0,1). (2.4.104) 


Employing almost exactly the same arguments as in the proof of the case i «ax F, 
and taking advantage of (2.4.104), we conclude the estimate (2.4.97). The proof of 
case œ > | is similar to that of case i <a< $, so we omit it. 

In the following proof, we shall prove that (n, c, u) is a weak solution of problem 
(2.1.3) in Definition 2.1. In fact, by a > 1, we conclude that 


r1, 


where r is given by (2.4.92). Therefore, with the help of (2.4.92)-(2.4.94) and 
(2.4.96)- (2.4.98), we can derive (2.2.3). Now, by the nonnegativity of n, and c,, 
we obtain n > 0 and c > 0. Next, from (2.4.98) and V - us = 0, we conclude that 
V -u = 0 ae. in 2 x (0, oo). However, in view of (2.4.83), (2.4.84) and (2.4.85), 
we conclude that 


Ne F! (ne)Se(x, ne, Ce) VCe — z2 in L"(2 x (0, T)) (2.4.105) 
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ase = £; N Oforeach T € (0, oo), where r is given by (2.4.92). However, it follows 
from (2.1.4), (2.2.10), (2.4.2), (2.4.92), (2.4.94) and (2.4.95) that 


ns FL(ne) Se (x, nz, Cg) Vc; > nS(x,n,c)Vc a.e. in 2 x (0,00) as e =e; \ 0. 
(2.4.106) 
Again by Egorov’s theorem, we gain z2 = nS(x, n, c)Vc, and therefore (2.4.105) 
can be rewritten as 


ns FL(ne) Se (x, Ne, Co) VCe — nS(x,n,c)Vc in L’(Q x (0, T)) (2.4.107) 


as € = £; N 0 foreach T € (0, oo), which together with r > 1 implies the integra- 
bility of nS(x, n, c)Vc in (2.2.4) as well. It is not difficult to check that 


2a + 2 

eit ege. 
a+ 3 21 
l0Gat+1) .. 8 


1 
> lif «ax, 
9(a + 2) 21 2 


10a ESI 
-1lif--«ac«l. 
3(o + 1) 2 


Thereupon, recalling (2.4.83), (2.4.84) and (2.4.85), we infer that, for each T € 
(0, oo), when £ = £; N 0, 


204-2 1 8 
3 < 
a+1 3 721 

10a +1) 8 


as-, 
nsus — z3 in L'(Q x (0, T)) with F = A f 2 (24.08) 
ee, ee ee 
3(a+1) 2 
5 
> ifo 1. 
3 


(2.4.108) together with (2.4.92) and (2.4.96) implies 
ngu, > nu ae. in 2 x (0,00) as e =e; \ 0. (2.4.109) 


(2.4.108) along with (2.4.109) and Egorov’s theorem guarantees that z3 = nu, where- 
upon we derive from (2.4.108) that 
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202 1 8 
-if~<a< , 
acl 3 21 
10(3a —-1) ., 8 1 
———— if—< 


a — ? 
nsus > nuinL/(Q x (0, T)) with; =} 9@4+2) 21 2 (24.110) 


10a ._ 1 
—— if- <a <l, 
3(a+1) 2 


5 
sifa>1 
3 


as € = £j N 0, for each T € (0, oo). 
As a straightforward consequence of (2.4.94) and (2.4.96), it holds that 


CeUg — cu in LL(Q x (0, 00)) as £ =e; \ 0. (2.4.111) 


Thus, the integrability of nu and cu in (2.2.4) is verified by (2.4.94) and (2.4.96). 

Next, by (2.4.96) and the fact that ||Y:ol|lrs(o) < llel € LZ (2)) and 
Y,Q — ọ in L? (2) as e N 0, we can get that there exists a positive constant C, 
such that, for any e € (0, 1), 


Deus C t) — C. Dll go (gy <lYelue t, t) — C. Dl r2 (oy + leut, t) — u6, Dl 2 (g) 
Sllue(,t) — uC, DIr2(9) + ([YeuG,t) — uC, DIL) 
—0ase — 6e; NO 
and " 
[ewes 0) — C, Daro) (IY us C Dll + lle, Dilz) 


2 
(Ius C. Diliz + lu, DH oco) 
<Ci 


for all t € (0, 00)/N with some null set N C (0, oo), and thus by the dominated 
convergence theorem, we can find that 


T 
i Yewe(-, t) — uC, l2 (gdt > Oas e = e; N 0 forall T > 0. 


Therefore, 
Y,u, — u in L? ((0, oo); L?(2)). (2.4.112) 


loc 
Now, combining (2.4.96) with (2.4.112), we derive 
Yus Q Ue > u Q u in Lj,.(2 x [0, 00)) ase = e; N 0. (2.4.113) 
Therefore, the integrability of nS (x, n, c)Vc, nu, cu and u ® u in (2.2.4) is verified 


by (2.4.107), (2.4.110), (2.4.111) and (2.4.113). Finally, for any fixed T € (0, oo), 
applying (2.4.92), one can get 
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T 
[| re m - nc DI qo at 
0 
T 
z| IF: 6, D) — FC, £z (o, dt 
0 
T 
+f Il Fe(nG, t) — nC DI (o dt (2.4.114) 
0 
T 
ET | Ine, t) — nC. Dro, dt 
0 
T 
0 


where r is the same as in (2.4.92). Besides that, we also deduce from (2.4.3) and 
r > | that 
(Fanc, 0) — nC, DM roxq.T) x2 nC. Ol 


for each t € (0, T), which together with (2.4.92) shows the integrability of 
Fen.) — nG DII, 


on (0, T). Thereupon, by virtue of (2.4.2), we infer from the dominated convergence 


theorem that j 


Fen) — nlio dt > 0ase =e; NO (2.4.115) 


foreach T € (0, co). Inserting (2.4.115) into (2.4.114) and using (2.4.92) and (2.4.1), 
we can see clearly that 


F,(n)—nin Li (2 x [0, œ)) ase 2 £; N 0. (2.4.116) 


Finally, according to (2.4.92)-(2.4.94), (2.4.96)(2.4.98), (2.4.107), (2.4.110)- (2.4.113) 


and (2.4.116), we may pass to the limit in the respective weak formulations associated 
with the regularized system (2.2.8) and obtain the integral identities (2.2.5)- (2.2.7). 
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Chapter 3 A) 
Chemotaxis-Haptotaxis System M 


3.1 Introduction 


Cancer invasion and metastasis are influenced by a plethora of biochemical processes 
and involve many biochemical mechanisms, among which chemotaxis and haptotaxis 
are two of the main mechanisms directing the migration of cancer cells Chaplain and 
Lolas (2005). Evidence has been found that cancer cells release complex enzymes 
such as the urokinase-type plasminogen activator (uPA), which degrade the surround- 
ing extracellular matrix (ECM), and thereby allow the migration of cells following 
the concentration gradient of such diffusive enzymes. This process is referred to as 
chemotaxis Chaplain and Lolas (2006). On the other hand, in addition to random 
diffusion, the movement of cancer cells is biased toward the gradient of an immov- 
able stimulus (density of tissue fiber) by finding matrix molecules such as vitronectin 
adhered therein. This process is called haptotaxis Perumpanani and Byrne (1999). 

Recently, a variety of mathematical models have been proposed for various aspects 
of cancer invasion and metastasis Aznavoorian et al. (1990); Chaplain and Lolas 
(2005, 2006); Friedman and Lolas (2005); Gatenby and Gawlinski (1996); Meral 
et al. (2015); Szymańska et al. (2009). Gatenby and Gawlinski (1996) used reaction- 
diffusion equations to describe the interaction between the density of normal cells, 
tumor cells and the concentration of H *-ions produced by the latter. They suggested 
that cancer cells up-regulate certain mechanisms, which allow for the extrusion of 
excessive protons and hence acidify the environment. This triggers apoptosis of nor- 
mal cells and thus allows the neoplastic tissue to extend into the space made available. 
Later on, Meral et al. (2015) proposed a population-based micro—macro model for 
acid-mediated tumor invasion, which involves the the microscopic dynamics of intra- 
cellular protons and their exchange with extracellular counterparts. The continuum 
micro—macro models explicitly accounting for subcellular events are rather new, 
especially in the context of cancer cell migration Stinner et al. (2014, 2016). 

The analytical results on various models of cancer invasion are mathematically 
interesting Bellomo et al. (2015); Engwer et al. (2017); Jin (2018); Li and Lankeit 
(2016); Litcanu and Morales-Rodrigo (2010b); Morales-Rodrigo and Tello (2014); 
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Stinner et al. (2014, 2016); Szymańska et al. (2009); Tao and Wang (2008); Walker 
and Webb (2007); Zhigun et al. (2016). From a mathematical point of view, the system 
under consideration comprises a strong coupling of reaction-diffusion equations and 
an ordinary differential equation (ODE) in two or three space dimensions. Since 
ODE corresponds to an everywhere degenerate reaction-diffusion equation and has 
noregularizing effect, this amounts to considerable difficulty for the analysis. Indeed, 
analytical results on the cancer invasion model are yet quite fragmentary, so far mainly 
concentrating on the global existence and boundedness of solutions. For example, 
Stinner et al. (2014) proved the global existence of weak solutions to a PDE-ODE 
system modeling the multiscale invasion of tumor cells through the surrounding 
tissue matrix. Very recently, Engwer et al. (2017) studied the global existence of 
weak solutions to a multiscale model for tumor cell migration in a tissue network. 
The more detailed answers have been given only in some special cases Hillen et al. 
(2013); Litcanu and Morales-Rodrigo (2010b); Tao and Wang (2009); Wang and Ke 
(2016). 

The first part of this chapter is concerned with the Chaplain-Lolas model of cancer 
invasion Chaplain and Lolas (2005, 2006) 


u; = Au — xV-(uVv) — £V-(uVw) + uu(r — u — w), x E€ 2,t >Q, 
ov, = Av—v+u, xe€£2,t »0, 


w,-——vw-dmqgw(1—w-—u) xE2,t>0, 
ðu ðv E ow OU se "mE, 
üp By "ag m 7 pru 


u(x,0) = u(x), ov(x, 0) = ovo(x), w(x, 0) -wo(x), xE Q 

(3.1.1) 
in a bounded domain 2 C IR" (n = 2,3) with smooth boundary 02, where d/dv 
denotes the outward normal derivative on 02, u denotes the density of cancer 
cells, v represents the concentration of the matrix degrading enzyme (MDE) and 
w describes the concentration of the extracellular matrix (ECM), respectively; and x 
and € measure the chemotactic and haptotactic sensitivities, respectively. The term 
u(r — u — w) assumes that in the absence of the ECM, cancer cell proliferation 
satisfies a logistic law, and 7 > 0 embodies the ability of the ECM to remodel back 
to a normal level. The parameter o may take on the value of 0 or 1. When o = 0, we 
are making the simplifying assumption that the diffusion rate of the MDE is much 
greater than that of cancer cells, which is supported by evidence Chaplain and Lolas 
(2006). Indeed, similar quasi-steady approximations for corresponding chemoattrac- 
tant equations are frequently used to study classical chemotaxis systems (see Jager 
and Luckhaus (1992)). As for the initial data (uo, vo, wo), we suppose throughout 
this section that, for some 2 € (0, 1), 
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uo € C'(2) with uo > 0 in Q, ug z 0, 
vo € W*(9) with vo > 0 in Q, (3.1.2) 


: - à 
wo € C}? (Q) with wo > 0 in È and > =0 on 313. 
v 


It is observed that when letting w = 0, (3.1.1) is reduced to the Keller-Segel sys- 
tem with logistic source. This chemotaxis-only system has been extensively studied 
by many authors during the last decades. In this context, the particular attention 
focuses on the question of whether the solutions of the models are bounded or blow- 
up (see, e.g., Cieślak and Stinner (2012), Cieślak and Winkler (2008), Ishida et al. 
(2014), Painter and Hillen (2002) and Winkler (2008, 2010a, 2011b)). In particu- 
lar, solutions may blow up in finite time when n > 2, u = 0 Herrero and Velázquez 
(1997); Nagai (2001). It is known that arbitrarily small u > 0 guarantees the bound- 
edness of solutions when n = 2 Osaki et al. (2002), while when n > 3, appropri- 
ately large u (compared with the chemotactic coefficient x) is required to exclude 
unbounded solution Winkler (20102). Itis still unknown whether finite-time blow-up 
may occur if u > 0 is small, though global weak solutions are known to exist and 
will become smooth after some time Lankeit (2015). On the other hand, the nonlinear 
self-diffusion of cells may prevent blow-up of solutions Cieślak and Winkler (2008); 
Ishida et al. (2014); Wang et al. (2014). 

When x = 0, (3.1.1) becomes the haptotaxis-only system. For x = u = ņ = 
0,0 = 1, the local existence and uniqueness of classical solutions have been shown 
in Morales-Rodrigo (2008). The global existence and asymptotic behavior of weak 
solutions have been proven in Litcanu and Morales-Rodrigo (2010b); Marciniak- 
Czochra and Ptashnyk (2010); Walker and Webb (2007) when ņ = 0, and global 
existence and uniqueness of classical solutions have been shown in Tao (2011) when 
n > 0, respectively. 

Note that in contrast of the chemotaxis-only system, haptotaxis-only system and 
the chemotaxis—haptotaxis system, the chemotaxis—haptotaxis system with remod- 
eling of non-diffusible attractant (n > 0 in (3.1.1)) is much less understood (Chap- 
lain and Lolas (2006), Pang and Wang (2017) and Tao and Winkler (2014b)). The 
main technical difficulty in their proof lies in the effects of the strong coupling in 
(3.1.1) on the spatial regularity of u, v and w when 5 > 0. When 7 = 0, one can 
build a one-sided pointwise estimate which connects Aw to v (see Lemma 2.2 of 
Cao (2016) or (3.10) of Wang (2016)). Relying on such a pointwise estimate, one 
can derive two useful energy-type inequalities which can help us to bypass the term 
fo uP—!V . (uV w) (see Lemma 3.2 of Zheng (2017b)). Using such information along 
with coupled estimate techniques and the boundedness of the || Vv(., t) | r2 (2), one 
can establish the estimates on f. PEL |Vv]|? for any p and q > 1 (see Lemmas 3.3 
and 3.4 of Zheng (2017b)), which combined with the standard regularity theory of 
parabolic equation and the Moser iteration procedure implies the boundedness of u 
in L® (2) (see Lemma 3.5 of Zheng (2017b)). However, for the model (3.1.1) with 
n > 0, one needs to estimate the chemotaxis-related integral term f ov |Vv]? (see 
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(3.28) in Tao and Winkler (2014b)) or f, e+)" a? |Vv|? (see (3.8) of Pang and 
Wang (2017)) with a :— ue 5", which requires much more technical demanding. 
In Pang and Wang (2017), assuming that u > Ẹņ max(l|uollrss(oy. 1) + u*(x7, £) 
(the hypothesis cannot be dropped (see the proof of Lemma 3.2 of Pang and Wang 
(2017))), Pang and Wang (2017) proved that the problem 3.1.1 admits a unique global 
solution (u, v, w) € (C?!(Q x (0, 00)))?. Moreover, u is bounded in 2 x (0, oo). 

This chapter consists of three parts. The first part shows the global boundedness 
of classical solutions to the chemotaxis-haptotaxis model with any 5 > 0 (Ke and 
Zheng (2018)). 


Theorem 3.1 Leto > 0, x > 0,£ > 0,r = Land n > 0. Assume that 2 C R? is 
a bounded domain with smooth boundary and the initial data (uo, vo, wo) satisfy 


248 (A : : dug = 
uo E C^ (Q) with: quy z Oin $2 ana ee TR. 
v 


242 / 5 ] ðvo — 
vo € C (22) with vg > 0 in 2 and 3v =0 on 022, 


g : à 
wy € C2+° (Q) with wo >0 in È and = =0 on 92 
v 


with some Ù € (0, 1). If u > 0, then there exists a triple (u, v, w) € (C9(Q x 
[0, 00)) x C?!(2 x (0, 00)))? which solves (3.1.1) in the classical sense. More- 
over, u and v are bounded in €2 x (0, oo). 


Remark 3.1 (i) If w = 0, it is not difficult to obtain that the solutions under the 
conditions of Theorem 3.1 are uniformly bounded when n — 2, which coincides 
with the results of Osaki et al. (2002). 

(ii) From Theorem 3.1, it follows that solutions of model (3.1.1) are global and 
bounded for any 7 = 0, u > 0 and n < 2, which coincides with the result of Tao 
(2014). 


The second part of this chapter is devoted to the integrative interactions of chemo- 
taxis, haptotaxis, logistic growth and remodeling mechanisms, and establishes the 
global existence of classical solutions to the chemotaxis-haptotaxis model (3.1.1) 
with the remodeling of the ECM. It is noticed that the authors of Tao and Winkler 
(2014b) made appropriate use of the dampening effect of —nuw in the third equation 
of (3.1.1) to derive an energy-like inequality, which yields an a priori estimate of 
f o 4 In u in bounded time intervals. The latter is the starting point for a bootstrap 
argument used to derive higher regularity estimates. In this part, thanks to the variable 
transformation a = ue~>” (Tao and Wang (2009, 2008); Tao and Winkler (2014b)), 
making use of the damping effect in the first equation of cancer cells, one derives a 
priori estimate of f o t Inu for all time t > 0 and thus proves the global boundedness 
of solutions thereof rather comprehensively. The result in this respect is the following 
(Pang and Wang (2018)). 
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Theorem 3.2. Let 2 C R? be a bounded smooth domain, and suppose that x > 
0, € > 0, n > Oand u > 0. Then for any r > 0, the problem (3.1.1) admits a unique 
global classical solution (u, v, w), where ||uC, t)|rs(o is uniformly bounded for 
t € (0, co). 


The key step of our analysis of (3.1.1) consists of identifying a certain dissipative 
property of the functional f. Q e*"a? with a = e^ 5" y. Indeed, we shall see in Lemma 
3.17 below that a certain variant thereof satisfies an inequality of the form 


d 1 
di Ya? + JI eva < c(l Avizo) + lel) f eia? + c(g) 
I Jo € Jo Q 


with some c > 0, c(e) > 0 for any £ > 0 (see (3.4.17)), whereupon Lemma 3.5 will 
provide the bound of f, " u?, which provides a starting point for the higher regularity 
estimates of solutions. On the other hand, in the case of o = 0, the key step in our 
proof of theorem is to identify 


d u 
wq] “ Ew a | 
di d cha 5 fe alna 


.l. 
see Avo, + Ivi a) f "ama G3) 
+ c(l Avize + IV vll: (9) + c) 


with some c > 0, c(e) > Oforall € > 0, which along with Lemma 3.5 enables us to 
obtain an a priori estimate for u in the space L log L(S2) for all time. Notice that in 
the two-dimensional space, the global boundedness of solutions (p, c, w) to a tumor 
angiogenesis model was established in Morales-Rodrigo and Tello (2014) ifthe initial 
data wo of the fibronectin concentration satisfies either wo > Lor ||wo — l||re(o) < ô 
with some à > 0. It should be mentioned that by the estimate technique above, one 
can remove the extra assumption on wo. 

In the three-dimensional setting, the problem of the global existence of solutions 
to (3.1.1) seems to be more delicate. Indeed, the only result that we are aware of 
is presented in the recent paper Bellomo et al. (2015), where a certain global weak 
solution was constructed for (3.1.1) with o = 1. To the best of our knowledge, the 
existence of global classical solutions to (3.1.1) is still open. As mentioned previously, 
some weak solutions to the three-dimensional chemotaxis system including logistic 
growth eventually become classical solutions after some waiting time when smallness 
conditions on the growth rate of the cells are imposed Lankeit (2015); Winkler (2008). 
A natural question is whether the chemotaxis-haptotaxis system (3.1.1) possesses 
global classical solutions under some smallness conditions. Our result in this direction 
is as follows (Pang and Wang (2018)). 


Theorem 3.3 Let 2 C R? be a bounded convex domain with smooth boundary 
and x »0,$ > 0, n > 0 and u >Q. For any given wo, there exist a constant 
ro = rolu, |2], ||jwollzs(2)) > 0 and appropriate small ||uo|l12(@) and ||voll wa) 


132 3 Chemotaxis-Haptotaxis System 


such that the problem (3.1.1) possesses a unique global classical solution (u, v, w) 
provided that r. < ro. 


Relying on the mass evolution of solutions to (3.1.1), the quantity f Q a^(t) + 
f Q |Vu(t)|* is shown to satisfy an autonomous ordinary differential inequality, and 
thereby is bounded whenever r > 0 and initial data are suitably small by the com- 
parison argument of the corresponding ordinary differential equation. This serves as 
a starting point for the bootstrap procedure to yield a bound for a in L® (42). 

As a physiological process, angiogenesis involves the formation of new capillary 
networks sprouting from a pre-existing vascular network and plays an important role 
in embryo development, wound healing and tumor growth. For example, it has been 
recognized that capillary growth through angiogenesis leads to the vascularization of 
a tumor, providing it with its own dedicated blood supply and consequently allowing 
for rapid growth and metastasis. 

The process of tumor angiogenesis can be divided into three main stages (which 
may be overlapping): (i) changes within existing blood vessels; (ii) formation of 
new vessels; and (iii) maturation of new vessels. Over the past decade, a lot of work 
has been done on the mathematical modeling of tumor growth; see, for example, 
Anderson and Chaplain (1998b); Bellomo et al. (2015); Chaplain and Lolas (2005, 
2006); Li et al. (2015); Stinner et al. (2015, 2016) and the references cited therein. 
In particular, the role of angiogenesis in tumor growth has also attracted a great 
deal of attention; see, for example, Anderson and Chaplain (19982); Chaplain and 
Stuart (1993); Levine et al. (2001); Paweletz and Knierim (1989); Sleeman (1997) 
and the references cited therein. For example, in Levine et al. (2001), a system 
of PDEs using reinforced random walks was deployed to model the first stage of 
angiogenesis, in which chemotactic substances from the tumor combine with the 
receptors on the endothelial cell wall to release proteolytic enzymes that can degrade 
the basal membrane of the blood vessels eventually. 

The third part of this chapter considers a variation of the model proposed in 
Anderson and Chaplain (1998b), namely 


pi = Ap Va Vc 4- oVw) - Ap(1l — p), x€2,t>0, 
c 
cy = Ac— c — upc, xEQ,t>0, 
w, = yp(l— w), xe€£2,t »0, 
Op a Oc ow dc 
= = 0, €022,t > 0, 
Qv Pese © ay? Qv i í 


p(x, 0) = po(x), c(x, 0) = co(x), w(x, 0) = w(x), x EQ, 

(3.1.4) 
in a bounded smooth domain 2 C R(N = 1,2), where, in addition to random 
motion, the existing blood vessels’ endothelial cells p migrate in response to the 
concentration gradient of a chemical signal c (called Tumor Angiogenic Factor, or 
TAF) secreted by tumor cells as well as the concentration gradient of non-diffusible 
glycoprotein fibronectin w produced by the endothelial cells Morales-Rodrigo and 
Tello (2014). The formerly directed migration is a chemotactic process, whereas 
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the latter is a haptotactic process. In this model, it is assumed that the endothelial 
cells proliferate according to a logistic law, that the spatio-temporal evolution of 
TAF occurs through diffusion, natural decay and degradation upon binding to the 
endothelial cells, and that the fibronectin is produced by the endothelial cells and 
degrades upon binding to the endothelial cells. 

For the remainder of this chapter, the initial data are assumed to satisfy 


(po, Co, wo) € (C?*? (Q))? is nonnegative for some f € (0, 1) with po Æ 0, 


9 po a aco ETIN dco 
Qv pihls3w tj. Qv 


(3.1.5) 

The third part focuses on the global existence and asymptotic behavior of classical 

solutions to (3.1.4). Let us look at two subsystems contained in (3.1.4). The first is 
a Keller-Segel-type chemotaxis system with signal absorption: 


Di = Ap— V -(pVo) t Ap(l— p), xe€£,t-0, 


(3.1.6) 
C; = Ac — pc, xe£Q,t»-0. 
Itis known that, unlike the standard Keller-Segel model, (3.1.6) with A = 0 possesses 
global, bounded classical solutions in two-dimensional bounded convex domains for 
arbitrarily large initial data; while in three spatial dimensions, it admits at least global 
weak solutions which eventually become smooth and bounded after some waiting 
time Tao and Winkler (2012c). In the high-dimensional setting, it has been proved 
that global bounded classical solutions exist for suitably large à > 0, while only 
certain weak solutions are known to exist for arbitrary A > 0 Lankeit and Wang 
(2017). 
Another delicate subsystem of (3.1.4) is the haptotaxis-only system obtained by 
letting a = 0 in (3.1.4): 


Di = Ap — pV-(pVw)-Ap(l— p), x€2,t>0, 
w, = yp(l— w), xEQ,t>OQ. 


Here, since the quantity w satisfies an ODE without any diffusion, the smoothing 
effect on the spatial regularity of w during evolution cannot be expected. To the best of 
our knowledge, unlike the study of chemotaxis systems, the mathematical literature 
on haptotaxis systems is comparatively thin. Indeed, the literature provides only some 
results on global solvability in various special models, and the detailed description 
of qualitative properties such as long-time behaviors of solutions is available only in 
very particular cases (see, for example, Corrias et al. (2004); Litcanu and Morales- 
Rodrigo (2010b, a); Marciniak-Czochra and Ptashnyk (2010); Tao (2011); Tao and 
Winkler (20192); Walker and Webb (2007); Winkler (2018b)). 

More recently, some results on global existence and asymptotic behavior for cer- 
tain chemotaxis-haptotaxis models of cancer invasion have been obtained (see, for 
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example, Li and Lankeit (2016); Pang and Wang (2017, 2018); Stinner et al. (2014); 
Tao and Winkler (2014b, 20152); Wang and Ke (2016)). Particularly, Hillen et al. 
(2013) have shown the convergence of a cancer invasion model in one-dimensional 
domains, and the result has been subsequently extended to higher dimensions Li and 
Lankeit (2016); Tao and Winkler (20152); Wang and Ke (2016). 

In Morales-Rodrigo and Tello (2014), in two spatial dimensions, the authors 
showed the global existence and long-time behavior of classical solutions to (3.1.4) 
when the initial data (po, co, wo) satisfy either wo > 1 or ||wo — l|[r»(o) < 9 for 
some ô > 0 (see Lemma 5.8 of Morales-Rodrigo and Tello (2014)). Generalizing 
this result, our first main result establishes that, for any choice of reasonably regular 
initial data (po, co, wo), the L??-norm of p is globally bounded. This is done via an 
iterative method (Pang and Wang (2019)). 


Theorem 3.4 Let o, p, A, u and y be positive parameters. Then for any initial 
data (po, co, wo) satisfying (3.1.5), the problem (3.1.4) possesses a unique classical 
solution (p, c, w) comprising nonnegative functions in C(2 x [0, 00) N C?! (Q2 x 
(0, oo) such that || p(-, t)|rs(o) < C for all t > 0. 


Next, we investigate the asymptotic behavior of solutions to (3.1.4). Under an 
additional mild condition on the initial data wo, we will show that the solution 
(p. c, w) converges to the spatially homogeneous equilibrium (1, 0, 1) as time tends 
to infinity (Pang and Wang (2019)). 

Theorem 3.5 Leto, p, X, wand y be positive parameters, and suppose that (3.1.5) 
is satisfied and wọ > 1 — —. Then the solution (p, c, w) € C(Q x [0, 00)) n C?! 
p 


(Q x (0, oo) of (3.1.4) satisfies 
Jim lpC. D — Ie + let Dlwiaco + lwe D — Mp —0 8.1.7) 


for any r > 2. In particular, if N = 1, then for any € € (0, min{A,, 1, y, A}) there 
exists C (€) > 0 such that 


Ip, t) — Lireo € C(e)e nn yor (3.1.8) 
let, Dilwie@y) € CeO, (3.1.9) 
Iw, £) — Mwizto) € Clee", (3.1.10) 


where A, > 0 is the first nonzero eigenvalue of —A in Q with the homogeneous 
Neumann boundary condition. 


The main mathematical challenge of the full chemotaxis-haptotaxis system is the 
strong coupling between the migratory cells p and the haptotactic agent w. This 
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strong coupling has an important effect on the spatial regularity of p and w. In 
fact, the lack of regularization effect in the spatial variable in the w-equation and 
the presence of p therein demand tedious estimates on the solution. The key ideas 
behind this result are as follows. 

As pointed out in Tao and Winkler (20152), the variable transformation z :— 
pe ?" plays an important role in the examination of global solvability for the full 
chemotaxis-haptotaxis model in the two- and higher dimensional setting. However, 
due to the presence of the additional chemotaxis term in our model, this approach 
is not directly applicable to our problem. Instead, in the derivation of Theorem 
3.4, we introduce the variable transformation q := p(c + 1) *e ?" as in Morales- 
Rodrigo and Tello (2014), and thereby ensure that g(-, t) is bounded in L” (£2) for 
any finite n (see Lemma 3.27). It is essential to our approach to derive a bound 
for fq? ^ + Si fo Vq? |? from the bound of f^". foq? (m = 1,2,...) by 
making appropriate use of (3.5.3)-(3.5.4) in Lemma 3.26 (see (3.5.7) below). 


3.2 Preliminaries 


Before formulating our main results, we recall some preliminary lemmas used 
throughout this chapter. Some basic properties of solution can be found in Horstmann 
and Winkler (2005) (see also Winkler (2010), Zhang and Li (2015b)). 


Lemma 3.1 (Horstmann and Winkler (2005)) For p € (1, 00), let A :— A, denote 
the sectorial operator defined by 


0 
Apu := —Au forall u € D(A,) := (p € W^" lao = 0}. 
v 


The operator A + 1 possesses fractional powers (A + 1)* (a > 0), the domains of 
which have the embedding properties 


D(A + 1)%) > W'?(Q) if a> : 


If m € (0,1), p € [1, oo] and q € (1,00) with m — 7 < 2a — A then we have 
lullwreco) < CICA + D*ullzso) forall ue D((A + D^), 
where C is a positive constant. The fact that the spectrum of A is a p-independent 


countable set of positive real numbers 0 = ko < kı < K2 < --- entails the following 
consequences: for all 1 < p < q < œ and u € L? (2), it has 


MP S F a ol - 
ICA + 1)%e "ullo € ct "26 Pe" ullo 


for any t > 0 and à > 0 with some k > 0. 
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In deriving some preliminary estimates for v, we shall make use of the following 
property referred to as a variation of Maximal Sobolev Regularity. 


Lemma 3.2 (Hieber and Prüss (1997, Theorem 3.1) Li and Wang (2018, Lemma 
2.2)) Let r € (1, œ) and x > 0; consider the following evolution equation: 


h, = Ah — kh 4 f, (x,t) e 2 x (0, T), 
Vh-v=0, (x,t) € 02 x (0, T), (3.2.1) 
h (x, 0) = ho(x), XER. 


Then for each họ € W?" (Q) with Vho -v =0 on 02 and any f € L' ((0, T), 
L'(Q), (3.2.1) admits a unique mild solution h € W'" ((0, T); L" (2Y) N 
L’ ((0, T); W?* (2)). Moreover, for any € € (0, k], there exists C, > 0 such that 


T T 
f eA, s) ys gy ds < C (J "VCI gods oO o). 
0 0 

(32.2) 


Let us also recall the well-known Gagliardo-Nirenberg inequality Friedman 
(1969); Tao and Wang (2009). 


Lemma 3.3 Let 2 C R” be a bounded domain with smooth boundary. Let l, k be 
any integers satisfying 0 < l < k, 1 < q,r < œ and p € R+, i <0 < 1 such that 


1 k 
=0( )+ ; (3.2.3) 
q n 
Then there are positive constants Cgy and C, depending only on 2,q,k,r andn 
such that for any function @ € WEIR) NA L' (Q2), 


IIV'eliz»« € Con V" elles leli + Cilellzrc» (3.2.4) 


with the following exception: If 1 < q < œ and k — 1 — * is a nonnegative integer, 
then we assume that (3.2.3) holds for 0 satisfying i x0-clr-l. 


To estimate fo à? 4- fo |Vv|* with a = e 5"u in the proof Theorem 3.3, we 
will have to get a handle on f 2 |Vv|° and f. Q a?. The above Gagliardo-Nirenberg 
inequality enables us to replace them by more convenient terms. 


Lemma 3.4 Let 2 C R? be a bounded domain with smooth boundary. For any 
& > 0, there are C(e) > 0 and C» > 0 such that for any v € C?(Q) 


3 3 
ZEE iver? eco ((f vot) «(f w). (3.2.5) 
2 Q 2 Q 


and for any a € W+? (2) 
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3 3 
[ese] |Va|? + C(e) (J a) +C (/ a) . (3.2.6) 
(2 (2 (2 (2 


Proof We would like refer the reader to Lemma 4.3 of Lankeit (2015) for (3.2.5) 
and (2.7) with y — 2 of Winkler (2008) for (3.2.6), respectively. 


The following statement generalizing that of Lemma 3.4 in Stinner et al. (2014) 
plays an important role in the proofs of Lemmas 3.17 and 3.22 below. 


Lemma 3.5 Let T € (0, 00],0 < t < T and suppose that y is a nonnegative abso- 
lutely continuous function satisfying 


y(t) - a(t)y(t) < b(t)y(t) +. c(t) for a.e. t € (0, T) (3.2.7) 


with some functions a(t) > 0, b(t) > 0, c(t) > Oanda,b,c € Li,,.0, T) for which 
there exist bj, cy > 0 and p > 0 such that 


t+r tT 
sup J b(s)ds < bi, sup / c(s)ds < cy 
t t 


O<t<T—-t OxrxT—c 
and 
t+T t+t 
f a(s)ds -f b(s)ds > p forany t € (0, T — 1). 
t t 
Then 
2b, 
b did b 
y(t) x y(0)e" + 1 z cce" forall t € (0, T). 
— e. 


Proof From (3.2.7) and a comparison argument, we obtain that for any t < t < T, 


t 
y(t) <y(t — z)eli- O(s)—a(s))ds «f c(s)e^ (b(@)—a(a))do Jg 


Í—t 


t 
syt-1)e?- f c(s)eh 249 qs 
t—t 
t 


xy(t = t)e P «f c(s)el- b(a)do Jg 


t—t 


<y(t — te? + cyeh. 


Hence, taking t = kt (k = 1,2,..., [Z], we have 


138 3 Chemotaxis-Haptotaxis System 


y(kt) <y((k — D) e"? + cie” 
«e ^ (y((k — 2)t)e~? + cie”) + cu eh 
—e P y((k — 2)t) + eP cie” + c, eh 


k-1 


=e y(0) + cie” De? 
j=0 


xe "^ y(0) + 


ce"! 
l1—e-^' 

Now for any given t € (0, T) > 0, we can fix k € N such that kr < t < (k + 1)r, 
i.e., k = [=], and thus get 


t 
T 


t 
y(t) <y(kr) elie O)-aas «f c(s)els &()-a()4a qs 
kt 


t 
<y(krelic Gs «f c(s)el: Pe qs 
kt 
<y(kr)e”! + ce"! 
2b, 
t ce 
<y (Oeh e 4 — p eet, 
l1—e-? 


Apart from the asserted results in Lemma 3.2, we also need some fundamental 
estimates for the inhomogeneous linear heat equation 


v = Av-vtu, xe€£f2,t »0, 
à 
= =O. x€92,t>0, (3.2.8) 
Vv 


v(x, 0) = v(x), x EQ, 


which can be derived from a standard regularity argument involving the variation- 
of-constants formula for v and L? — L estimates for the heat semigroup (see 
Horstmann and Winkler (2005) for instance). 


Lemma 3.6 Ishida et al. (2014, Lemma 2.1) Yang et al. (2015, Lemma 2.2) Let T > 
0, 1 < p < œ, vo € LP (2) and u € L'(0, T; LP (2)). Then (3.2.8) has a unique 
mild solution v € C([0, T]; L? (2)) given by 


t 
v(t) = e 'e'4vy + f e C 9e079^,.(s)ds forall t € [0, T], 
0 


where e' is the semigroup generated by the Neumann Laplacian. In addition, let | < 
q < p < 24, e W! (2) andu € L® (0, T; L4(Q)). Then for every t € (0, T), 


n—q’ 


lu | roo < Wvollzecay + c2liullroeco ry; L2) (3.2.9) 
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IVO ll x IIVvollrzc + callullzsso.ry L«c2)* (3.2.10) 


where c» is a positive constant depending on p,q and n. 
The following statement can be found in Appendix A of Tao and Winkler (2014b). 


Lemma 3.7 Tao and Winkler (2014b, Lemma A.3 and Lemma A.4) Let 2 C R? be 
a bounded domain with smooth boundary. Then for all M > 0, there exist constants 
a > 0, B > 0 depending only upon M such that for any nonnegative function u € 
L?(Q) and So u < M, the solution v of 


—Av+v=u, XER, 


8 (3.2.11) 
V 0, xeðR 
Qv 
satisfies 
| Ive f WP ze f ulnu + f. (3.2.12) 
2 R R 


3.3 Global Boundedness of Solutions 
to a Chemotaxis-Haptotaxis Model 


In some parts of our subsequent analysis, we introduce the variable transformation 
(see Tao and Wang (2009); Tao and Winkler (2011, 2014b), Pang and Wang (2017)) 


a — ue 5", (3.3.1) 


upon which (3.1.1) takes the form 


a, 2e 5" y . (EY Va) — xe wy. (e$ avv) + Eavw 


Halu — £qw)(1 — Ya — w), xeQ,t-0, 
vy =Av +a" — v, xeQ,t-0, 
wt = — vw + nw(1 ae” — w), xeQ,t-0, 
da ðv 
— =— =0, x € 02,1 » 0, 
ðv av 

a(x, 0) :2ag(x) = ug(x)e FO, v(x, 0) = vg(x), w(x, 0) = wo(x), x € Q. 
(3.3.2) 


The following lemma deals with local-in-time existence and the uniqueness of a 
classical solution for the problem (3.1.1). 


Lemma 3.8 (Pang and Wang (2017)) Assume that the nonnegative functions uo, vo, 
and wy satisfy (3.3.2) for some 9 € (0, 1). Then there exists a maximal existence 
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time Tmax € (0, oo] and a triple of nonnegative functions 


aeC (S210; Tmax)) AC? (2 x (0, Tmax)), 
vec IO x [0, Tmax)) N C'R x (0, Ta, 
we Cw x [0, Tnax)). 


which solves (3.3.2) classically and satisfies 
0 < w < p := max(l, ||wolrs(o)) in 2 x (0, Tmax). (3.3.3) 
Moreover, if Tmax < +00, then 
llaC, Drs» + Vw, Dlls > oo as t 7 Tmax. (3.3.4) 
In this subsection, we are going to establish an iteration step to develop the main 
ingredient of our result. Firstly, based on the ideas of Lemma 3.1 in Pang and Wang 


(2017) (see also Lemma 2.1 of Winkler (2010a)), we can derive the following prop- 
erties of solutions of (3.1.1). 


Lemma 3.9 Under the assumptions in Theorem 3.1, we derive that there exists a 
positive constant C such that the solution of (3.1.1) satisfies 


[unt | vont f |Vu(x, t)? < C forall t € (0, Tmax). 
Q Q Q 


Lemma 3.10 Let 


1 641, 86 —D ; 


A, = 
6+1° ô 2 


]P* ccs 


and H (y) = y + Aiy ? for y > 0. For any fixed 8 > 1, C7, x, C511 > 0, 


$=) 


2 
min H(y) = Y (CC nr. 
y>0 2 


Proof Itis easy to verify that H'(y) = 1 — A18y ?-! and H'((A18)7) = 0. On the 
other hand, lim,.,9- H (y) = +00 and lim,., 54 H (y) = +00. Hence, we have 


i. 86 = 1x? ES 
min H(y) = H[(418) 9] 9— Cas 
y> 

whereby the proof is completed. 
pu p(p—V) 


2 
Lemma 3.11 Let h(p) := X (C1Cp11)7™ — (p — DEnp, where 


p=1,&,x.n, p, u, C7 and C p41 are positive constants. Then there exists a positive 
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constant po > 1 such that 
h(po) 7 0. (3.3.5) 


Proof Since h(1) = 5 > 0, from the continuity of h it follows that for each u > 0, 
there is some po > 1 such that (3.3.5) holds. 


According to the local existence results in Lemma 3.8, for any fixed s € (0, Tmax), 
it yields (u(-, s), v6, s), w(,5)) € (C?(€2))?. Therefore, without loss of generality, 
we can assume that there exists a constant 6 > 0 such that 


luola S B. lvolleso) € 8 and |Iwolles(o, < B. (3.3.6) 


Lemma 3.12 Let u, x, and & be the positive constants. Assume that (a, v, w) 
is a solution of (3.3.2) on (0, Tmax). Then there exists a positive constant C = 
C(po, |2|, u, x. E, n. B) such that 


/ a(x, t)dx € C forall t € (0, Tmax), (3.3.7) 
Q 


where po > 1 is the same as in Lemma 3.11. 


Proof By using (3.3.2) and integration by parts, we get 


d 
= eaP (pen f ei" qP? 
dt Jo Q 


=] "aP . {—vw + qw(1 — a” — w)} 
Q 


+ po f ei" qP-1, (go 5wy . (oh Va) — ye?” - (ebay) 
2 
atv + a(n — Epi) — ae — w))-+(po-+1) f ean 
— — po(po — 1) f ea Val? + polpo — Dx [ arya. vy O39) 
2 
+ (po — DE i. Ya uw 


+f e*"qP((pg + 1) + (po — DEnw(w — 1) + pow(1 — w)) 
Q 


+ f e aP (py — D£mnw — pou] 
2 


im Ji + Jo + J + 444+ Js forall t € (0, Trax). 


Now, in light of (3.3.3), (3.3.4) and the Young inequality, we derive that 
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=. 
= 


=P0 
J za f eg" qpot ; (s . Po + J [ipi pee f ef HU po) Pot! 
Q r 2 


PO 
-po 
za f e qpot e + 2) [Cpo — perot! f pPotl (3.3.9) 
Q poc PO Q 


=. 
= 


Ja [po + 1) + (Qo — DEno? + ponl Í ef qPO 


«(po + DU inp! eu] f vano (3.3.10) 


1 e2(po + 1)\~?0 
zn f pou ( 2 ? (po + DPo*![1 + Eno? + u]Po* 119] 
Q poc! PO 


as well as 


pa j) eai Cpo — D£np — po] forall t € (0, Tmax) 
2 


and 
=i —1 
n f eran tivap + Pe f ei" gP yp? 
Q Q 
«o» f ear al +o | e qPot! 
2 Q Q 
_ +1 
1 faapo + DY "[ polpo- 1). ,]^ (= pow yy (s 
poc 1 po 2 i s 
Q 
(3.3.11) 
< Po(po 7 > | ean? al +o | gv qro+! 
2 Q Q 
1 Ao(po + DV P F po(po - D ,]^* 2(po+1) 
——— x IVv| 
poc 1 Po 2 Q 


with any small positive constants £1, €2 and Ao. 
Inserting (3.3.9)-(3.3.11) into (3.3.8), we derive that 


d 
dt Jo 


+ (p+ | evans f eS" gPT ny — £1 — £2 — Ao — (po — Eno] 
2 2 


1 mut + D -pop PolPo — 1) 2o! Vy|2r0tD 
< x IVv| 
poc1 Po 2 Q 
-FCi(&1, €2) forall t € (0, Tmax), 


ei q Po 


(3.3.12) 
where 
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1] e2(pot+ 1) 


Ci(&1,82) :— ( ) P (p, + DPT + Enp? + u]"*!|9| 
pol Po 
1 1 
ee ge per f dd 
pot! Po Q 


(3.3.13) 
Next, from Lemma 3.9, n — 2 and the Gagliardo-Nirenberg inequality, it follows 
that 


vC, tllo) € Co forall t € (0, Tmax). (3.3.14) 
This along with (3.3.13) follows 


Ci(£1, £2) <C3(E1, £2) 


pot 1 


= (£5 x ) "(po + DHH + Eno? + u]^*! |] 


———) (pp — HE", 


Po+ 1 
x 
po 


From this and (3.3.12), we also obtain 


d 
F) ean + (m1) | eë qP? 
dt Jo Q 


+ f ear poy £1 — £j — ào — (po — D£np] 
Q 


1 mr + D -p PolPo — 1n) 2]poet Vy D 
< x IVv| I 
po+ 1 Po 2 R 


F C3 (E1, £2) for all t € (0, Tax): 


Then for any t € (0, Tmax), by means of the variation-of-constants representation for 
the above inequality, we can estimate 


[te t) + [pou — £1 — £2 — Ao — (po — Démo] 


f f; —(-1)—5) g26w o pol 


<f its: 1 Qoo + Dy poy PolPo — 1) xp (3.3.15) 
Q po+1 Po 2 


[fe (PDE) |y y [Po D 


+ C3(€1, €2) forall t € (0, Tmax). 


Next, according to the Gagliardo—Nirenberg inequality, (3.3.14) and Lemma 3.9, we 
can choose C4 and C3 such that 
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2(po+1) potl potl 
II VC. SI 20, 0(9; xCal||vC, s)he men IC Masa) 


(3.3.16) 
<C5llv(-, 5)l y for all t € (0, Tmax). 


W2-P0+!(Q) 


Therefore, with the help of (3.3.16), applying (3.2.2) of Lemma 3.2 with y = po + 1, 
we obtain 


1 ero + D -pop Po(po — gym f f e7 Poz DG-9) |y yo 
Po+ 1 Po 2 Q 


l  Ao(po-c D, ,,Po(po— D a5 4 eddie 
Etc. ES es f g e DU Dp. PL 
1  ,Ao(po-c 0D.., Pm — D us 
Eu ae 8 x Jo GO 
f iz —(po-1)(t-s) uP + Ce 
1 À 1 1 
= m S Dye Poo — D aH ese, 18 OD (33.17) 
~ po 
f f; —(po—1)(t—s) gv gro HS Cg 
1 m. +1) po(po — 1) 
~ p+! M PPC Cott 
f f; —(po—-1)(1—s) egre 4 Ce 
for all t € (0, Tmax), where 
1  ,Ao(po-c D... Po(po — 1) 
gi cci E E I PU CSC pri lO ll aes 


and 
C; = Cze PD, 


Substituting (3.3.17) into (3.3.15), we derive 


[ e. t) + [pou — £1 — £2 — Ao — (po — Dép] 


f f; —(po—1)(t—s) ea Potl 


1 (Lolo D). -mp PolPo 7 1) , 
SUM Po 2 


t 
f / e PDUs) 5v ape! + Cy(e,, 65) forall t € (0, Tnax), 
0 JR 


(3.3.18) 


xp» C; C pi 
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where Csg(£1, £2) :— C3(€1, €2) + Co. Choosing Ao = (Ai po) > in (3.3.18) and 
using Lemma 3.10, we derive 


»o(po — Dx? a 
Po X (CIC p41) OTT — (p — DEI 


Í, eS qPO(.. t) + [pou — £1 — £2 
ff eg (P0- Dts) 626 w | pot! (3.3.19) 
0 JQ 
<Cg(e1, £2) forall t € (0, Tmax). 


Now, for the above positive constants jz, x, and n, due to Lemma 3.11, it has 


(po — Dx? ES 
ou — PERPE (604, 4)8 — (po — D&no > BE > 0, 


thus one can choose £; and £2 appropriately small (e.g., «j = £2 = ^^) such that 


Po(Po — Dx 


2 1 
0 < £1 +82 < pow — 2 (C7 C p, 1) t — (po — Dénp. (3.3.20) 


Collecting (3.3.19) and (3.3.20), we derive that there exists a positive constant Co 
such that 


f uP (x, t)dx < Co forall t € (0, Tmax). 
Q 
The proof of Lemma 3.12 is completed. 


Lemma 3.13 Assume the hypothesis of Lemma 3.12 holds. Then for all p > 1, there 
exists a positive constant C = C(p, |2|, u, x, E, n, P) such that i a?(x,t)dx < 
C forall t € (0, Tmax). 


Proof Firstly, from Lemma 3.12 (see (3.3.7)) and (3.3.1), there exists a positive 
constant C; such that 


/ u(x, t)dx < C, forall t € (0, Tnax), (3.3.21) 
R 


where po > 1 is the same as that in Lemma 3.11. Next, we fix q < 


EE and choose 


some a > 1 such that 


2 
1 2Po 
q< < : (3.3.22) 
moet ge) 2- pot 
Now, involving the variation-of-constants formula for v, we have 

t 

v(t) = e ^*D yy + f e 6 3*D,(sds, t € (0, Tmax). (3.3.23) 
0 
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Hence, it follows from (3.3.6), (3.3.21)-(3.3.23) that 
ICA + DVO ll zs co) 
<c Í = TEET De fs) usd + cet volo 
00 


+ 
-a-$(L-1) kg -a++ 
<C oiT e dg + Cat 9*5. forall t € (0, Tnax), 
0 


(3.3.24) 
where c > 0 is given by Lemma 3.1. Hence, in light of Lemmas 3.1 and 3.8, due to 
(3.3.22) and (3.3.24), we have 


2 po 


1, ————— 3.3.25 
= py ( 


/ [Vv(t)|4 x C4 forall t € (0, Tnax) and q € [ 
Q 


with some positive constant C4. Now, due to the Sobolev embedding theorems and 
N — 2, we conclude that 


vC. Drs(o) € Cs forall t € (0, Tmax). (3.3.26) 


Applying the Young inequality, one obtains from (3.3.3), (3.3.2) and (3.3.26) that 
for any p > max{2, po — 1} 


1 
=| eva? + pip - f ear" waf + pu | e2fwgPt! 
dt Jo Q 6 
=o -Dx f éva?—lva- vot (p - ne | EYaP vw 
M Q 


+ f, eS aP((p 4-1) + (p — Dégw(w — 1) + pu(1 — w)} 


F Í ef gPtl — Enw (3.3.27) 
R 


—1 —1 
QU ) Í ae Va]? + pp- n ef es" aPIvu? + (p— bef EYaP vw 
2 Q 2 Q Q 


+ [enano 1) + (p - Dégw(w — D + pul — w)} 
«f gv aPH ep — Enw 
R 


-1 —1 
UP Ji eU gP—21V a2 + pip nef é"ahivw? + c f gPtl 
2 Q 2 Q Q 


—1 —1 
<P? f eaP -2 Va]? 4 p(p hee f aP |V y? 
2 2 2 Q 


«cs a?t! forall t € (0, Tmax). 
R 


Next, with the help of the Gagliardo—Nirenberg inequality (see, e.g., Zheng (2015)), 
it yields that 
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20D 


1 T 
cf a^?! = Collab s 
Q (P (2) 


= (Il rile Q I 215 ; I : I ) oP 
xC; Va? a? + |a? 2p p 
2( ) "2 o 2) » ) 


<C3(IIVa? liho + 1) 


2(p—potl) 


pl + 1) 


=C,(|Va? n 2(Q) 


with some positive constants C7, Cg and 


p p 
Po p4l p+1-— po 

= = 0, 1). 
M1 3 54d (0, 1) 


Since, po > 1 yields po < 2po 30- py in light of the Hólder inequality and (3.3.25), 
we derive 


" i » 
x ou f a?\Vul2 «X “PP = D y, (J an) " (J me") i 
2 R 2 R2 R 


<Colla? I, m 
LPT) 


where Cy is a positive constant. Since po > 1 and p > po — 1, we have 


Po < P < 40, 

P^ e-1 
which together with the Gagliardo-Nirenberg inequality (see, e.g., Zheng (2015)) 
implies that 


Colla? W^, n «Cio(IVa? a?| 7? + Jai] 2 2 
oll Voss o 10(l| i i% 2¢qy lla? I n la? || S, 


2 Quo 
<Ci (Va? lo) "E 1) 
2(p-pot D) 


= Cu (|Va? 2973 T 1) 


with some positive constants C19, C1; and 


P os r: 


P 
pat eNi 
Po 


Moreover, an application of the Young inequality shows that 
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2 -1 
ce f art EP ee f a^|Vv? 
Q 2 Q 


— 1 
gree) Ji eia» Val? + C35. 
Q 


zd 
uU a? |Va|? + Cro (3.3.28) 
(2 


Inserting (3.3.28) into (3.3.27), we conclude that 


d -1 
sf evar + ref ear Va + pu | ea? < Cy. 
dt Q 4 R 2 


Therefore, integrating the above inequality with respect to t yields 
lat, Ðllzec2 € Cia forall p > 1 and t € (0, Tmax) 


for some positive constant C14. 


Remark 3.2 It only assumes that u > 0 which is different from that in Pang and 
Wang (2017). Indeed, by the technical lemma (see Lemma 3.10), one could conclude 
the boundedness of f g 2” (for some qo > 1),, and further in light of the variation- 
of-constants formula and L4-L? estimates for the heat semigroup, one may derive 
the boundedness of f o 4? (for any p > 1). 


Our main result on global existence and boundedness thereby becomes a straight- 
forward consequence of Lemma 3.8 and Lemma 3.13. 


The proof of Theorem 3.1: The proof of Theorem 3.1 consists of the following steps. 
Step 1. |a, £)|| r»(o): Firstly, in light of (3.3.3), due to Lemma 3.13, we derive 
that there exist positive constants po > 2 and C, such that 


lC. Dro) € Ci forall t € (0, Tmax). 


Next, since po > 2 and n = 2 yield to +oo = ;— P, therefore, by using Lemma 


(n—po)+ 
3.1 (see also Lemma 2.1 of Ishida et al. (2014)), "We ct conclude that 
Vv) € C2 forall t € (0, Tmax). (3.3.29) 


Applying the Young inequality, in light of (3.3.3) and the first equation of (3.3.2), 
one obtains from (3.3.29) that for any p > 4 
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d 
zl. va? + p(p — Df eva? val + | eS" qp 
2 


=: f EYaP . {—vw + nw(l — ae” — w)} 


+ ef, eEWaP—l . feb. (eM Va) — yo SV . (o ayyy 


a£vw +a(u — Enw)(1 — ae5" — w)} 4 »[ e$" qp 
Q 


i (3.3.30) 
PEL [| marta! + pip - DxC f ea? 
4 R Q 


-(p- DE Í EaP yw + iP eal ((p +1) + (p — D£gw(w — D + pu — w)} 


«f e vaPH [5 — Dew — pu] 
R 


-1 
JU eva? Hval? + Cap% f aPt! 41) forall t € (0, Tmax), 
2 £2 


where C3 > 0 and C4 > 0 are independent of p. Here and throughout the proof of 
Theorem 3.1, we shall denote by C; (i € N) the several positive constants independent 
of p. Therefore, (3.3.30) implies that 


d p 
a fear cs f vete. f eva? < cap] aP*1 1 1) forall t € (0, Tmax) 
RQR Q 


dt 
(3.3.31) 
Next, once more by means of the Gagliardo-Nirenberg inequality, we can estimate 


ae) 


2 1 
C4p f arr =Cy4p? lla? | Ape) 
Q L (2) 


WHD ¢ ne e) 2(p+1) 
<Cop? (Va? ll rot 202) * lla? ll rito) F lla? Il rito 
p+2 2(p+1) (3 3 32) 


= Cop” (IVa? l; «lla? ll rco) "E lla? lro) 
2(p+1) 
<C5||Va? Bacay + Crp alja? a + Cop? lla? lito 
2p 


<C5||Va? ll sce; + Cep? 2 la? liio 


where 


2p 
T MEE, 2 
lae 204D | Pt^ — 
1-242 ~ 2(p +1) 


Here, we have used the fact that I > 2. Therefore, inserting (3.3.32) into (3.3.31), 
we derive that 


d evar + f eX gP <Cyp™ 
2 Q 


J TET + Cap? 


` (3.3.33) 
p-à 


Ap. p 
<Cop? (maxtt, luf liio) 
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Now, choosing p; = 2/7? and letting M; = max{1, sup,<@,7) foa?) fo Te 
(0, Tmax) and i = 1,2,3,..., we then obtain from (3.3.33) that 


Jpi- pi. 


d 
— | eal +f ea” < Ciop; "MP (T), 
dt Jo Q 


which together with the comparison argument entails that there exists A > 1 inde- 
pendent of i such that 


M;(T) x max(4' Me? | (e | 2 | Ilaoll 2 (o. (3.3.34) 


Here, we use the fact that x; :— E < 4. Now, if A M? (T) < e*^|£2|laoll75. (o; 
for infinitely many i > 1, we get 


1 

"3 f éR llaol Foca) \ "7* m 
sup [amon s| Ama 
te(0,T) JQ À 


for such i, which entails that 


sup lal, Ðllzæ < llaol). (3.3.35) 
te(0,T) 


Otherwise, if A M? (T) > &*|C2||ao|[7«(g, for all sufficiently large i, then by 
(3.3.34), we derive that 


M;(T) x X Mj (T) for all sufficiently large i, (3.3.36) 
and thus (3.3.36) is still valid for alli > 1 upon enlarging A if necessary. That is, 
M;(T) € M? (T) foralli > 1. 


Therefore, based on a straightforward induction (see, e.g., Lemma 3.12 of Tao and 
Winkler (2014b)), we have 


Mj) <A +Ea0-Di MIC for all i > 1, (3.3.37) 
where xj = 2(1 + ep) satisfies €} = -< < Sp for all k > 1 with some Cj, > 0. 


Therefore, due to the fact that In(1 + x) < < x(x > 0), we derive 


Hi ok = 9it1-j 9 Xi; In(1+e;) 
<2i+l-j eX )8i 


<2} je forall i> 1 and j € (1,...,i], 


3.4 Global Boundedness of Solutions to a Chemotaxis ... 151 


which implies that 


Dat- biie Yi pH 


2i*2 = Qi+2 
e A G-D 
fe g 
jg. 
~ 8 


By the definition of p;, we easily deduce from (3.3.37) that 


Maik 


er i 
Dea GDM je 3eC11 «Cu 


l i — i Ber 
M, (T) At ^ we OMS < APAT Mo? , 


which after taking i — oo and T Z Tmax readily implies that 


cn £m 
lla. Ðl) <A My? forall t € (0, 5,44). (3.3.38) 


Step 2:| VwC, ¢)|lz5(@) Employing almost exactly the same arguments as that 
in the proof of Lemmas 3.5-3.6 in Pang and Wang (2017) (the minor necessary 
changes are left as an easy exercise to the reader), and taking advantage of (3.3.29) 
and (3.3.38), we conclude the estimate for any T < Tmax, 


Vw, Ollie) < C forallt € (0, T). 


Now, with the above estimate in hand, using (3.3.35) and (3.3.38), employing the 
extendibility criterion provided by Lemma 3.8, we may prove Theorem 3.1. 


Remark 3.3 If u > £r max(l|uo|lzs(o). 1} + 4 (x?, £) (see the proof of Lemma 
3.4 to Pang and Wang (2017)), one only needs to estimate Cp? f go 4" other than 
CpXf, apt 4 1). 


3.4 Global Boundedness of Solutions 
to a Chemotaxis-Haptotaxis Model with Tissue 
Remodeling 


3.4.1 A Convenient Extensibility Criterion 


For the convenience in some parts of our subsequent analysis, we introduce the 
variable transformation Tao and Wang (2009, 2008); Tao and Winkler (2014b) 
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a — ue 5", 


upon which (3.1.1) takes the following form: 


a; = e "y . (p va) — eE" yy . (ob "avv) + Eavw 


Fap(r — a — w) — a£qw(1 — e$ a — w), xE2,t>O0, 
cv = Av — v + eq, xe€4Q,t»0, 
wr = —vw + qu(1 — w — e5"), x€E€2,t>O0, (3.4.1) 
da ðv ðw 
— = — = — =0, x€02,t 0, 
ðv ðv ðv 


a(x, 0) = ag(x) = ug(x)e ovo), ovolx, 0) 2ovg(x)  w(x,0)—wo(x) xEQ. 


We note that (3.1.1) and (3.4.1) are equivalent within the concept of classical solu- 
tions. 

The following result is concerned with the local existence and uniqueness of clas- 
sical solutions to the problem (3.4.1), along with a convenient extensibility criterion 
for such solutions. 


Lemma 3.14 Let x > 0,& —0, u >Oandr > 0, and suppose that uo, vo and wo 
satisfy (3.1.2) with some 9 € (0, 1). Then the problem (3.4.1) admits a unique clas- 
sical solution 


a € C'(Q x [0, Tmax)) N C^ (Q x (0, Tmax)) 
v € CR x [0, Tnax)) N c^ (2 x (0, Tnax)) (3.4.2) 
w € C?! (€ x [0, Tnax)) 


with a > 0,v > 0 and 0 € w x A :— max(l, ||wollrs(2)), where Tmax denotes the 
maximal existence time. In addition, if Tmax < +00, then 


lla C. tz + |Vw, Hll) — oo as t Z Tnax. (3.4.3) 


Proof Invoking well-established fixed point arguments and applying the standard 
parabolic regularity theory, one can readily verify the local existence and uniqueness 
of classical solutions, as well as the extensibility criterion (3.4.3) (see Pang and Wang 
(2017); Tao and Winkler (2014a, b) for instance). With the help of the maximum 
principle, we can also verify the asserted nonnegativity of the solutions. 


It should be pointed out that the extensibility criterion in (3.4.3) involves the L?- 
norm of |Vw|. Although the L?-norm of |Vw| is time-dependent, it is sufficient to 
enable us to apply standard parabolic regularity theory to the first equation of (3.4.1) 
in the two-dimensional setting (see Lemma 2.2 of Pang and Wang (2017) and Tao 
and Winkler (2014b) for instance). 

For the classical solution of (3.4.1), the following observation will be used fre- 
quently below. 
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Lemma 3.15 Let (a, v, w) be the classical solution of (3.4.1) in Q x [0, Tmax). 
Then for any p > 1, we have 


" M 1) w w 
a ee |: Va? |" + (pu — (p - Endy f are € 
-1 
.ero-n f nor Df ei" g?y 
2 2 2 


+ (apr + &pA (p — D f "a? 
2 


(3.4.4) 
with A = max(1, ||wollz~(ay}- 


Proof Testing the first equation in (3.4.1) by a?~! with p > 1 and integrating by 
parts yields 


= givapra PM Ap —. iv|yg s? + (pu -— (p - Endy f artie 2E 


xxp(p-— ud mos vf vary 
Q Q 


+ (upr + £pA? (p — 1) / eval. 
° (3.4.5) 


Here, we note that 0 < w < A in 2 x [0, Tmax). By the Young inequality, we esti- 
mate 


xr - » | ea"! Va Vv 

R 
—1 2 —1 

Ju var vag 108 — f ea? |\Vup. 
2 Jo 2 2 


This together with (3.4.5) proves (3.4.4). 


3.4.2 Global Existence in Two-Dimensional Domains 


According to Lemma 2.6, the key step in the proof of Theorem 3.2 is to estab- 
lish a priori estimates of ||a(-, t)||z=(2) and ||Vw(-, t)l|zs(2)- As pointed out in Tao 
and Winkler (2014b), one essential analytic difficulty stems from the fact that the 
chemotaxis and haptotaxis terms in the first equation in (3.1.1) require different 
L?-estimate techniques, since ECM density satisfies an ordinary differential equa- 
tion (ODE) whereas MDE concentration satisfies a parabolic equation (PDE). This 
part establishes the crucial a priori estimates of solutions via identifying a certain 
dissipative property of the functionals f. P e5"a? and f. S e*"alna with a = e-5"uy., 
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1. The Case of o = 1 

According to the above local existence result, (u(-, s), v, 5), WG, 5)) € (CR) 
for any s € (0, Tmax). Hence without loss of generality, we may assume that there 
exists a constant C > 0 such that 


litollcz ca + lIvollezca, + Iwolleaay < C. (3.4.6) 


From now on, (u, v, w) is the unique maximal solution provided by Lemma 3.14. 
In order to avoid regularity problems, we assume in the rest of this section that 
the initial data satisfies (3.1.2). Some basic but important properties of solutions of 
(3.1.1) are summarized in the next lemmas. 


Lemma 3.16 Let (u, v, w) be the classical solution of (3.1.1) with o = 1. Then we 
have 
(i) ||uC, Dina < < mo := max{r|2], ||uolz:o)) forall t € (0, Tmax); 


2m 
af lu C. $irsoydss «m :— r°|2| + £ for any 0 < x x min(1, =} 
t H 


and all te 
(0, Tax T T) 
(iii) |vC, Dio) € Mo := maxtmo, ||volp(o)) for all t € (0, Tmax); 


| rA 
(iv) I VvC, DITS < m := 


2 
mo + ll V voll?: (o for all t € (0, Tmax); 


t+t 
(v) lAvC, 5)llz2(9ds < m3 := ma + miforanyO < x < min(1, Z=} and 


t 
all t € (0, Tnax — T). 


Proof (i) Integrating the first equation in (3.1.1) with respect to x € £2 yields 
d 2 
— | u&,t)<ru f ut) —& | u(x,t), (3.4.7) 
dt Jo 2 2 
since w > 0 by Lemma 3.14. Moreover, by 2uru < uu? + ur?, we get 
d 2 
d u(x,t)--ru u(x,t) < ur |2|, 
dt Jo Q 


which implies that ||u(-, Ð) llr) x max{r|2|, ||Wollz1a)}- 
(ii) By (3.4.7) and the Cauchy-Schwartz inequality, we also have 


d n 2 ur? 
= „t = ,t) € — |2|. 3.4.8 
5 fuant f wen ig] (3.4.8) 


Then we integrate (3.4.8) over (t, t + 1) to get 


t+t 2 
al i iis ep s f its): 
2 t (2 2 (2 
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which along with (1) yields (ii) of the lemma. 
(iii) Integrating the second equation in (3.1.1) with respect to x € 2 yields 


sf vedt f v(x, t) a| u(x, t) < sup | u(x, t). 
dt Jo Q Q i20 JQ 


So (iii) follows from the nonnegativity of v and (i). 
(iv) Multiplying the second equation in (3.1.1) by — Av and integrating over 2, 


we find id 
xj Ive. nf f ave. n f IVv(x, t)? 
2 dt Q R Q 
= -Í uAv 
Q 
<5 [ia oP«z | 1, 1) 
= v(x, u^ (x, 
T72 2s 
and thus 


zl Ive. nf f lave. n f Ive. n! s f u^(x,t). (8.4.9) 
dt Q R 2 2 


Combining (3.4.9) with (3.4.7), we can obtain 


sf (u(x,t) + ud V vGr, DI) «f (u(x, t) + ud V vGr, D) 
dt Jo Q 


<(ru + Df u(x, t) (3.4.10) 
42 


<(ru + Dmo, 


which, together with the Gronwall lemma, yields 
n | I(x DÈ < u + Do Flo 
2 


and hence (iv) holds. 
(v) In view of (3.4.9), we have 


tT tT 
[| eniin s f vva of [Mae nies. 
t t 


So (v) follows from (ii) and (iv). 


Lemma 3.17 Let (a, v, w) bea classical solution of (3.4.1) witho = 1 in (0, Tmax). 
Then there exists some C > Q such that 


lat, ro < C (3.4.11) 
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is valid for all t € (0, Tmax). 


Proof Applying Lemma 3.15 with p = 2, one can find kı (A) > O such that 
— Jara? + f "Val? + (Qu — ena) | eta? 
dt Jo 2 2 
ze f Ea? | Vv]? +k (A) 1 eva? + na [ e5"q?y, 
Q Q Q 
Therefore, by means of the Young inequality, we can get 


d 
— eaa f evap f "a? 
dt Jo Q Q 


2 2 3 3 
&k»|allr (oll Vvllz4(9; T kollallrs(o; F kjlvlls(o; F ka, 


(3.4.12) 


where kz > 0 is the constant only depending upon A, £, n, x. 
On applying Lemma 3.3 with n = 2, we have 


2 2 
lla ra as kzl Val] r2 (o)lallzzco T ksllallz2 Q 
(2) (2) 


and 
2 2 
I Vvllz4oy € ksllAvilzs co) IV vll zoo) + Kall Vvllz2(o;. 


which along with Lemma 3.16 (iv), implies that IV vll. (oy < kal Av|r2(o) + Ka. 


Hence, combining above inequalities and by the Young inequality, we have 


1 
FallaliallVellacay S z lIVallisqo, + kslalizo C + Avlo) (8-413) 


Therefore, inserting (3.4.13) into (3.4.12), and noting the fact || v|| z2) < |lvllwi2ca) < 
ke by Lemma 3.16 (iv) (iii), we can conclude that 


d 1 
di | és es | vatt f ea 


(3.4.14) 
Shai coy feta? + kr fa? +e. 
Q 2 


Now applying Lemma 3.3 and the Young inequality, we have 


6 
Con Jalli 
e2 L?(Q) 


2 3 
lla liso = lallz3¢a) = 


€ 


for any £ > 0, which after inserting into (3.4.14) and taking £ = A says that 
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d 
Efe Ew a? + ky f a < elavlisg, | e Ew a? + k + kegllall4, xa 
Q 


with ks = 16k2C6. + kze5^. 


In view of a? > la? — E for any € > 0, we can obtain 


E iva za. : f ei"g? 
ET (3.4.15) 


s(MAvlisg + lali o) f e Pe eb + SI 


Tuas ax 


Now, let t = min{1, } and e = Then (3.4.15) implies that writ- 


T 
pasate a 
m 


ing a(t) := 4, b(t) := kav aco + ksllalizacq) and c(t) := ky + S121, func- 
tion y(t) :— 2 e5" a? satisfies 


y (t) + a(t)y(t) x b(t) y@) + cC). (3.4.16) 


Hence, the application of Lemma 3.5 to (3.4.16) with bj = k7m3 + kgm;, kı = kı + 


2 ^| and p = 1 yields 


ky "S 


Í eva <C:= e^ e^ lagl[7: (5 + IE Reb, 
T = 


Now we turn to estimate ||a(-, £)|rsoy. Applying the Young inequality, one 
obtains from (3.4.4) that 


i eU 4 7 J e5" a|Va|? + [ene 
dt Q 


| &eIvuP e S6nA -m f rats 26a f eau + agna? f P (3.4.17) 
2 Q Q 2 


see | Ya Vv]? +ko( sup lv. DIL) + Df e) + ky | eS" a. 
Q Q 2 


0<t<Tmax 


On the other hand, by f o a? < C and Lemma 3.6, one can find some constant kj) > 0 
such that ||vC, Hll) < kio and ||Vu(-, t)]rsio) < kio for all £ < Tmax. Hence, 
(3.4.17) shows that there exists kj; > 0 such that 


d 2 3 
=f Eld +T | wira f e Ew gq? <k f at + kir. (3.4.18) 
dt 3 Q n 2 


By means of the Gagliardo—Nirenberg inequality, we have 


4 H : TREE NM 
a = |a? x 2C? Va? ||? a2| 2C? |a? ||? 
lalio = la? hy o 2C ilvai Mrs la 2C Ha, o 
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Therefore by (3.4.18), ||a(-, t)||r:(9) < C and the Young inequality, one can arrive 
at 


d 
—] Ea? +f eva < ky. 
Q Q 


Finally, (3.4.11) follows from the Gronwall inequality. 


On applying Lemma 3.6, the following result is an immediate consequence of 
0 < w(x,t) < A and Lemma 3.17. 


Lemma 3.18 Under the same assumptions as in Theorem 3.2, there exists C > 0 
such that the classical solution (u, v, w) of (3.1.1) satisfies 


vC. D]wis(g € C forall t € (0, Tmax). (3.4.19) 


Note that || VvC., £)||r»(o) is bounded by (3.4.19). However, || VwC., t)llrs(o) 
might become unbounded. Therefore, Lemma A.1 of Tao and Winkler (20122) 
as the result of the well-known Moser-Alikakos iteration Alikakos (1979) can- 
not be directly applied to the first equation in (3.1.1) to get the boundedness of 
lu C. tro co. At this position, arguing as in Lemma 3.6 of Pang and Wang (2017), 
Lemma 4.2 of Tao (2011) or Lemma 3.5 of Tao and Winkler (2014b), we can establish 
the following estimates. 


Lemma 3.19 Under the assumptions of Theorem 3.2, there exists C > 0 such that 
the classical solution (u, v, w) of (3.1.1) satisfies 


lut, lle <C forall t € (0, Tmax). (3.4.20) 


Lemma 3.20 Under the assumptions of Theorem 3.2, for all T > 0 there exists 
C(T) > 0 such that the classical solution (u, v, w) of (3.1.1) satisfies 


Vw, Olina) x C(T) forall t € (0, min(T, Tmax}). (3.4.21) 


We are now in the position to prove Theorem 3.2 in the case o = 1. 


Proof of Theorem 3.2 in the case of o = 1. By a rather standard argument, 
we can show the global existence of classical solutions to (3.1.1) with o — 1, 
Le. Tmax = +00. In view of Lemma 3.18, ||a(-, t)||r»(o) is bounded uniformly 
with respect to t € (0, Tmax). Combining this with Lemma 3.20, we can obtain 
Vw, Hll € C(Tnax) forallt € (0, Tmax). Hence, the statement of global exis- 
tence and boundedness of classical solutions to (3.1.1) is a straightforward conse- 
quence of Lemma 3.14. Now by retracing the proof of Lemma 3.17, one can find that 
t = 1l, and thereby there exists a constant C > 0 which is time-independent such 
that ||a(-, £)||rs(o) < C for allt > 0. Therefore, ||a(-, t)||z~(2) < C for some C > 0 
and all t > 0. 
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2. The Case of o — 0 
Now we turn to proving Theorem 3.2 in the case o. = 0. 


Lemma 3.21 Let (u, v, w) be the classical solution of (3.1.1) with o = 0. Then we 
have 
(i) lu, tpi € mo forall t € (0, Tmax); 
t4 


(ii) lu, s)Ilz2@q)48 <m for any 0 < x < min(1, Z=} and all t € 
t 
(0, Tax mn T) 
(iii) I vC. Dp <mo for all t € (0, Trax); 
t+T 
(iv) IVC, s)» ds X mi for any 0 « x < min(1, I: and all t € 
t 
(0, Tmax a T); 
t+T 
(v) lAvC. s)Ilz2qq)ds € mi. for any 0 « x < min(1, 2] and all t € 
t 
(0, Tax m T). 


Proof We note that we only need to show (iii), (iv) and (v) here. Integrating the 
elliptic equation in (3.1.1) with respect to x € 2 yields 


f e »-f u(x, t), (3.4.22) 
Q Q 


so (iii) is the consequence of (1). 
Testing the equation for v in (3.1.1) by — Av and integrating over £2, we can see 
that 


1 1 
[i ave oP  [ Ivo. nt = - f uA^v < 3) ave oP +5 f u(x, t) 
Q Q Q 2 Jo 2 Jo 


and thus fo |Av(x, D]? + fo |Vu(x, DI? < fo u(x,t). Hence (iv) and (v) follow 
from (ii). 


As pointed out in Tao and Winkler (2014b), with the help of a well-known reg- 
ularity result on semilinear second-order elliptic equations, one can only infer that 
Vu, t) lla) € C for any 1 < q < 2 and all t € (0, Tmax) from Lemma 3.21 (i) 
and the second equation in (3.1.1) with o = 0, hence in order to allow for the choice 
q — 2, some additional efforts are needed. It should be remarked that for (3.1.1) 
with o = 1, ||Vu(-, t)lr:(9) € C can be obtained directly (see Lemma 3.16 (iv)). 
It is observed in Tao and Winkler (2014b) that a key step toward this is to estimate 
To u(-,t)lnu(-,t) (see (3.16) of Tao and Winkler (2014b)). However, the estimate 
of the latter involves the compensation of the term f go Vu- Vw, which makes the 
bound of f go uC, £) Inu, t) to be time-dependent. Here, we make use of Lemmas 
3.5 and 3.21 to derive the global boundedness of [m uC,t)lInu(., t). 


Lemma 3.22 There exists some C > 0 such that for any (uo, wo) fulfilling (3.1.2), 
the corresponding classical solution (u, v, w) of (3.1.1) with o = O satisfies 
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ri u(.,t) Inu, t) x C forall t € (0, Tmax). 
Q 


Proof From the first equation in (3.4.1), it follows 


(ae5"), = V - (5" Va) — x V - (&"aVv) + wae (r — w — aef") 


and thus 


d Val? 
zl eamat | gu Val’ | 3 a?e*" Ina 
dt Jo Q a P 
Va|? 
= f eo, ina f a f enm eu a?e5" Ina 
Q Q Q a Q 


=x f eva: vu | aé™ [u(r — w — ae*") — Enw(1 — w — aef”)] 
Q Q 
(3.4.23) 


+f ae’ [ulna(r — w) + Evw] 
Q 


1 V 2 2 
< er a| ak f ave +2 f PP na + k; 
2 R a 2 R 4 R 


for some kı > 0 t (0, Tmax). Here, we may use the facts that 0 < w < A := 
max{||woll, 1}, a? < sa? Ina Fer, alna < sa? Ina — £7! Ine and a < ea? lna + 
2e? for any e € (0, 1). 

By Young's inequality and applying a? < ea? Ina + e: again, we have 


2 
zf "a| Vv]? < ef IVv|^ + Ef aes" Ina + kj (e). (3.4.24) 
2 2 2 4 2 
Along with aef” Ina < a*e" Ina + €Ae*4, combining (3.4.24) with (3.4.23) 


gives 
d 1 Val? 
— | é"alna4 [ew al +A [ ac" na 
dt Q 2 Q a 2 Q 


<e f ivt +h + hee) + 44 


(3.4.25) 
g^. 


which along with the Gagliardo-Nirenberg interpolation inequality 


2 2 2. 
IV vllo < < Chas 2. lvli F II Vvllz2 (9) IV vllo 


and Lemma 3.7 entails 
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d 1 Val? 
— | é"alna-^ few al + zf e*"alna 
dt RQR 2 R a 2 Q 


<eC 9 54 ll AvlI22(9; + Yulo) I Vvllz2(9 + BO) 


<eCh a 21 (Avlo + Vule) f uInu + f) + se). 
R 


Therefore, by the fact ulnu = e*"alna + a&we*" < 2e5"a na + k4 for some 
k4 > 0, we have 


d 1 Val? 
d é*"alna +E IR) + pew a «ed "alna 4- e5^|9]) 
dt Jo 2 Jo a 2 Jo 


<2eCh » 24 l Avll Zap; + IVa | e*"alna -- o|Q2|k4 + B) + ks(e) 
2 


<eko(\| Aull) + Ivi sf. talna + é^|gp 
+ k(l Avizo) + IIVvll72(9)) + ks) 


for t € (0, Tmax). 

Now, we let the nonnegative functions a(t), b(t) and c(t) be defined by a(t) :— S 
b(t) = eks (ll Avlo) + Voll acy)» cO: Avis (gy + IVY) + ks). 
Then, we see that the nonnegative function 


y(t) =} e*"alna + e5^|92| 
Q 


satisfies y'(f) + a(t) y(t) < b(t)y(t) + c(t). With the help of Lemma 3.21 (iv) and 
(v), we can conclude that when fixing t :— min(l, Tuas] and taking € = Es: 
applying Lemma 3.5 with p = at yields f Q e*"a]na < C(t) with some constant 
C(t) > 0, which completes the proof of this lemma as 0 < w < A. 


Based on the above Llog L(X2) estimate of u, we have the following. 


Corollary 3.1 There exists some C > 0 such that for any (uo, wo) fulfilling (3.1.2), 
the corresponding classical solution (u, v, w) of (3.1.1) with o = 0 satisfies 


I vC. tO) wi2(o) <C for all t € (0, Tmax). 


Proof This follows from Lemma 3.21 (i), Lemmas 3.22 and 3.7 immediately. 


At this position, we can proceed as in the proof of Lemmas 3.2-3.5 or Lemmas 
3.10—3.12 of Tao and Winkler (2014b) to derive the a priori estimates below. It 
should be pointed out that the bounds of f. o 4 lna play an essential role in the proof 
of Lemma 3.11 in Tao and Winkler (2014b), while itis not necessary for our argument 
in the proof of Lemma 3.17 whenever ||v(., t) || w:2(2) is bounded. 
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Lemma 3.23 Let (u, v, w) be the classical solution of (3.1.1) with o = 0. Then 
there exists some C > 0 such that 


luc, Dre <C (3.4.26) 


is valid for all t € (0, Tmax). 


Proof of Theorem 3.2 in the case of o = 0. Since the proof is very similar to that 
of Theorem 3.2 in the case o = 1, we omit it here. 


3.4.3 Global Existence in Three-Dimensional Domains 


In this subsection, inspired by Lankeit (2015); Winkler (2011b), we prove Theorem 
3.3. The main idea of the proof is to verify that the quantity f, Q a^ (t) + f. B |Vu(t)|4 
satisfies an autonomous ordinary differential inequality, and then the comparison 
argument can be applied to the corresponding ordinary differential equation when 
r > Oand the initial data are suitably small. 


Lemma 3.24 Let (a, v, w) be the classical solution of problem (3.4.1) in Q x 
[0, Tnax). Then 


d 
23! wot f vivo +4 f Ivut «7f e 2wa? Vu]. (3.4.27) 
dt Jo Q Q 


Proof We refer the interested reader to Lemma 3.2 of Tao and Winkler (2015b), 
(24)-(26) in Viglialoro (2017), and Lemma 4.6 in Lankeit (2015) for the proof. 


Proof of Theorem 3.3 in the case of o — 1. By Lemma 3.15, we have 


d 
— | ea’ +f eê” |Va]? + Qu — end) [ a age 


dt Jo 


<x fe Ewa? Vo]? +64 f ef" a? v+ Qur $n) [ e Eva 
R 


Furthermore, the Young inequality entails that there is a constant k; > 0 depending 
upon £, x, 7 and A only such that 


d 
ERA e" ef eval + f Eta? 
dt Q 
" ema f Ivo f Pers a 
Q Q Q Q 


which along with Lemmas 3.4 and 3.16 implies that 
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d 1 
al feats = f emva f eig? 
dt Jo 2 Jo Q 
3 3 
<k (/ és) +f wore f veru f atka (/ a) 
2 Q 2 2 2 
£v 2 ? 6 i $ 3 
<k Tx a F ms + KI V vll pcg) + Ml rica vlr io, 
3 
eru f aeio(f a) 
2 2 
3 3 6 12 7 
«ko (J eva?) +f Vul iig (m3 rig) +u f a + k(A) (/ a) l 
2 2 2 


Q 
(3.4.28) 
On the other hand, from Lemmas 3.24 and 3.4, it follows that 


d 

Sf vot f vivu +4 f Vol! 

dt Jo Q Q 
<f erra f Vols 

Q 2 

1 3 

<f etz] IVIVw?? + k6(A) (d Ivo e cf vut). 

Q 2 RQ 2 


and thus d í 
— | [Voit +- | ivive? a f mr 
5], ots fi [Vor + a v| 
< f + kA) (d Ivo? «cf Ivory!) 
(2 R R 
Combining (3.4.29) with (3.4.28) and using Lemma 3.4 again, we can see 
d 1 1 
sd ee a f wold +5 f evaz f vivet + f ei" a? 
dt Jo Q 2 Jo 2 Jo Q 
«al IVv|^ 
2 
3 3 
<f atf IVvl|É + ko (/ 2) + kg(A) (d Ivo? e cf. vus) 
R 2 (2 2 2 
3 6 12 
koi en] sg) nh f ats] oy 
2 2 
1 1 à 
al eiat a: f |V| Vv]? + k7 (/ éva) 
4 2 4 2 2 
+ kg(A) (d Ivo? «cf vus) 
2 2 


3 6 2 
+ kati (m3 rig) nu f a+ oaf ay. 
R 2 


(3.4.29) 


(3.4.30) 
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Finally, by the Young inequality, we obtain that 
BAS wort! x2 f Wot tko wort. 
R Q Q 


Hence, applying Lemma 3.16, (3.4.30) shows that y(t) := fo "a? + fo |Vw^, 
t > 0, satisfies 


3.6 m 
y (t) - YA) Ski (Ay) + karüg (m3. + rig? ) Pu f ac. tf. ac o? 


3 6 12 
<k (Ay? (0) + kag (m3 + rig ) +r? umo + ko(A)ng 


for some kj, (A) > 0. 
Now we can conclude that there is a positive constant ro such that function 


5 $ A . 
(c) := —¢ + ku (A)? + karig (m3 + rig ) + r^ymo + ke(A)mg, c 0, attains 
its minimum at c9 = (gta)? , and (co) < 0 when r < ro, and |[uo||r:(o) and 
|| voll wi 29) are unaD small. In fact, it is observed that © (ço) < O provided that 


m (mj T rig 5) +r? mo + ko(A)m < 20 . To this end, taking 


1 sj 
ro = mint, o Qr agi it + 0 2e + ES } 


and by continuity of the expressions mo, m2 and mo, one can verify that AE ima: 


ma Sys ? umo ks ( Am) <7 is indeed valid if r «ro, and ||uo|| (9) and || voll w12(@) 


are suitably small. The comparison principle for ordinary differential equations 
y'(t) < G(y(»)) therefore shows by means of comparison with y = co that y(t) < co 
for all t > 0 when y(0) < co, which can be satisfied whenever ||uol|r2(o) and 
l| vollw:4(o) are sufficiently small. 

The next step is to obtain a bound for a with respect to the norm in L (2) by a 
bootstrap procedure, on the basis of the bounds on ||a|| r2(o; and ||v|| ica). 

By Lemma 3.15 with p — 3, we get 


d 4 
iud ead +5 | vival? e 3q4— end) f aes 
dt Jo 3 Jo 


EE as |V u]? +26A f e x av Gur +2694 | Era’. 
2 


Moreover, due to W'*((2) — L®(Q) and applying Lemma 3.3, we have 
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d 
— easa f wall? a. f eng? 
dt Jo Q Q 


se^ | eive + f a^ + kp(A) 
Q Q 


seen] ad Ivi + f af dst) 

Q 2 2 

«kis (A) (d vali (f TRESI) eq IVv|5? 
(2 2 Q 2 


«d vabi acf a?)? + ky (A) 
2 2 Q 


1 3 
<; | |Va2|? + kj4(A), 
2 Jo 


which implies that f Q e5"q? < C forsome C > 0. At this position, similarly as in the 
proof of Theorem 3.2, one can derive ||a(-, t)||r»(o) < C and [vC D llw) € C 
for some time-independent constant C > Oandallt > 0, and then | Vw(., £)|lrs(o) < 
C (T) for all t € (0, T), which along with Lemma 3.14 completes the proof of this 
theorem. 


Proof of Theorem 3.3 in the case of o = 0. Since the proof is similar to that of the 
case o = 1, we may confine ourselves to an outline, giving only details in places 
which are characteristic for the present setting. 

By Lemma 3.15 and Young's inequality, we have 


d 
Bu eaa f eva +2 f eta? 
dt Q R 2 


suu) f a+ [ vua f vera f a. 
2 2 2 2 


On the other hand, from Lemma 3.24, it follows that 


[iviverr +4 f Ivo <A) f v sn f a f IVvlf. 
(2 Q R Q 2 
(3.4.32) 


Combining (3.4.32) with (3.4.31) and applying Lemma 3.4, we can obtain 


(3.4.31) 
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s], Ewa? + + f ever e2 e pu +f |V|Vv]?]? +f IVv[ 
2 
siu f a +2 f wor f veru] a 
R 2 Q 2 
1 1 à 
zl eval +> f |V|Vul?|? + ks(A) (J ea?) + ket AVC ay 
2 2 2 R R R 
«ru | zz] ivory f vota f i 
R R R (2 
1 1 E 
<; | eva f IV|Vv]?]? + ks(A) (J 2 + ket AY ay 
2 2 2 2 R 2 
eru f aid Ivo? +2 f Iv +f v). 
R (2 R (2 


By the Gagliardo-Nirenberg inequality, 


(3.4.33) 


24 15 
x“ i 3 
lvls) < < Cus 2.1 IV vll rio, vll rio; F Kol vlr i (oy 


3 
= IV vl: (o; + kiollvll; (9. 


Hence from (3.4.33), it follows that 
d 
dt 


salf 5w 2) " ü -— [Vv tef v). 
Q 


(3.4.34) 
On the other hand, applying the standard elliptic regularity theory in the three- 
dimensional setting to the second equation in (3.4.1), we have 


4 4 4 
/ [Vol x lvl W222) < kulle*"al[7:(o; 
R 


for some k;; > 0, which combined with (3.4.34) and the Young inequality says that 


d 
Bum sg +2 f Eta? 
dt R R 


3 6 
«ise (f ewa?) +w o? «ru f «uf wa?) uy v? 
R R 2 R 2 


6 
<f eq? + ky3(A) (J eng) tax [ o? «ru f " 
R R RQ R 
(3.4.35) 


where we have used the fact f QUT f o !- Therefore along with Lemma 3.21 (i), 
(3.4.35) shows that y(t) :— fo e5"q?, t > 0, satisfies 
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YO + yO < kia (A) y 0) + Jas (AJ( f a) tru J a 
g Q 
< ki3(A)y°(t) + ki CA)mp + r^ umo. 


At this point, the proof can be completed by arguments similar to those for the case 
o —]. 


3.5 Asymptotic Behavior of Solutions 
to a Chemotaxis-Haptotaxis Model 


3.5.1 Global Boundedness 


In this part, we first recall the result on local existence and uniqueness of classical 
solutions to (3.1.4) as well as a convenient extensibility criterion, which follows from 
Theorem 3.1, Lemma 5.9 and Theorem 5.1 of Morales-Rodrigo and Tello (2014). 


Lemma 3.25 (Morales-Rodrigo and Tello (2014)) Let 2 C IR" bea smooth bounded 
domain. There exists Tmax € (0, co] such that the problem (3.1.4) possesses a unique 
classical solution satisfying (p, c, w) € (C(Q x [0, Tmax)) N C^! (Q2 x (0, Tmax))?. 
Moreover, for any s > n+ 2, 


EZ Tmax 


if Tmax < +00. 


From now on, let (p, c, w) be the local classical solution of (3.1.4) on (0, Tmax) 
provided by Lemma 3.25, and t := min(l, Tuas }. 
The following basic but important properties of the solution to (3.1.4) can be 


directly obtained via standard arguments. 


Lemma 3.26 (Morales-Rodrigo and Tello (2014)) There exists a positive constant 
C independent of time such that 


t 
Í pC, t) < C1 := max f po. 1421). [ gg p^ds x € for all t € (0, Tmax), (3.5.2) 
2 Q 0 Q 
t+T 1 
Í Í pizca i) forall t € (0, Tmax — 1), (3.5.3) 
t Q 


t 
c(t) < IIcollowaye Í [Ve]? «f [aver +|Ac|?) < € forall t € (0, Tmax), (3.5.4) 


0 < w(t) < max(liwollroe(gy. 1} for all t € (0, Tmax). (3.5.5) 
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As the proof of Theorem 3.4 in the one-dimensional case is similar to that for two 
dimensions, henceforth in this section, we shall focus on the case n — 2. 

First, we shall show that p remains bounded in £4 (12) for any finite q. We note 
that the L? (2 )-bound in Lemma 3.10 of Morales-Rodrigo and Tello (2014) depends 
on the time variable. 


Lemma 3.27 For anyr € (1, co), there exists a positive constant C (r, v) indepen- 
dent of t, such that | pC.t)]|| roy € C(r, x) for all t € (0, Tmax). 


Proof Letq := p(c + 1) *e ?". As in the proof of Lemma 3.10 in Morales-Rodrigo 
and Tello (2014), we infer that for any m = 1, 2,... there exist constants c(m) > 0 
depending upon m and C, > 0 such that 


— | (c+ iter" + f Vg P? (3.5.6) 
dt Jo Q 


«cn | act «n f a” + enf qa» c. 
RQ RQ 2 


Next, we use induction to show 


t+T 
f q^ +f / Ivq? |? < C(m). (3.5.7) 
R t 2 


Taking m — 1 in (3.5.6), we get 


tam Pet yer f IVa? (3.5.8) 
dt Jo a 


«cax f lac 1 f ah f e+ rem ec. 
2 Q Q 


which implies that for the functions 


yo = f q^(c-- 1)*e^" and ain) = cax f act 14 f g^ 
(2 RQ (2 


we have dy X a(t)y + Cı. On the other hand, for any given t > r, it follows from 


(3.5.2) that there exists some fo € [t — T, t] such that y(fo) < E + 1). Hence, by 
ODE comparison argument we get 


t t t 
y(t) < ylto)eh "9" 4. c, f el Wat gy < Cy, (3.5.9) 
to 


In this inequality, we have taken tọ = 0 if t < t and noticed that Si a(s)ds < C3 
for all £ < Tmax by Lemma 3.25. Combining (3.5.8) with (3.5.9), one can see that 
(3.5.7) is indeed valid for m — 1. 
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Now, suppose that (3.5.7) is valid for an integer m + 1 = k > 2, i.e., 


" t+T m 
i! q” «f f IVa? |? < C(k). (3.5.10) 
(2 t Q 


By the Gagliardo—Nirenberg inequality in two dimensions 
4 2 2 4 
lIzIl rao; < C3llVzllz2(o, zl: (o) + Ca4llzll r2 (o: 


and hence 


[à ze] vet [a eaf ey. (3.5.11) 
Q 2 Q 2 


Integrating (3.5.10) between ¢ and t + t, we have 


t--T » 
f f q” € C5(k), 
t 2 


which implies that for any t>T, there exists some tọ € [t — T, t| such that f 6 q” (to) < 
C6. At this point, let 


y(t) af q? (c+ 1)*e^" and bo =f act 1» f q”). 
(2 (2 R 


Then (3.5.6) can be rewritten as 


dy 


+ f ve P s bOy+ C 
Q 


By the argument above, one can obtain 


2 i 2-12 
q + IVq° | SC, 
2 t Q 


and thereby conclude that (3.5.7) is valid for all integers m > 1. The proof of Lemma 
3.27 is now complete in view of the boundedness of the weight (c + 1)%e?”. 


To establish a priori estimates of || p(-, t) | r«(2), we need some fundamental esti- 
mates for the solution of the following problem: 


c = Ac—cctf, xe€£Q,t»0, 


—=0, x€02,t>0, (3.5.12) 
c(x,0)=co(x), xE. 
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Lemma 3.28 (Li and Wang (2018, Lemma 2.2)) Let T > 0, r € (1,oo). Then for 

each cy € W?” (2) with ES — 0 on 022 and f € L'(0, T; L'(*2)), (3.5.12) has a 
v 

unique solution c € W'" (0, T; L'(2)) Y L'(0, T; W>" (2)) given by 


t 
c(t) = ee'^cg + f e 6796407524 f(s)ds, t e [0, T], 
0 


where e'^ is the semigroup generated by the Neumann Laplacian, and there is C, > 0 
such that 


t t 
f f e" |Ac(x, s)| dxds < au f e| f(x, s)|"dxds + C,||vollwz(o»- 
0 Ja 0 JQ 


Now applying these estimates to control the cross-diffusive flux appropriately, we 
can derive the boundedness of p in 2 x (0, Tmax). 


Lemma 3.29 There exists a constant C » 0 independent of t such that 
Ip C. t) ll ro (9) < C for allt € (0, Tmax). 


Proof We will only give a sketch of the proof, which is similar to that of Lemma 
c3.3-3.13 of Morales-Rodrigo and Tello (2014). For k > max{2, || pollz=(2)}, let 
qk = max{q — k, 0} and 2; (t) = {x € 2: q(x, t) > k}. Multiplying the equation 
of q by gx, we obtain 


d 
£f sec em en f Iva +2 f a «s q2(c + 1)*e^" 
dt Jo Q Q Q 


(3.5.13) 
zo f a «ek f a «ce | a Ci f «t + kalac 
2 R Q RQ 


for some C, > 0 independent of k. By the boundedness of q in L” (92) for any r > 1, 
the Gagliardo—Nirenberg inequality and Young inequality, we obtain 


1 
Cillarlliso = g lel en coy + C»|lgkll rio 
1 
Ciklail (o < lacie) + Cok? | gil rio. 


1 
c f qzAc| = = lal an oy "b Collgelli2ca)| Acl, ay 
2 


1 3 
cw f qlAcl < Mailen, + CPA + WACIBsco))12e12. 
R 
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Inserting the above estimates into (3.5.10), we have 
d 
X J qk (c + De" + I IVa. + l qi + Ji qi (c + D*e^" 
dt Jo Q Q Q 
«Claas gll Acl? + Cok? + NAcio Rl? + (Ci + 202 Malo 
1 3 
<Crllaelli2¢9) Il Acllz2¢o) F 2 lle lan oy + C4K*(1 sb Il Act s 9142: As 


On the other hand, according to the relation between distribution functions and L? 
integrals (see, e.g., (2.6) of Reyes and Vázquez (2006)), we can see that 


oo 
r rdi 
CED sigo = MORo 


Hence, taking into account Lemma 3.26, we get 


k oo 
1 
(k — DIRO <f s'5|9, (rds «f s'|2Q,lds < lla. Dlo 
0 


and thus 
d 2 a pw 2 a pw 
— qlc + De" +8 | qi(c- le 
dt Jo Q 


XC; Acll7:(; f qg c + D*e^" + C4(1 + Ach? o)l 25. 
Q 


Therefore, if h(t) = 8 — C;llAcll 7: (o; then 


t 
I q?(c + ie’ < cae- finos f a+ Actes de hodo > (s) ids, 
2 0 


i of gr Cs fo Ael d. = 
Furthermore, since e- Jo (94s — g-8 9C: bo lAclaads < Cse—*' by Lemma 3.25 and 


elo h(o)do < e*s, we get 


t 
—8(r—s 5 
fa «e, f e SO + Aclis) Rk) ds 
(2 0 


<C ; —8(t—s) 1 8 3 
<Co | e C+ |[Acllrs(9)dss - e 
0 t>( 


To estimate the integral term in the right-hand side of the above inequality, we apply 


Lemma 3.28 with r = 8 and Lemma 3.27 to get 


t 
f e809] Acl o ds < C; 
0 
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and thus fo gz < Cs (sup |2, (05. 
1>0 


On the other hand, fo q?(t) = fo " qz(t) > (j — k|92;(r)| for j > k. Conse- 
quently 
; 5 
Gg -ky RBS = Gatsup [20 D) | S2 09] 
tz t> 


According to Lemma B.1 of Kinderlehrer and Stampacchia (1980), there exists kọ < 
oo such that |42,,(f)| = 0 for all t € (0, Tmax). Therefore, lg C, t)lr»s(o) < ko for 
any t € (0, Tmax) and thereby the proof is complete. 


Proof of Theorem 3.4. By the boundedness of p in L?*((0, Tmax), L (2)) from 
Lemma 3.29 and a bootstrap argument as in Morales-Rodrigo and Tello (2014), we 
can see that the global existence of classical solutions to (3.1.4) is an immediate 
consequence of Lemma 3.25, i.e., Tmax = oo. Indeed, suppose that Tmax < oo, then 
by Lemmas 3.15 and 3.19 of Morales-Rodrigo and Tello (2014), we can see that for 
anys >n+2andt < Ty 


le. Ollw'scay + lw. Dllws < C. 


Further by Lemma 3.20 of Morales-Rodrigo and Tello (2014), we have 
lpC. Dlwisig; € C which contradicts (3.5.1) and thus implies that Tmax = oo. 
Moreover, since 7 :— min{1, Tuas } = 1, there exists a constant C > 0 independent of 
time ¢ such that || p(-, t)||r»(o) < C for all t > 0 by retracing the proofs of Lemmas 
3.27 and 3.28. This completes the proof of Theorem 3.4. 


3.5.2 Asymptotic Behavior 


In this part, on the basis of the L??-bound of p provided by Theorem 3.4, we shall 
look at the asymptotic behavior of the solution (p, c, w) of the problem (3.1.4). 


1. L’-convergence of solutions in two dimensions 
When either wo > | or || wo — l|[r»(o) < ô for some ô > 0, the authors of Morales- 
Rodrigo and Tello (2014) removed the time dependence of the L??-bound of p 
(see Lemma 5.8 of Morales-Rodrigo and Tello (2014)) and thereby investigated the 
asymptotic behavior of solutions to (3.1.4). In this subsection, on the basis of the 
L??-bound of p being independent of time as provided by Theorem 3.4, we shall 
derive the same estimates as in Lemmas 5.6 and 5.7 of Morales-Rodrigo and Tello 
(2014) under the weaker assumption that wo > 1 — l We shall show that the solution 
(p, c, w) to (3.1.4) converges to the homogeneous steady state (1, 0, 1) ast > oo. 
Before going into the details, let us first collect some useful related estimates. It 
should be noted that no other assumptions on the initial data (po, co, wo) are made 
except for reasonable regularity, i.e., (3.1.5). 
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Lemma 3.30 (Morales-Rodrigo and Tello (2014, Lemmas 3.4, 3.8, 5.1, 5.2)) Let 
(p, c, w) be the global, classical solution of (3.1.4). Then 


oo 
f f pa-» < max{ f po, 1£2])/^; (3.5.14) 
0 £2 2 
oo 
l / p|w — 1| < lwo — Lizio; (3.5.15) 
0 Q 
oo 
f [river < oo; (3.5.16) 
0 2 
1 
f veo? se (J Veo? illis oy maxt f po. Il 1). 
2 2 2 
(3.5.17) 


Lemma 3.31 Under the assumptions of Theorem 3.4, we have 


ED lelweg < C. (3.5.18) 
t> 


Proof We know that c solves the linear equation 
c = Ac—c+f 


under the Neumann boundary condition with f := — upc. Since p > 0, we know 

that 0 € c(x, t) < ||collz~(aye~’ by the standard sub-super solutions method. On 

the other hand, by Theorem 3.4, sup || p(t)||z~(@)< Ci. which readily implies that 
tz0 


II F los (0,5 1 (2» < C1. Now upon a standard regularity argument, we can deduce 
the desired result. For the reader’s convenience, we only give a brief sketch of the main 
ideas, and would like to refer to the proof of Lemma 1 in Kowalczyk and Szymańska 
(2008) or Lemma 4.1 in Horstmann and Winkler (2005) for more details. Indeed, 
according to the variation-of-constants formula of c, we have for t > 2 


t 
el, t) = e DU De. 1) + f ef OEY FC, sys. 
1 
So by Lemma 1.1 (ii), we infer that 


Vel, Dro co) 


$ 
x2cjleC, Dlr) + c2 f (1 4- (t — STT €-9 0D FE, sleds 
1 


oo 
eas abo oes deat Í ee ous: 
0 


174 3 Chemotaxis-Haptotaxis System 


Lemma 3.32 (Morales-Rodrigo and Tello (2014, Lemma 5.4)) Let (p, c, w) be the 
global, classical solution of (3.1.4). Then for every t > 0 and k > 0, 


d 
g T DU» w(t)) = G(p(t), w(t), c(t), 
where 
Fow = f Iv? [ ponp— +f pw-1)-ye f p(w — 1), 
2 R 2 2 


and 


p 
l+ec 


IVp? o 
G(p,w,c)— t Vp: VcdH Qayk(1— w) + op) 
2 P aite Q 


Vc- Vw 


IN 2yk --2pyk(1 wypivw? x f. p(l — p)lnp 


+% f p — p)(w — D-vo [ p^ — w) 
R Q 


+ iy f p(w- 1)? -— aye f pa — pw — 1). 
Q £2 


1 
Lemma 3.33 If wo > 1 — —, then there exists k > 0 such that 
p 


1 f wpe 
G(p,w,c) < 
2Jo P 


for some C > 0. 


1 

[ vivwrse f po - iiec f plVci? 

2 Jo Q Q 
(3.5.19) 


Proof By the Hólder and Young inequalities, we have 


a 1 IVp? o? 2 
——Vp-NVcx- +> | plVcl’, 
o l+e 2Ja P 2 Jo 


and 
1 
f Cavea- w) tapy ve Vu < J) pvur «ei f p\Vel? 
Q l-cc 2 Q Q 


for some C, > 0. 
As wo > 1 — —, we can find some e, > Osuch that p(1 — wo), < 1 — £1, where 


p 
(1 — wo)+ = max(0, 1 — wo}. Hence from the w-equation in (3.1.4), it follows that 


1 — w = (1— woe"? ^ rods, (3.5.20) 
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and thus 
f (p? — 2yk -2py (1 — w))plY w} 
2 


< ji (p! — 2yk + 2py&(1 — wo)4)p|Vwl? 
RQ 

< | (p? -2yke)plVwp? 

< p yKk£&1)p 
£2 


<- | plvwf 
2Q 


if we pick x > 0 sufficiently large such that o? — 2y«e, < —1. 
Denote the lower order terms of G(p, w, c) by 0(p, w), i.e., 
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0(p, w) =a pa- prin p3o f pa - pee - 0 yp | pi - w) 
RQ 2 (2 


+ iy f p(w- 1? -— ave f p(l - p)(w — 1). 
2 Eri 


Since s(1 — s) Ins < 0 for s > 0, we get 


(p, w) zio [ p — p)(w — Dye f pa-w) 
2 Q 


+ oy [ p(w- 1? — ave f pa - p)(w —1)° 
2 Q 


&C»x(I plrs co. lw — tli) f p|w — 1|, 
Q 


which, along with || p(-, t)||r»(o) < C from Theorem 3.4 and ||w(-, t) — 1l rs(9) < 


lwo — 1|[rs(o) from (3.5.20), yields 


Pp wsc f plu - V. 
Q 
The desired result (3.5.19) then immediately follows. 


1 
Lemma 3.34 If wo > 1 — —, then 


p 
oo V 2 oo 
sup f wun + f 1 WP «f [ pivw? < œ. 
120 JQ 0 2 P 0 JR 


Proof Combining Lemmas 3.30 and 3.31, we have 


(3.5.21) 
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d 1 f IVp? 1 " 2 
— F(p, w) +>] ——-—-]p pwvwl*zC€] plw—l|-C f plVcl^. 
dt 2/2 p 2 Jo Q Q 


Hence, (3.5.21) follows upon integration on the time variable, and using (3.5.15) and 
(3.5.16). 


1 
Lemma 3.35 If wọ > 1 — —, then for any r > 2 
p 


lim [IPC D -POl = 0. (3.5.22) 
lim [p(t) — 1| = 0, (3.5.23) 
t>oo 


where p(t) = m ds p. t), and 


Jim lwl, t) — Mp = 0. (3.5.24) 


Proof The proofs of (3.5.22) and (3.5.23) are similar to those of Lemmas 5.9— 
5.11 of Morales-Rodrigo and Tello (2014), respectively. However, for the reader's 
convenience, we only give a brief sketch of (3.5.23). In fact, from (3.1.4) and the 
Poincaré-Wirtinger inequality, it follows that 


p, -X(p - p. : f (p —p) 
i I22| Jo 
IV pl? 


>ApU—B c f ^, 
2 


Hence by (3.5.21), we get 


Eee i aa f Vp? 
P(t) >poexp{àt— à | p(s)ds — Cià — — ds} 
0 0 Q P 
t 
>C exp{àt — af p(s)ds), 
0 


which means that (3.5.23) is valid due to either p(t) — 1 or p(t) — 0 in Lemma 
5.10 of Morales-Rodrigo and Tello (2014). Indeed, suppose that p(t) — 0, then there 
exists y > 1 such that p(t) < $ and thus Jo Dis)ds < 5+ i p(s)ds for all t > tọ. 
Therefore, we arrive at p(t) > C 3e for all t > fo, which contradicts p(t) > 0. 
Now we turn to show (3.5.24). Invoking the Poincaré inequality in the form 


1 
I Ig(x) — = | y(y)dy|?dx < Gf IVoldx forallg € W'?(Q) 
Q |2| Jo Q 


for some C, - 0, one can find that for all j € N 
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j+1 


j+1 
f wo - zig <c, | IVP) aad 
J 


HE VOR, 
< Cy sup [POl | n IANUE. d 


p(s) 
(3.5.25) 
which, along with (3.5.21) and Theorem 3.4, shows that 


jt+i jt+l 
| | we motas [apo - polis 0 65.26) 
QJj j 


as j > oo. 

Now defining pj(x) := LS | p(x, s) — p(s)|2ds, x e 2, j € N, (3.5.26) tells 
us that p; — 0 in L! (2) as j — oo. There exist a certain null set Q C 2 and a 
subsequence (jk)xen C N such that jj — oo and pj, (x) — 0 for every x e 2\ Q 
as k — oo. Restated in the original variable, this becomes 


jer 
f Ip(x, 5) — p(s)|’ds > 0 (3.5.27) 
jk 


for every x e 2 \ Q as k > oo. 
Therefore, from (3.5.20) and p(x, t) > 0, it follows that for any x € 2 \ Q 


w(x, t) — 1| 
[z] 
<|/wo — 1lr=co expt-y | p(x, s)ds} 
0 
m(t) jl 
<||wo — lr exp{— 23] p(x, s)ds] 
m(t) jl m(t) jo 
<llwo — lr» eet 3: f |p(x, s) — p(s)|ds — 22] P(s)ds} 
m(t) jl ; m(t) jl 
<||wo — Iiz») expty 2 n |p(x, s) — PG) ds)? -y D> J P(s)ds}, 


k=0 "Jk 
where m(t) := max jk + 1, [f]}. Furthermore, by (3.5.23), there exists ko € N such 
€ 


that Je p(s)ds > 1 for all k > ko. Hence by the fact that m(t) > oo as t — oo 
and (3.5.27), we obtain that w(x, t) — 1 — 0 almost everywhere in 2 as t > oo. 
On the other hand, as |w(x, t) — 1| < ||wo — l|[rs(o), the dominated convergence 
theorem ensures that (3.5.24) holds for any r € (2, oo). 


Remark 3.4 (1) It is observed that since W'?(42) — L^ (42) is invalid in the two- 
dimensional setting, || p(s) — POl i in (3.5.25) cannot be replaced by || p(s) — 
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ps) JE and thus we cannot infer that lim lw C. t) — 1||L~(@) = 0, even though 
we have established that all the related estimates of (p, c, w) in Morales-Rodrigo 
and Tello (2014) continue to hold under the milder condition imposed on the initial 
data wo. 

(2) Similar to the remark above, we note that, even though ||w(-, t)]lwi^(o) € 
C(T) for any n > 2 and t < T, we are not able to infer the global estimate 
SUP, +9 f. m [Vw(t)|?** < C. Otherwise, we would be able to apply regularity esti- 
mates for bounded solutions of semilinear parabolic equations (see Porzio and Vespri 
(1993) for instance) to obtain the Hólder estimates of p(x, t) in 2 x (1, oo), and 
thereby conclude lim lp C. £) — Troc) = 0. As things stand at the moment, we 


are only able to infer convergence in L”. 


2. L??-convergence of solutions with exponential rate in one dimension 

It is observed that the results, in particular Lemma 3.35, in the previous subsec- 
tion are still valid in the one-dimensional case. Moreover, in the one-dimensional 
setting, the weak convergence result in Lemma 3.35 can be improved via a boot- 
strap argument. In fact, we shall derive some a priori estimates of (p, c, w) and 
thereby demonstrate that (p, c, w) converges to (1, 0, 1) in L® (2) as t > oo. Fur- 
thermore, by a regularity argument involving the variation-of-constants formula for 
p and smoothing L? — L4 type estimates for the Neumann heat semigroup, we will 
show that p(-, t) — 1 decays exponentially in L% (42). 

As pointed out in the introduction, the main technical difficulty in the derivation 
of Theorem 3.5 stems from the coupling between p and w. Indeed, the lack of the 
regularization effect in the space variable in the w-equation and the presence of p 
there demand tedious estimates of the solution. 

The following lemma plays a crucial role in establishing the uniform convergence 
of p ast — oo (see Lemma 3.40). Though the proof thereof only involves elementary 
analysis, we give full proof here for the sake of the reader's convenience since we 
could not find a precise reference covering our situation. 


Lemma 3.36 Let k(t) be a function satisfying 
oo 
k(t) = 0, f k(t)dt < co. 
0 


If k (t) < h(t) for some h(t) € L'(0, oo), then k(t) > 0 as t — oo. 


Proof Supposing the contrary, then we can find A > 0 and a sequence (tj) jen C 
(1, oo) such that t; > tj. + 2,t; > oo as j — ooandk(t;) > A forall j € N. On 
the other hand, by k’(t) x h(t), we have 


kaj — 1) = ke) — f. IhG)|ds >ra) f terials (3.5.28) 


j tj-l 


for all t € (0, 1). 
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Since h(t) € L! (0, oo), we have TM |h(s)|ds — Oas t; — oo and thereby there 
exists jo € N such that qs |h(s)|ds < 4 for all j > jo, which along with (3.5.28) 
implies that 


k(t; — 1t) > k(t) -2 > 


(3.5.29) 


for j > jo and t € (0, 1). It follows that T k(t)dt > 4 for all j > jo, which 


contradicts rn k(t)dt « oo and thus completes the proof of the lemma. 


1 
Lemma 3.37 If wo > 1 — —, then there exists a constant C > Q such that 
p 


oo 
f / gis P c (3.5.30) 
0 (2 


Proof We know that zx = e ?" p. — pzwy and thus 


where z = pe ?". 


e?" Iz. |? < 4e?" Ip. |? + Ap?e 7?" p?|w, 2. 


Integrating over £2 x (0, oo) and taking (3.5.5) into account, we have 


oo oo oo 
f femeatsa | f es? +40? spolo [ f pw 
0 R 0 2 t>0 0 R 


5 oo Ip. P? oo " 
< 40. + p^) sup || POI rs co e plwx|^). 
t>0 0 Q P 0 Q 


Hence by Theorem 3.4 and Lemma 3.34, we get (3.5.30). 


1 
Lemma 3.38 If wo > 1 — —, then there exists a constant C > O such that 
p 


d 1 
pw 2 es pw.2 
di Jo * en ks fe * 


«ef esp f piusl? f les? f plexi? 4 Í plw — 1|4 Í p(p — 1?) 
R £2 (2 2 R Q 


with z = pe ?", 


Proof Note that z satisfies 


Vc), +Az(1 — ze”) — pye?"z?(1 — w). 


z —e "(ePr).—e"( 
+c 


Zxe" 
1 


Multiplying the above equation by z,;e?" and integrating in the spatial variable, we 
obtain 
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E - f eS e e ü eft ew) 3.5.31) 
* f e?"z,(Az(1 — ze?) — pyeP" z? (1— w)). 
R 
Notice that 
Í eP" zZxzxr = 2 o 7 P — Ze f ea - w)|zx |? 
T " PY |z. |? — E sup lp) roecli — wollree(o) Í e?" |z.|2, 


me cmm lc (12 e?" Iz. |? 
pg o 6 t 1 Sup lex Lo) Jo xl 
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Q 
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2 
& 
O 
a 
A 
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LI 
m 
o 
g 
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>N 
ł 
Q 
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Í eP" zr + Cy sup | PCI zoe o) sup Ilex (01/7 5 (o) Í plexi, 
t>0 Q 


aze?” 2.1 

p Zt (cy lex] 35 
1 

6 


2 2 a [2 
Í eP" zi m Ci sup | POIL) [ lexxl 


and 
f e" z (Az(1 — ze?") — oye?" 72(1.— w)) 
R 


-af psa - p- pv f c p - w)) 
Q Q 


1 pw „2 = 2 
< e""zr + Ci sup || pOll | PU — p) 
6 Jo RQ 


t>0 


+ C1 sup IPO} ~ja)l — wolio | pll — wl. 
t> 2 


Applying Theorem 3.4, (3.5.18) and inserting the above inequalities into (3.5.31), 
we obtain the desired inequality. 


Now we focus our attention on the decay properties of the solutions. Indeed, we 
will show that p(x, t) converges to 1 with respect to the norm in L® (2) as t > oo. 
Subsequently, we will establish the exponential decay of || p(-, t) — 1| r»(o) with 
explicit rate. 


1 
Lemma 3.39 If wo > 1 — —, then 
p 
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Jim lwC, t) — Ilze = 0. (3.5.32) 
Proof From (3.5.20), it follows that for any e > 0 


t 
wa, D = 11 duo = Hes expt-y f, pods) (3.5.33) 
t t 
< liwo — LiLo) wt» f p(s) — PG) roo (g)ds — vf P(s)ds} 
t t 
< liwo = Ilr) expt f lps) — POZ oc (gyds +eyt— f p(s)ds}, 
where p(t) = m Jo PG D. 
On the other hand, by the Poincaré-Wirtinger inequality, the Sobolev embedding 
theorem in one dimension and (3.5.21), we have 
t oo 
f o - peli eds SC [Mosis 
0 0 


Eu IPs GP c (3.5.34) 


< C,sup IPOlme f 
1>0 0 p(s) 


<Q 


for some constant Cz > 0. Combining (3.5.33) with (3.5.34) yields 


t 


Coy 2 
lw) — lr) < lwo — LHe mS Teyt — y f P(s)ds} 
0 


for t > 0. The assertion now follows from the last inequality and the proof is com- 
plete. 


1 
Lemma 3.40 If wo > 1 — —, then 
p 


Jim IPC, t) — Ilze = 9. (13.33) 
Proof We first show that 
lim Iz, ) -ZO =0 (3.5.36) 


where Z(t) = a fo zC. D. 
To this end, we consider the function k(t) > 0 defined by k(t) = fo e°” |zx |? and 
prove that 
Jim k(t) — 0. (3.5.37) 


By Lemmas 3.36, 3.37 and 3.38, it is enough to prove that 
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A(t) el esp f piw? + f (Iexxl? + plex 2) 4 i) plw — 1|4 Í p(p - 1 
RQ R 2 R £2 


€ Ll(0, oo). 


Noting (3.5.30), (3.5.21), (3.5.16), (3.5.15) and (3.5.4), it remains to estimate 


f / p(p — 1)’. 
0 2 


In fact, multiplying the p-equation in (3.1.4) by p — 1, we have 


1d f padi? INE taf i af o )? 
IER = == c pw a C = p(p— 
2 di Pd eo p g’ x Px olge eo 
1 
<-5f Ips e ecf Prox? + f Pe pi - »?. 
R R (2 R 


Hence, by the boundedness of p, (3.5.16) and (3.5.21), we easily infer that 


/ f p(p-1? <C. 
0 Q 


Furthermore, by the Poincaré-Wirtinger inequality and the Sobolev embedding 
theorem in one dimension, we have 


z(t) — Zlec < Cpllzx Qoo, 


which along with (3.5.37) yields (3.5.36). 

On the other hand, for any (tj) jew C (1, 00), there exists a subsequence along 
which z(.1;) — e ? > 0 ae. in 2 as j — oo by Lemma 3.35. We apply the 
dominated convergence theorem along with the uniform majorization |z(., t;)| < 
sup |z(£;)lr»(o) < C to infer that 
jzl 


lim |z(t) — e ^| = 0. (3.5.38) 
too 
Hence 


pE, £) — 1\lz~ 9) 


=||e°"z = l| ro 
«e^ wole (uz (.. f) — Z(t) || roo) + zt) — e ^|) + le^" €? — e^ lh rs (o 


<eP Fluo) (liz C., 1) — ZO) Inca) + IZA — e ^D + Cillw, t) — Mrs co 


for some C, > 0, which together with (3.5.32), (3.5.36) and (3.5.38) yields the 
desired result. 
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Having established that p(x, t) converges to 1 uniformly with respect to x € £2 as 
t — oo, we now go on to establish an explicit exponential convergence rate. Using 
(3.5.35), we first look into the decay of Js Iw, (p. 


1 
Lemma 3.41 Let wo > 1 — —. Then for any € > 0, there exists C(€) > 0 such that 
p 
f [w (H? < Clee ?r0—9*, (3.5.39) 
Q 


Proof From (3.5.20), it follows that 


t 2 
lw (DP. <A lwo, PeT? 6 POMS + 4y? qug — 181272» fios (/ nsus) 
0 
t 
Alig e Oe qty? [ing = Les rm ds f |ps GO ds. 
0 


Taking Lemma 3.40 into account, we know that for any € > 0, there exists te > 1 
such that p(x, t) > 1 — e for all x € 2,t > te. Therefore, integrating the above 
inequality in the space variable yields 


[mor 
Q 

2y 2 2 2 2y = 2 
«4e^ y( aoe |woxl? + 4ty? wo — looge y( aa Í Ipxl 


Ip. 
P 


oo 
«cia eoe a-er(f [uos + lwo — LI aso sup IPM oe (o [ Í 
2 t>0 0 2 


for all t > te, which along with (3.5.21) implies (3.5.39). 


Now we utilize the decay properties of f o lex (0, f go (Wx (t)|? and the uniform 
convergence of | p(x, t) — 1| asserted by Lemma 3.40 to establish the decay property 
of || p(-, 1) — Ilzo. 


1 
Lemma 3.42 Let wo > 1 — —. Then for any «€ € (0, min{1, y, AJ), there exists 
C(e) > 0 such that 


lpC. f) — Lle € C(e)e tor (3.5.40) 
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Proof By (3.5.35), we know that for any €e € (0, min(l, y, A}), there exists te > 1 


such that p(x, t) > 1 — e for all x € £2, t > te. Hence, we multiply the p-equation 
in (3.1.4) by p — 1 and integrate the result over 2 to get 


TEL 1? = INE pus ps +a | ize ci pp - 1»? 
2 dt Q Q Q qite Q 


1 
<- pP + esf ws ^ f iP -xa -9 f (p-1)° 
R Q Q Q 
for all t > te. Now, applying the Gronwall inequality, (3.5.18) and Lemma 3.43, we 
have 
f (pq) — 1)? 
Q 


t 
xe 0-969 f gay- 1+0 f et. twa? f text) 
Q 0 Q R 


t 
xci e ese) f e 2X(1—€)(t uc 2y(1 95 4 @ 2(1 95) 
0 


<Ca(e)e T? mAy d-e) , 


where c; (€) > 0 (i = 2,3, 4) are independent of time t. This completes the proof. 


Moving forward, on the basis of Lemma 3.42, we come to establish the exponential 
decay of || p(-, t) — p(t)lr»(o) by means of a variation-of-constants representation 
of p, as follows. 


1 
Lemma 3.43 Let wo > 1 — —. Then for any e € (0, min{A,, 1, y, A}), there exists 
C(e) > 0 such that 


IPE D — p(Olireq € C(oe AYA, (3.5.41) 


Proof By noting that p, = Ap(1 — p)(t), applying the variation-of-constants for- 
mula to the p-equation in (3.1.4) yields 


p 
— —c 


1 à c x)x 


p.t) = BO) 2e^(p(,0) — BO) — o f e 
0 
= ef eA (pws)x + af e" ^ (p(1— p) — p(l — p). 


Together with (3.5.17), Lemmas 3.42 and 1.1, this gives 
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Cx)xlzo(o) 
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zcie ^" | pC, 0) — PO lre) + Cae) Í a + (t — s) e ers 
+ Crx(€) Í (o sy Been entinos 
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-C [^ + (t — s) 3e? | pl — p) — pT — Plo: 
It is observed that 


|p — p) — PA = Dis, =A — plz: — IllpQ p? 
xI p = [3 ER 


Hence from (3.5.15) and Lemma 3.42, it follows that 


po. t) — POL 


t 
Scie ^" [pC, 0) — PO lre) + Cx) f C a la 
0 


t 
+ exo f (1 + (t mE 8)73)e- M79 6-0—-9s 
0 


t 
+ exo f a + (t = s) 3)e- 79 e7 min(1,y,A)(1—6€)s 
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«Ca4(e)e^ min(A1,1,y,A)(1—6€)t 


which implies (3.5.41). 
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1 
Lemma 3.44 Let wo > 1 — —. Then for any e € (0, min{A,, 1, y, A}), there exists 
C(e) > 0 such that 


(p(t) = 1| < Cec eerie (3.5.42) 


Proof We integrate the p-equation in the spatial variable over 2 to obtain 


1 
abe» 2 f E) 
(p — 1) P-P ii [UP p») 
A 


(3.5.43) 


By (3.5.23), there exists te > 0 such that p(t) > 1 — € fort > te. Hence by (3.5.41) 
and (3.5.43), solving the differential equation entails 


a = —à f! p(s)ds A ' —a f! p(o)da E 
IPE) — 1| x[p(t.) — lle Afi, pi) exl e à f; pod llpG) — PG)llz2 (o 
te 


IA 


Pte) — 1g-M-9079 4. .— J e 10-96-29 1 p(s) — D(s)IFacay 
te 


I^ 


t 
Dt.) —]1 e ^ d-9G-t) d: Ci of e ^ 0-93) -2min(Ai1,y,A)(1—6)s 
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I^ 


Plte) —1 e ^ 479-0) 4 C5(e)e^ min(24,,2,2y,A)(1—e)t 
«Ca(e)e^ min(24,,2,2y,A] (1—e)t 


for t > te, which proves (3.5.42). 


1 

Lemma 3.45 Let wo > 1 — —. Then for any e € (0, min{A,, 1, y, A}), there exists 
p 

C(e) > 0 such that 


IPC. t) — Lizeo € C(e)e nye, (3.5.44) 


Proof Combining above two lemmas, we have 


lp. 0) — Mrs x IPE D — POl + IPO — 11 € Cle (mms hr 79r, 


Proof of Theorem 3.5. (3.1.7) is a direct consequence of Lemma 3.35 in the previous 
subsection. As for (3.1.8)-(3.1.10), we only need to collect (3.5.19), (3.5.32) and 
(3.5.44). 
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Remark 3.5 In comparison with (3.5.44), by (3.5.21) and (3.5.37), we have 


sup | |ws (OP + zO < C, 
RQ 


t>0 


and thus sup,so |lP@|lwi2«2) < C. Hence, an interpolation by means of the 
Gagliardo-Nirenberg inequality in the one-dimensional setting provides 


l i —tiani = 
IPG. t) — Hre < IPC. Dll PC D — Hz, < C(Oe yA, 


where we have used (3.5.40). 
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Chapter 4 A) 
Keller-Segel-(Navier-)Stokes System geac 
Modeling Coral Fertilization 


4.1 Introduction 


Chemotaxis, the directed movement caused by the concentration of certain chem- 
icals, is ubiquitous in biology and ecology, and has a significant effect on pattern 
formation in numerous biological contexts (Hillen and Painter 2009; Maini et al. 
1991). The first mathematically rigorous studies of chemotaxis were carried out by 
Patlak (1953) and Keller-Segel (1970). The latter work involves the derivation of a 
system of PDEs, now known as the Keller-Segel system, which, despite its simple 
structure, was proved to have a lasting impact as a theoretical framework describing 
the collective behavior of populations under the influence of a chemotactic signal 
produced by the populations themselves (Bellomo et al. 2015; Herrero and Velázquez 
1997; Winkler 2013, 2014c). In contrast to this well-understood Keller-Segel sys- 
tem, there seem to be few theoretical results on nontrivial behavior in situations where 
the signal is not produced by the population, such as in oxygenotaxis processes of 
swimming aerobic bacteria (Tuval et al. 2005), or where the signal production occurs 
by indirect processes, such as in glycolysis reaction, tumor invasion and the spread 
of the mountain pine beetle (Chaplain and Lolas 2005; Dillon et al. 1994; Fujie and 
Senba 2017; Hu and Tao 2016; Painter et al. 2000; Tao and Winkler 2017b). 

In this chapter, we study the decay property of the chemotaxis—fluid systems 
modeling coral fertilization. Section4.3 is concerned with the following Keller- 
Segel-Stokes system 


pi +u: Vp — Ap — V - (oZ (x, p, c)Vc) — pm, (x, t) € x (0, T), 
m; +u -Vm = Am — pm, (x, t) € 2 x (0, T), 

ct -u- Vc— Ac—c+m, (x,t) € 2 x (0, T), 
ut = Au — VP FE (opod-m)Vo, V-u=0, (x, t) € 2x (0, T), 
(Vp —p-Y(x,p,c)Vc)-v=Vm-v=Vc-v=0,u=0, (x, t) € 02 x (0, T), 
p(x,0) = po), m(x, 0) = mo(x), cx, 0) = co(x), u(x, 0) = u(x), x € 2, 
(4.1.1) 
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where T € (0, co], 2 C IR? is a bounded domain with smooth boundary 082, 
the chemotactic sensitivity tensor . (x, p, c) = (sij(x, p,c)) € C?(Q2 x [0, oo)?), 
i, j € (1,2, 3}, and e W*™(Q). 

This PDE system describes the phenomenon of coral broadcast spawning (Espejo 
and Suzuki 2017; Espejo and Winkler 2018; Kiselev and Ryzhik 2012a, b), where 
the sperm p chemotactically moves toward the higher concentration of the chemical 
c released by the egg m, while the egg m is merely affected by random diffusion, 
fluid transport and degradation upon contact with the sperm. Meanwhile, the fluid 
flow vector u, modeling the ambient ocean environment, satisfies a Stokes equation, 
where P = P(x, t) represents the associated pressure, and the buoyancy effect of 
the sperm and egg on the velocity, mediated through a given gravitational potential 
$, is taken into account. We note that the use of the Stokes equation instead of the 
Navier-Stokes equation is justified by the observation that the fluid flow is relatively 
slow compared with the movement of the sperm and egg. We further note that the 
sensitivity tensor - (x, p, c) may take values that are matrices possibly containing 
nontrivial off-diagonal entries, which reflects that the chemotactic migration may 
not necessarily be oriented along the gradient of the chemical signal, but may rather 
involve rotational flux components (see Xue and Othmer (2009); Xue (2015) for the 
detailed model derivation). 

A two-component variant of (4.1.1) has been used in the mathematical study of 
coral broadcast spawning. Indeed, in Kiselev and Ryzhik (2012a,b), Kiselev and 
Ryzhik investigated the important effect of chemotaxis on the coral fertilization 
process via the Keller-Segel type system of the form 


pi +u: Vp — Ap — xV - (oVc) — up’, (4.12) 

0-— Acc p 
with a given regular solenoidal fluid flow vector u. This model implicitly assumes 
that the densities of sperm and egg gametes are identical, and that the Péclet number 
for the chemical concentration c is small which allows us to ignore the effects of 
convection on c. The authors showed that, for the Cauchy problem in R?, the total 
mass Sre p(x, t)dx can become arbitrarily small with increasing x in the case q > 2 
of supercritical reaction, whereas in the critical case q = 2, a weaker but related effect 
within finite time intervals is observed. Recently, Ahn et al. (2017) established the 
global well-posedness of regular solutions for the variant model of (4.1.2) with c, + 
u- Vc = Ac — c + p instead of 0 = Ac + p. They also proved that Jra p(x, t)dx 
(d = 2, 3) asymptotically approaches a strictly positive constant C(x) which tends 
to 0 as x — oo. 

In Espejo and Suzuki (2015), Espejo and Suzuki studied the three-component 

variant of (4.1.1) 
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pi +u: Vp = Ap — XY - (o (x, p, c)Vc) — up’, 
Cc; d-u-Vc-— Ac—c-p, 

u; c k(u- V)u = Au — VP + oV, 

V-u=0 


(4.1.3) 


in the modeling of broadcast spawning when the interaction of chemotactic move- 
ment of the gametes and the surrounding fluid is not negligible. Here the coefficient 
k € Ris related to the strength of nonlinear convection. In particular, when the fluid 
flow is slow, we can use the Stokes instead of the Navier-Stokes equation, i.e., assume 
k = 0 (see Difrancesco et al. (2010); Lorz (2010)). It should be mentioned that the 
chemotaxis-fluid model with c; + u - Vc = Ac — cp replacing the second equation 
in (4.1.3) has also been used to describe the behavior of bacteria of the species Bacil- 
lus subtilis suspended in sessile water drops (Tuval et al. 2005). From the viewpoint 
of mathematical analysis, this chemotaxis—fluid system compounds the known dif- 
ficulties in the study of fluid dynamics with the typical intricacies in the study of 
chemotaxis systems. It has also been observed that when Z = Z (x, p, c) isatensor, 
the corresponding chemotaxis-fluid system loses some energy-like structure, which 
plays a key role in the analysis of the scalar-valued case. Despite these challenges, 
some comprehensive results on the global boundedness and large time behavior of 
solutions are available in the literature (see Cao and Lankeit (2016); Li et al. (20192); 
Liu and Wang (2017); Tao and Winkler (2015b); Wang and Xiang (2016); Winkler 
(2012, 2017b, 2018c, e) for example). It has been shown that when F = .Z (x, p,c) 
is a tensor fulfilling 


Ge 
| A(x, p, Q| < —  .. forsomea > 0 and Cy >0, (4.1.4) 
d +p) 


the three-dimensional system (4.1.3) with u = 0, k = 0 admits globally bounded 
weak solutions for a > 1/2 (Wang and Xiang 2016), which is slightly stronger than 
the corresponding subcritical assumption o > 1/3 for the fluid-free system. As for 
a > 0, when the suitably regular initial data (pọ, co, uo) fulfill a smallness condition, 
(4.1.3) with u = 0, x = 1 possesses a global classical solution which decays to 
(0o. Po, 0) exponentially with pọ = T go Po(x)dx (Yu et al. 2018). Removing the 
presupposition that the densities of the sperm and egg coincide at each point, Espejo 
and Suzuki (2017) looked at a simplified version of (4.1.1) intwo dimensions, namely 


pi +u: Vp = Ap — xV-(pVc) — pm, 


m, T u- Vm = Am — pm, (4.1.5) 


1 
0 = Act kom = — | mdx) with [eax =0, 
|2| Jo 2 
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and showed that fo oo(x)dx > fo mo(x)dx implies that m (x, t) vanishes asymptot- 
ically, while fo p(x, t)dx > mido po(x)dx — fo mo(x)dx) as t > oo, provided 
that x is small enough and u is low. In two dimensions, Espejo and Winkler (2018) 
have recently considered the Navier-Stokes version of (4.1.1) 


pi +u: Vp = Ap —N - (pVc) — pm, 

m; 4-u- Vm = Am — pm, 

c; tu-Vceo= Ac—c+m, 

u; -k(u- V) —- Au-—VP+(p+m)V¢d, V-u=0, 


(4.1.6) 


and established the global existence of classical solutions to the associated initial- 
boundary value problem, which tend toward a spatially homogeneous equilibrium 
in the large time limit. 

In Sect. 4.3, motivated by the above works, we shall consider the properties of 
solutions to (4.1.1). In particular, we shall show that the corresponding solutions 
converge to a spatially homogeneous equilibrium exponentially as t — oo as well. 

Throughout the rest of this part, we shall assume that 


po € C' (2), po = 0 and po Æ 0, 
mo € C (Q2), mo > 0 and mo Æ 0, 


co € WI? (Q), co > 0 and co Æ 0, (4.1.7) 


3 
uo € D(A®) for all B € G 15, 


where A denotes the realization of the Stokes operator in L? (42). Under these assump- 
tions, we shall first establish the existence of global bounded classical solutions to 
(4.1.1): 


Theorem 4.1 Suppose that (4.1.4), (4.1.7) hold witha > 1. Then the system (4.1.1) 
admits a global classical solution (o, m, c, u, P), which is uniformly bounded in the 
sense that for any B € G, 1), there exists K > 0 such that for all t € (0, oo) 


llo. Dbzssco) + Im, Drs + let, Dlbwiesscoy + APUG, Dlo < K. 
(4.1.8) 


Then, we establish the large time behavior of these solutions as follows: 


Theorem 4.2 Under the assumptions of Theorem 4.1, the solutions given by 
Theorem 4.1 satisfy 


0C. f£) > poo, MC, t) — Mog, cC, f) — mo, u(, t) > Oin L?(£2) ast > oo. 
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Furthermore, when Ja po # fo mo, there exist K > 0 and 6 > 0 such that 


lp. t) — polly € Ke™, (4.1.9) 
lmC, t) — molle) < Ke”, (4.1.10) 
let, £) — mesllzecoy < Ke”, (4.1.11) 
lut, Dll) < Ke”, (4.1.12) 


where Poo = Tex {Jo Po — fa mo}, Moo = qg {fo mo = Jo Po}. 


According to the result for the related fluid—free system, the subcritical restriction 
a> i seems to be necessary for the existence of global bounded solutions. However, 
fora < L, inspired by Cao and Lankeit (2016); Yu et al. (2018), we investigate the 
existence of global bounded classical solutions and their large time behavior under 
a smallness assumption imposed on the initial data, which can be stated as follows 
Li et al. (2019b): 


Theorem 4.3 Suppose that (4.1.4) hold with a = 0 and [^ po Æ fa mo. Further, 
let N =3 and po € (4, 00), qo € (N, oo) if fo Po > fo mo: and po € CX, 00), 
qo € (N, oo) if fo po < So mo. Then there exists € > 0 such that for any initial data 
(po, mo, Co, uo) fulfilling (4.1.7) as well as 


leo — pæle (2) <£ limo —moclirs (2) S €. lVcollnw(oy <£ luollgv(o S & 


(4.1.1) possesses a global classical solution (p, m, c, u, P). Moreover, for any o 

€ (0, min(A1, Moo + Poo}), o» € (0, min(ai, A1, 1}), there exist constants K;, i = 
1, 2, 3, 4, such that for all t > 1, 

lmC, t) — molær € Kie "", lol, t) — polle) € Ke 

llcC, t) — masllwiseoy € Kae, lu, Dina) < Kae". 


—ont 
, 


Here | is the first eigenvalue of A, and à; is the first nonzero eigenvalue of — A on 
Q under the Neumann boundary condition. 


Remark 4.1 In Theorem 4.3, we have excluded the case f 2 Po = f o Mo. Indeed, in 
this case, some results of Cao and Winkler (2018) suggest that exponential decay of 
solutions may not hold. 


Remark 4.2 It is observed that the similar result to Theorem 4.3 is also valid for 
the Navier-Stokes version of (4.1.1) upon slight modification of the definition of T 
in (4.3.60) and (4.3.94). 


As mentioned above, compared with the scalar sensitivity .”, the system (4.1.1) 
with rotational tensor loses a favorable quasi-energy structure. For example, we note 
that the integral 
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f om +a f Ive +b f lup? 
2 (2 2 


with appropriate positive constants a and b plays a favorable entropy-like functional 
in deriving the bounds of solution to (4.1.6). However, this will no longer be available 
in the present situation (see Espejo and Winkler (2018)). To overcome this difficulty, 
our approach underlying the derivation of Theorem 4.1 will be based on the estimate 
of the functional 


llo C. Dlx + lut, DM aio; + IVE Dllo- 


In addition, the proof of the exponential decay results in Theorem 4.2 relies on careful 
analysis of the functional 


G(t) = | opr +af mm +b f c-o' +e f pm 
2 2 2 Q 


with suitable parameters a, b, c > 0. Indeed, it can be seen that G (t) satisfies the ODE 
G'(t) 4-61G(t) < 0 for some ô; > 0, and thereby the convergence rate of solutions 
in L?(€2) is established. At the same time, in comparison with the chemotaxis-fluid 
system considered in Cao and Lankeit (2016); Yu et al. (2018), due to 


for all o € L4(Q2) with Íe @ = 0, —pm in the first equation of (4.1.1) gives rise to 
some difficulty in mathematical analysis despite its dissipative feature. Accordingly, 
it requires a nontrivial application of the mass conservation of p(x, t) — m(x, t). 

In Sect. 4.4, we are concerned with the asymptotic behavior of classical solutions 
of the three-dimensional Keller-Segal-Navier-Stokes system 


p: tu Np Ap- V- (o-Z(x, p,c)Vc) — pm, (x,t) € 2x (0, T), 
m; J4-u- Vm = Am — pm, (x, t) € 2 x (0, T), 
ct -u- Vc— Ac—c+m, (x, t) € 2 x (0, T), 
ut + (u- V)u = Au - VP + (p-m)JV$, V-u=O0, (x,t) e 2x (0, T), 
(Vp —pSY(x,p,c)Vc)-v=Vm-v=Vc-v=0,u=0, (x,t) € 02 x (0, T), 
0(x,0) = po(x), m(x,0) 2 mo(x), c(x,0) = co(x), u(x,0) = ug(x), x € Q. 

(4.1.13) 


In this coral fertilization model, the sperm p chemotactically moves toward the higher 
concentration of the chemical c released by the egg m, while the egg m is merely 
affected by random diffusion, fluid transport and degradation upon contact with the 
sperm. We assume that the tensor-valued chemotactic sensitivity f = . (x, p.c) 
satisfies 

IF (x, p, o| x Cv forsome Cz > 0, (4.1.14) 
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and the initial data satisfy 


po € C°(2), po = 0 and po #0, 
mo € C°(Q), mo > 0 and mo Æ 0, 

1,00 (4.1.15) 
co € W ^^ (£2), co > O and co Æ 0, 


3 
uo € D(A®) for all B € v. 15, 


where A denotes the realization of the Stokes operator in L^(Q). 
Under these assumptions, our main result can be stated as follows Myowin et al. 
(2020): 


Theorem 4.4 Suppose that (4.1.14) hold and Jo po > So mo. Let po € G, 3), qo € 


(3, i ). Then, there exists € > 0 such that for any initial data (o, mo, Co, uo) 


fulfilling (4.1.15) as well as 


loo — Poollzro(a) < & lmollze(g) <E, lcollzsco) <e, luola) < €. 


(4.1.13) admits a global classical solution (p, m, c, u, P). In particular, for any oj € 
(0, min{A1, Poo}), o; € (0, minfa, A), 1}), there exist constants K;, i = 1,2,3,4, 
such that for all t > 1 


lmC, Drs) € Kie ""', 


llo C. t) — pæle) € Kae^ 


let, Dllwioe(o) € Kse "', 


lut, Dllo < Kae '. 


ot 
3 


Here, ^, is the first nonzero eigenvalue of — A on & under the Neumann boundary 
condition, po; = me po — So mo). and ^, is the first eigenvalue of A. 


As for the case fo po < fo mo, i.e., Moo = era mo — fo Po) > 0, we have 
Myowin et al. (2020) 


Theorem 4.5 Assume that (4.1.14) and [e po < Ja mo hold, and let po € (2, 3), 
qo € (3, A Then there exists € > O such that for any initial data (o, mo, co, uo) 
fulfilling (4.1.15) as well as 


lleol € €, limo — mæla <e, lVcoll co <e, luollzsco) < 8. 
(4.1.13) admits a global classical solution (p, m, c,u, P). Furthermore, for any 


o; € (0, min(A,, Mæ, 1}), o € (0, min{a,, 41]), there exist constants K; > 0, i = 
1, 2, 3, 4, such that 
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lmC, t) — Moo|lz~(2) € Kje t, 


lloC. Dzs(o € Kae ""', 
Ic(-, £) — meslwis(o) € K3e7 
lut, Dro) € Kae. 


aot 
, 


Remark 4.3 In our results, we have excluded the case f. go Po = f o Mo. Indeed, in 
light of results of Cao and Winkler (2018); Htwe and Wang (2019), algebraic decay 
rather than exponential decay of the solutions is expected in this case. 


It is noted that the nonlinear convection (u - V)u in the three-dimensional Navier- 
Stokes equation may lead to the spontaneous emergence of singularities, resulting in a 
blow-up with respect to the norm of L?? (12). Hence, we subject the study of classical 
solutions of (4.1.13) to small initial data. We further note the substantial difference 
between dimensions two and three, and acknowledge results on global boundedness 
in two dimensions obtained by Espejo (2018) in the case of scalar-valued sensitivity 
and by Li (2019) in the case of tensor-valued sensitivity with saturation effect or 
suitably small initial data. 

Section 4.5 is devoted to the large time behavior in a chemotaxis-Stokes system 
modeling coral fertilization with arbitrarily slow porous medium diffusion. In accor- 
dance with the phenomena observed from experiments (Coll et al. 1994, 1995; Miller 
1979, 1985), oriented motions may occur to sperms in response to some chemical 
signal secreted by eggs during the period of coral fertilization. In order to describe 
this in mathematics, a model appearing as 


n, +u- Vn = V-(D(n)Vn) —V-(nVc) —nv, 
Cc; Fu-Vc-— Ac— ccv, 

v, +u: Vv = Av—vn, 

u, = Au+VP+4+(n+v)V@, 


(4.1.16) 


was proposed under the assumptions that sperms and eggs enjoy different densities 
n and v, respectively, that P and ® separately stand for the liquid pressure and the 
gravitational potential with 

p e W??(Q), (4.1.17) 


and that the fluid velocity u is an unknown function (Espejo and Winkler 2018). 

For simplified versions of (4.1.16), such as D = 1 together with n = v or with 
a given fluid field u, related analytical results on global dynamic behaviors of the 
solution can be found in Espejo and Suzuki (2015, 2017). Whereas for more com- 
plex situations, during the past years, a number of analytic approaches have been 
developed to explore global dynamics in (4.1.16) and the variants thereof. 

In particular, under the interaction of linear diffusion, i.e., D = 1, with proper 
saturation effects of cells, by constructing appropriate weighted functions g and 
whereafter detecting the evolution of 
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ri n? g(c) (4.1.18) 
2 


with any p > 1, system (4.1.16) coupled with (Navier—)Stokes-fluid is proved to 
be globally solvable in the classical sense (Li 2019) or in the weak sense (Zheng 
2021). Moreover, arguments based on L?-L^? estimates for Neumann heat semigroup 
further show exponential decay features of the corresponding classical solutions 
under suitable smallness assumptions on initial data (Htwe et al. 2020; Li et al. 
2019b). 

As a more frequently used method, energy-based arguments, which start from 
constructions of proper energy functionals, play a crucial role in the whole study of 
systems related to (4.1.16). More precisely, as shown in Espejo and Winkler (2018), 
an analysis of a suitably established entropy-like functional 


f nf Ve +t f lup? (4.1.19) 
2 R 2 


with kı > O and k2 > O underlies the derivation of global boundedness and stabiliza- 
tion of the unique classical solution to the Navier-Stokes version of system (4.1.16) 
with D = 1 in spatially two-dimensional setting. In cases when saturation influence 
of cells is accounted for in the cross-diffusion term of n-equation, the construc- 
tion of a similar but different functional as compared to (4.1.19) is also viewed as 
the fundament in deriving global solvability of system (4.1.16) with D = 1, both 
in the Stokes-fluid context (Li et al. 2019b) and in the Navier-Stokes-fluid setting 
(Liu et al. 2020). Apart from that, when cell mobility depends on gradients of some 
unknown quantity, such as p-Laplacian cell diffusion, the pursuance of global solv- 
ability involves an analysis of a functional with more complex structure (Liu 2020). 

Actually, whether by establishing weighted estimates as (4.1.18) or by construct- 
ing energy functionals of different types, the core of the analysis is to derive a uniform 
LP bound of component n for any p > 1. Taking a recent work (Liu 2020) as an 
example, in the presence of a porous medium type diffusion, namely D in (4.1.16) 
is chosen to generalize the prototypical case 


D(is)=s""', $20 (4.1.20) 


with some m > 1, the condition 


37 
m> — (4.1.21) 
33 


therein reflects an explicitly quantitative requirement for the strength of nonlinear 
diffusion in the derivation of temporally independent LP estimates for n. However, 
since complementary results on possibly emerging explosion phenomena are rather 
barren, it is still unknown that corresponding uniform L? bounds could be achieved 
for smaller values of m or even for the optimal restriction m > 1. 

In the present work, we attempt to make use of a different method, by which 
conditional estimates for u and c subject to some uniform L^ norms of n are estab- 
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lished, to explore how far the porous medium type diffusion of sperms can prevent 
the occurrence of singularity formation phenomena. 

For precisely formulating our main results, let us close the considered problem 
involving system (4.1.16) with the following initial-boundary conditions 


n(x,0) = no(x), c(x, 0) = co(x), v(x, 0) = vo(x) and u(x,0) —uo(x), xE 2 
(4.1.22) 
as well as 


ð f ð 
Dog e = toga wed. Xe] 599 (4.1.23) 
ðv ðv ðv 
where @ C R? is a bounded domain with smooth boundary, where the function D 
fulfills 


De C» TD, oo)) () C? .((0, oo)) and D(s) > Cps"^! forany s > 0 (4.1.24) 
with certain u € (0, 1), Cp > 0 and m > 1, and where the initial data satisfies 


no € C"(€2) forsome v > 0 with ng > 0 in 2 and no z 0, 
co € W'?*(Q) with co >0 in Q, 
vo € W'^*() with vo > 0 in 2, and (4.1.25) 


3 
uo € D(A“) for certain o € E i) 


with A representing the realization of the Stokes operator with its domain defined as 
D(A) := W*?(2; R?) N Wi); IR?) N L2 (32) with L2 (2) := (o € L?(32; R?)| 
V -@ = 0} (Sohr 2001). 

Within this framework, our main results can be read as follows (Wang and Liu 
2022). 


Theorem 4.6 Assume that 2 C IR? is a bounded domain with smooth boundary. 
Let (4.1.17) be satisfied, and let (4.1.24) hold with 


m » 1. (4.1.26) 


Then for each (no, co, vo, uo) complying with (4.1.25), there exist functions n, c, v 
and u fulfilling 


n € L*(Q x (0, 00)) N C" ([0, oo); (Wo’?(2))*), 
c € Nr>3L®((0, 00); WI" (2)) N C9 (Q x [0, 00)) n CHOCO x (0, 00)), 
v ENps3L™((0, 00); WI" (2)) N C (Q x [0, 00)) N C9 (Q x (0, 00)), 


u € L®(2 x (0, 00); R3) n L? ([0, 00); WE? (2; R3) n LZ (2)) n C" (Q x [0, 00); R3), 
(4.1.27) 
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such thatn > 0, c > Oandv > 0, and that along with certain P € C? (2 x (0, 00)) 
the quintuple (n, c, v, u, P) becomes a global weak solution of the problem (4.1.16), 
(4.1.22) and (4.1.23) in the sense of Definition 4.1 below, and has the stabilization 
features that 


la, ©) — noo zoo) + llet, t) — voollyieoqg + live, £) — Voll wea) + lut, Dlie) — 0 
(4.1.28 


for any p > last > œ with 


an n] ZA KO 
la, = — ng— | vo and vy, = — Vo— | "of - 
» zl " 2 J4 >~ el (Se 2 J4 


From (4.1.26), which shows the values that m could be taken herein for suc- 
cessfully establishing temporally independent L? bounds of n, one can see that an 
apparent relaxation is realized in comparison to the previously derived range of m, 
i.e., (4.1.21). In fact, for introduced approximated problems of (4.1.16), (4.1.22) and 
(4.1.23), which is verified to be locally solvable with an extensible blow-up criterion, 
the hypothesis (4.1.26) allows for an application of a standard testing procedure to 
derive the uniform L? estimates of (ns)se(0,1) with the aids of conditionally uniform 
L?? estimates of (Vce)se(0,1) Which are established by utilizing L?-L? estimates 
for fractional powers of a sectorial operator on the basis of basic estimates implied 
in the regularized problems and of some well-established conditional estimates of 
(us)ee(o,1) (see Sects. 4.3—4.4). The derivation of (4.1.28) is essentially based on 
the dissipative effect of the considered consumption process, as shown in Espejo 
and Winkler (2018) for two-dimensional Navier-Stokes version of (4.1.16) with 
m = 1, or in Winkler (2015b, 2018c) and Winkler (2014b, 2017b, 20212) for sim- 
plified oxygen-consumption type chemotaxis-fluid models with m > 1 and m = 1, 
respectively. More precisely, the absorptive contribution —nv to the third equation in 
(4.1.16) implies time-independently uniform bounds of spatio-temporal integrals for 
nv and for the square of the gradients of both v and c, which underlies the achieve- 
ment of the convergence of n, c and v in (4.1.28). Thanks to the convergence of n and 
v in (4.1.28), the large time behavior of u can be detected by means of a combination 
of variation-of-constants formula with regularity properties of analytic semigroup. 


4.2 Preliminaries 


In this subsection, we provide some preliminary results that will be used in the 
subsequent sections. 

Next we introduce the Stokes operator and recall estimates for the correspond- 
ing semigroup. With LE (2) := (o € L"(2))|V- 9 = 0] and F representing the 
Helmholtz projection of L? (2) onto LL (2), the Stokes operator on LL (2) is defined 
as A, = — Z A with domain D(A,) :2 W?(Q)N W,’? (2) N LE(@). Since Ap, 
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and A,, coincide on the intersection of their domains for pi, p» € (1, oo), we will 
drop the index in the following. 


Lemma 4.1 (Lemma 4.2 of Cao and Lankeit (2016)) The Stokes operator A gen- 
erates the analytic semigroup (e~'4),.9 in L? (2). Its spectrum satisfies i, = 
inf Rea (A) > 0 and we fix u € (0, A^). For any such u, we have 
(i) For any p € (1,00) and y > 0, there is cs(p, y) > 0 such that for all o € 
L$(Q), 
A" e^ elir»o S es(p. 0t" e" lelro; 


(ii) For any p, q with 1 < p <q < oo, there is cg(p, q) > 0 such that for all 
$ € L5(Q), 
E EU 
le ^ ollre S csp, gt ^ Ve elec: 


(iii) For any p, q with 1 < p < q < oo, there is c;(p, q) > 0 such that for all 
$ € L5(Q), 


i N(1.1 
Ve Pliny < eto. 1 1 Ge liro; 
(iv) fy = Oandl < p <q < osatisfy2y — X >1- : thereiscg(y, p,q) > 
0 such that for all $ € D(A}), 


lllw € cs. pP. DIA” Aliro). 


Lemma 4.2 (Theorem 1 and Theorem 2 of Fujiwara and Morimoto (1977)) The 
Helmholtz projection P defines a bounded linear operator P: LP (R) > LE(Q); 
in particular, for any p € (1, œ), there exists co(p) > 0 such that || Poll oe) < 
c9(p)llooll Lco» for every w € L^ (o). 


The following elementary lemma provides some useful information on both the 
short time and the large time behavior of certain integrals, which is used in the proof 
of Theorem 4.3. 


Lemma 4.3 (Lemma 1.2 of Winkler (2010)) Leta < 1, 8 < 1, and y, ô be positive 
constants such that y Æ à. Then there exists c\o(a, D, y, ô) > 0 such that 
t 
f (1 4- 57*)(1 (t — s) Pe Ve" ds 
0 


«cio(a, B. y, 8) (1 ES nce m e mini.) 
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4.3 Global Boundedness and Decay Property of Solutions 
to a 3D Coral Fertilization Model 


4.3.1 A Convenient Extensibility Criterion 


At the beginning, we recall the result of the local existence of classical solutions, 
which can be proved by a straightforward adaptation of a well-known fixed point 
argument (see Winkler (2012) for example). 


Lemma 4.4 Suppose that (4.1.4), (4.1.7) and 
.Z(x,0p,c) -0, (x, p,c) € 0 x [0, oo) x [0, oo) (4.3.1) 


hold. Then there exist Tmax € (0, oo] and a classical solution (p, m, c,u, P) of 
(4.1.1) on (0, Tnax). Moreover, p, m,c are nonnegative in 2 x (0, Tmax), and if 
Tmax < œ, then for B € G, 1), 


lim. (llo. Dlr + mG, Dic) + llet, Dll wre) + AP uc, Dll) = 9. 


t> Tmax 


This solution is unique, up to addition of constants to P. 


The following elementary properties of the solutions in Lemma 4.4 are immediate 
consequences of the integration of the first and second equations in (4.1.1), as well 
as an application of the maximum principle to the second and third equations. 


Lemma 4.5 Suppose that (4.1.4), (4.1.7) and (4.3.1) hold. Then forallt € (0, Tmax), 
the solution of (4.1.1) from Lemma 4.4 satisfies 


eG. loo < leoleo lm, DI oo S Imole. (4.3.2) 

f loG, s)mC, s)llz1qayds < minili oolli, llmollrio} (4.3.3) 

llo C. Dll — (mG, Hli = leol — limolas (4.3.4) 
t 

ImC Dill o, +2 f IvmC. zods < molis, (4.3.5) 

lm. rs) X Ilmollz~ca), (4.3.6) 

let, Dll rs (o < maxtlimoll rs». llcollzso2)- (4.3.7) 


4.3.2 Global Boundedness and Decay for Z = 0 on 02 


In this subsection, we shall consider the case in which besides (4.1.4), the sensitivity 
satisfies. = 0 on 3 2. Under this hypothesis, the boundary condition for p in (4.1.1) 
actually reduces to the homogeneous Neumann condition V p - v = 0. 
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1. Global boundedness for .” = 0 on 842 


Lemma 4.6 Suppose that (4.1.4), (4.1.7), (4.3.1) hold with a > =. Then for any 
€ > 0, there exists K (£) > 0 such that, for all t € (0, Tmax), the soldi of (4.1.1) 
satisfies 


d 1 
g leE llo, 5 IVo C. Dixo S EllAc Dlia + KO). (43.8) 
Proof Multiplying the first equation of (4.1.1) by o, we obtain 


V 
sa fet fiver 


=f pap, Voe — | p^m (4.3.9) 
(2 (2 


1 C2 p? 
zi] vof + f —— ave. 
215 2 Jo (1 p) 


Now we estimate the term S f Q axle? on the right-hand side of (4.3.9). In 


fact, if a > 3 


4? 
Cs p 2 / 4 
= — ———|Vel*^ <e Vc|' + K(e), 4.3.10 
qa opel Ve se f Ivelt + Ke) (4.3.10) 
while for œ € (4. 1). 
& p? IVc]? < Ss f gr "ver 
g +p)" ~ 2 Jo 
C$ 
ff, us “tef IVc|^. (4.3.11) 


On the other hand, by Lemma 4.5 and the Gagliardo-Nirenberg inequality, we get 
I IVel* < Cow {lAcliiacoylleli=c) + lelte} (4.3.12) 
<Coy (llc zo + 1) 
and 
= = 4—Aa)az 4—40) (1—2 = 
[ lal’ = Tell ras < Con [ivo m" lolli + lel] 


6(3—4a) 
5(4—4a)* 


with A» = Duetoo € (4. 1). we have (4 — 4a@)A2 < 2 and thus 
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S la] < if IVol? + Ki (4.3.13) 
16e T4 R mu 


by the Young inequality. Combining (4.3.9)-(4.3.13), we readily have (4.3.8). 


Lemma 4.7 Under the assumptions of Lemma 4.6, there exists a positive constant 
C = C(mo, co) such that for all t € (0, Tmax), the solution of (4.1.1) satisfies 


d 
T IV eC lloc, + 2lIVeC, Diliacay + Ac, Dizo 
<K (IIVuC. Ix) + D- (4.3.14) 


Proof Multiplying the c-equation of (4.1.1) by —Ac and by the Young inequality, 
we obtain 


<- f nac» | (u - Vc) Ac (4.3.15) 
Q Q 


=- | mac- | ve-(u-vo- | Ve: Dew 
Q Q Q 
uu i (Vu - Vc) 

<f mt Qu HE vei f. vu 


2 2 2 4 
<lao T * [Acli32¢0y + + ivao F II Vell «o. 
4 2e 2 
where the fact that u is solenoidal and vanishes on 3 is used to ensure f g Vc: 


(D?c . u) = 0. 
By (4.3.12) and taking £ = xc in the above inequality, we have 
GN 


1 
=J) IZ z f, an «f IVel? < prio, + Col Yula + F 


which along with (4.3.5) readily ensures the validity of (4.3.14). 


Lemma 4.8 Under the assumptions of Lemma 4.6, the solution of (4.1.1) satisfies 
d 2 2 2 

z lec Hlo + ||Vuc, Dllo <K (Iioc. Dllo F 1) , (4.3.16) 
d 2 2 2 

dt |Vuc, Dllo F | Au(-, Dllo <K (Iioc. DIE) + 1) (4.3.17) 


for all t € (0, Tmax) for a positive constant K. 


204 4 Keller-Segel-(Navier-)Stokes System Modeling Coral Fertilization 


Proof Testing the u-equation in (4.1.1) by u, using the Hólder inequality and 
Poincaré inequality, we can get 


sal |u|? «f IVup = f oma: u 


ll Vll recolo + mlle lullo 


IA 


IA 


1 
5|Vulliaco) F Ki (ellie) F lm o. 
which together with (4.3.5) yields (4.3.16). Applying the Helmholtz projection Y 


to the fourth equation in (4.1.1), testing the resulting identity by Au and using the 
Young inequality, we have 


oa fe Abul? +f Auf? = - f P10 mover Au 


<;/ up + Kac f p [ m». 
2 Jo Q Q 


which yields (4.3.17), due to (4.3.5) and the fact that Jis IVup = da lA3up?. 


Lemma 4.9 Under the assumptions of Lemma 4.6, one can find C > 0 such that for 
all t € (0, Tmax), the solution of (4.1.1) satisfies 


llo C. DI za (o, FIVE, Dia qo, + lle Dlo S K. 
Proof By the Gagliardo-Nirenberg inequality 
3 2 
lel < Con (IVez lelia + lelro) 


and (4.3.8), for any & > 0, there exists K (€) > 0 such that 


d 1 
q lelto + lelie + zl Vella, < ellAcllso, + KE). (43.18) 


Adding (4.3.16) and (4.3.17), and by the Poincaré inequality, one can find constants 
K; > 0, i = 2, 3, 4, such that 


d 
qg lio + Il Vill: (o) + K»(lullz2(; + lI Vul?) 

xKs (lolz +1) (4.3.19) 
1 2 

Sg Velo + K4. 


Recalling (4.3.14), we get 


4.3 Global Boundedness and Decay Property of Solutions to a 3D ... 205 


d 
Fl Velo, + 2lIVelliaca) + ll4cllzsg, S Ks (Iulio, + 1) . (4.3.20) 


K» 


Now combining the above inequalities and choosing £ = 3K, one can see that there 


exists some constant Kg > 0 such that 
.— 2 2 2 
Y (t) := loC; Dllo + luc, t)\I Wize) + e| VcC, Dllo 


satisfies Y’ (t) + 8Y (t) < Kg, where ê = min{1, £), Hence, by an ODE comparison 
argument, we obtain Y (t) < K; for some constant K7 > 0 and thereby complete the 


proof. 


With all of the above estimates at hand, we can now establish the global existence 
result in the case .Y = 0 on 842. 


Proof of Theorem 4.1 in the case Z = 0 on 042. To establish the existence of 
globally bounded classical solution, by the extensibility criterion in Lemma 4.4, we 
only need to show that 


lo C. D zoe co + mG, Hll + lel, Oll weer) + I APuC., Do < Kı 
(4.3.21) 


for all t € (0, Tmax) with some positive constant K, independent of Tmax. To this 
end, by the estimate of Stokes operator (Corollary 3.4 of Winkler (2015b)), we first 
get 


lu] roe (ey < Kollullwis(oy € K3 (4.3.22) 
with positive constant K3 > 0 independent of Tmax, due to ||p||r:(p) < K4 and 


lm] r2) < K4 from Lemma 4.9 and Lemma 4.5, respectively. 
By Lemma 1.1, Lemma 4.9 and the Young inequality, we have 


sup j|Vele(g) < Ks(1+ sup |m-—u-Vclra(oy) 
t€ (0 Tmax) t€(0, Tmax) 
€ Ks(1 sup (lmlz + lullzsiolVcllrio) 
tE(0, Tmax) 
i 5 
< Ks+ sup (lmllrs(o) + lil req II Vel zo I Vel?» (9) 
t€(0, Tmax) 
3 
< Ke(u + sup IV ell poo (9). 


t€(0, Tmax) 


which implies that sup ||Vc(-, f)||z~ca) € K7. Along with (4.3.7) this implies 
te(0,Tnax) 
lec, H) llw) < Ks. Furthermore, applying the variation-of-constants formula to 


the o—equation in (4.1.1), the maximum principle, Lemma 1.1(iv) and Lemma 4.9, 
we get 
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t 
lels xlle'^ polls co) +f le *79^v . (o. Vc + pu)lzscods 
0 


fd 
<\l Po iota] (1+ ( — 5) De? o Vc + pullisqoyds 
0 
' -$o (t-s) 
<lleollzr=c2n + Ko | (04- (t — s) 39e lol rs ods 
0 
t 1 7 " 1 1 
<lo m + Ko | + — 5) e ^ lol soll zs (o,ds 
0 
Eu 
<llPollz~(2) + Kio sup lelo 


s€(0,Tinax) 


1 oo 

with Kio = Ko sup lel, f d+ se ds, where we have used V - 
t€(0, Tmax) 0 

u = 0. Taking supremum on the left-hand side of the above inequality over (0, Tinax), 


we obtain 


l 
sup liollr= < Polle) + Kio sup lolo. 
1€(0,Tmax) t€(0, Tmar) 


and thereby sup |[|ol|[rs(o) € Ki, by the Young inequality. Finally, by a straight- 
t€(0,Tnax) 
forward argument (see [Espejo and Winkler (2018), Lemma 3.1] or [Tuval et al. 


(2005), p. 340]), one can find Kj» > 0 such that sup || AP ull rz) < Kı2. The 
tE(0, Tmax) 
boundedness estimate (4.3.21) is now a direct consequence of the above inequalities 


and this completes the proof. 


2. Large time behavior for ./ = 0 on 042 

This subsection is devoted to showing the large time behavior of global solutions to 
(4.1.1) obtained in the above subsection. In order to derive the convergence properties 
of the solution with respect to the norm in L? (42), we shall make use of the following 
lemma. In the sequel, we denote f — m f o f COdx. 


Lemma 4.10 (Lemma 4.6 of Espejo and Winkler (2018)) Let A > 0, C > 0, and 
suppose that y € C! ([0, oo)) and h € C9([0, oo)) are nonnegative functions satis- 
fying y'(t) + Ay(t) < h(t) for some X > 0 and all t > 0. Then if for h(s)ds < C, 
we have y(t) > 0 ast — œ. 


By means of the testing procedure and the Young inequality, we have 


d 
d fo p? =2 f o P)(Ap — V(o.Z (x, p,c)Vc) —u- Vp — pm + pm) 
Jo Q 


=-2 f vo? 2 f i3 boves Yp afo Dom — pm) 
2 Q Q 


<- ri Vol? + Ki / Ive? -2 | (p — ppr, (4.3.23) 
Q R Q 
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d ED = — 
d (m —m)* =2 we — m)(Am —u- Vm — pm+pm) (4.3.24) 
Q 
E =f m(Am —u- Vm) — 2 f on- m)(pm — pm) 


< -2 f |Vm|? — 2 f on- m)om, 


=| (c — cy = af (c —c)(Ac — u- Vc — (c — c) + (m — m)) (4.3.25) 
dt Jo R 


= c(Ac — u- Vc) — 2 | e-9? +2 f e- 9m - m 


< -2 f IVcp? - f e-+ fo- my, 
sf u? =-2 f Vu 2 f (o move n -2 f VP-u (4.3.26) 
dt Q Q R 2 


=-2 f Vu 2 [ (p - pm - sve u 
Q (2 


1 


i l 
<-2f vu + Ke (f o-zm-mP) (f uP) 
R £2 2 
<- f vu? (f pz» f m-mP), 

R Q R 


where V - u = 0, u |a2= 0 and the boundedness of u, V$ and -Y are used. 


Lemma 4.11 Under the assumptions of Lemma 4.6, 


lC — PIC, Dllzs (o) 0 ast — oo, 
ln — m)C. treo) > 0 ast > oo, 
le — 66. Drei) > 0 ast > oo, 


luc, Drei) > 0 ast — oo. 


Proof From (4.3.23)-(4.3.26), it follows that 


d 

fo p< f vot n f vel? +27 f pm, (4327) 
dt Jo Q Q Q 
i fo m) < 2 | Vmi? +27 f om, (4.3.28) 
dt Jo Q Q 
4 fe ct) < 2 | vet - f e- o f n-m, (4.3.29) 
dt Jo Q R Q 


d 
F) us- f vut + x (f le - nr f m- mP). (4.3.30) 
dt R R R (2 
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Since fo |m — m|? < CollV mlz) and f^" fo pm < K4 by (4.3.3), an application 


of Lemma 4.10 to (4.3.28) yields 
lme, t) -MmOl > 0 ast > oo. (4.3.31) 
Since 
oo oo 
f J lm — m) ds < 23] ll Vml:(9,ds < Ks, (4.3.32) 
0 Ja 0 
the application of Lemma 4.10 to (4.3.29) also yields 


cC; 0 — Cll — 0 ast > oo (4.3.33) 


oo oo 
f weiss] [m-w-[m-mhke 6334 
0 0 2 2 


Furthermore, by (4.3.34), fole — Ppl < CollV ollie) and fo fo pm < Ka, 
Lemma 4.10 implies that 


and 


loc, t) — PAlla — 0 ast > oo, (4.3.35) 
oo oo 
Í W = Zlio) < c, | IIVellz:(o, < Kj. (4.3.36) 
Hence, from (4.3.32), (4.3.36), da lu? < Cyl Vull2:(o; and Lemma 4.10, it follows 
that 
lut, Ðl) > 0 ast > oo (4.3.37) 
as well as fj" I Vill: (oy < Ks. 


Now we turn the above convergence in L?(Q) into L® (2) with the help of the 
higher regularity of the solutions. Indeed, similar to the proof of ||c(-, t) || wig) < K 
in Theorem 4.1 in the case Z = 0 on 82, ||m(., t)||wi~ a) < Kio can be proved 
since ||oC, t)lrsso + IlmG, t)lrs(oy < Ko for all t > 0 in (4.3.21). Hence, from 
(4.3.21), there exists a constant Kj; > 0, such that ||m(., t) — m(t)lwis(o) < 
Ky, [cC t) — eO wis (oy € Kn, lul, Ollwisca) € Ki forallt > 1. Therefore, 
by (4.3.31), (4.3.33) and (4.3.37), the application of the interpolation inequality 
yields as t — oo, 


3 E o 
Im — mlrs < C (Im — mlio lm — Mlio + lm — mlo) > 0. 


lec, £) — €@)|lz~(a@) > 0, lul, Drs (o) > 0. 
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In addition, similar to Lemma 4.4 in Espejo and Winkler (2018) or Lemma 5.2 
in Cao and Lankeit (2016), there exist V € (0, 1) and constant Kj» > 0 such 


that lell co o berg < Kj» for all t > 1, which along with (4.3.35) implies that 


lo C. ) — PMIlc,,.@ — 9 as t > oo and then by the finite covering theorem, 
lec, £0 — POl > 0 ast > co. 


By a very similar argument as in Lemma 4.2 of Espejo and Winkler (2018), we 
have 


Lemma 4.12 Under the assumptions of Lemma 4.6, 
P(t) > Po, m(t)— mos, c(t)— mss ast > oo 


with Po = {Po — Mo}+ and ms; = (mo — pol. 


Proof From (4.3.3) and (4.3.5), we have 
t 
J llomllri oy > 0 ast > oo, (4.3.38) 
t—1 
t 
/ | Vmll2:9, > 0 ast — oo. (4.3.39) 
t—1 
On the other hand, 
f lomliio = f. f o- m+ f [ om 
t t—1 
-- lC. lro lim — enm 
= -x f Wan tf 
>-K (f vnlg). «m i? m 
t—1 f= 


Inserting (4.3.38) and (4.3.39) into the above inequality, we obtain 
t 
f p:m-— 0 ast — oo. (4.3.40) 
t—1 


Now if (9 — mo > 0, (4.3.4) warrants that o — m > 0, which along with (4.3.40) 
implies that 


t 
f m (s)ds — 0 ast > oo. (4.3.41) 
t—1 
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Noticing that m(s) > m(t) forall t > s, we have 0 < m(t)? < S m (s)ds — 
O0 as f — oco, and thus p > pæ as t > co due to (4.3.4). By very similar argu- 
ment, one can see that o — 0 as t — oo and m > M% as t — œ in the case 
of po — mo < O. Finally, it is observed that c(-, f) — moo in L?(Q2) as t > oo is 
also valid (see Lemma 4.7 of Espejo and Winkler (2018) for example) and thus 
C(t) > Mm% as t — oo by the Hólder inequality. 


Combining Lemma 4.11 with Lemma 4.12, we have 


Lemma 4.13 Under the assumptions of Lemma 4.6, we have 
0C. f) > poo, m, f) > Mo, c, f) > mas, ul, t) > 0 in L? (£2) as t > oc. 


Now we proceed to estimate the decay rate of || oC, t) — Poollz~ca), Im, t) — 


MoollL~(2), llc. t) — Coollz~(ay, and Ilut, tro) when fo po # f; mo. To this 
end, we first consider its decay rate in L?(42) based on a differential inequality. 


Lemma 4.14 Under the assumptions of Lemma 4.6 and f go PF f g Mo, for any 
& > 0, there exist constants K (e) > 0 and t; > 0 such that for t > te, 


PO — pæl + |m(t) — mol < K (eje Pata) (4.3.42) 
[c(t) — mæl < K (g)e- Mint! oot moo ey} (4.3.43) 


Proof For the case Ja po > So mo, we have po; > 0 and mæ = 0. By Lemma 4.13, 
there exists te > 0 such that o(x,t) > po — € for t > t, and x € 92, and thereby 
4 fom = — fa PM < —(Pæ% — £) f m for t — t,, which implies that m(t) < 
moe Pete) for t > tp. Moreover, due to o — m + pæ by (4.3.4), we have 
I(t) — Pool = M(t) x moe ^» 9^9 fort > te. As for the case fo po < fo mo, 
similarly we can prove that |m(t) — m44| = p < Poe «9-59. fort > te. Further- 
more, by the third equation of (4.1.1), we have 4 fg (c — mæ) = fo (mn — ma) — 
fo (c — Moo), and thereby |c(t) — mes;| < K(s)e^ min{1,Pootmoo—e}t | 


Proof of Theorem 4.2 in the case F = 0 on 082. By Lemmas 4.11 and 4.13, as 
t — oo, we have 


P(t) — p(t) > 0, mC, t) =m) > 0, pC, t) > poo, mC, t) > mos. in L* (£2), 
which implies that for any € € (0, Bats), there exists te > 0 such that |p(., t) — 


P(t)| « e,|mC, t) — m(t)| <£, oC, t) 4- mC, f) > pos time — e forallt f; and 
x € §2. Hence, from (4.3.23)-(4.3.26), we have 
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= fo- py + + [ Ivor <K f IVc]? +2 f om. (4.3.44) 


<f m-m+2 f |Vm|? < 2s f pm, (4.3.45) 
dt Jo Q Q 


d = E = 

5] c-o+2f Ive + f e- o? = f mm. (4.3.46) 
dt Jo Q Q Q 

d E E 

=| uea f IVu? < K3 (f o- py f n-m) (4.3.47) 
dt Jo Q Q Q 


for t > t,, as well as 
d 
dt 


zi intima Moi bw an Ap o OG OON) o a oni 
Q 


pm (4.3.48) 
2 


=-2 f vovn - | cou- Yn mu: voy f pS, p. Ve Vm - | om? 
R R R R 
R 
<f vo +2f [Vm]? -fu vom +K f IVc} -f mee 
<f iver +2 f [Vm]? +K f Ive - yes m f dni 


where V - u = 0, u |a2= 0 and the boundedness of p are used. 
On the other hand, by Poincare's inequality, there exists Cp > 0, such that 


[ vet =c f o - 9X. f vm = cr f n-m, 
RQ 2 2 2 

[ ier = ce f e-a, f Wutz ce f a-m. 
Q Q Q 2 


Therefore, combining the above inequalities, and taking & < M 


min{+, ae i the functional G(t) := f5(o — P? + & + fe a my + Ki fo 
(c — c +a f go pm satisfies the ordinary differential inequality 4 $5 Gt) + 61G(t) x 
0 with 6; = min{ cr. 1, Poo tice }, which implies that 


with a = 


ô 
llo C. D — Pl + lime, D) — mllro + let, — Elre < CeT. (4.3.49) 


Moreover, by (4.3.49) and (4.3.47), uC, t) |l i29) < Ce-*' for some 52 > 0. At this 
position, combining (4.3.49) with Lemma 4.14, we can find 63 > O such that 
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E 
llo C. £) — pæl + lm, t) — mollo + lle, t) — moll € Ce ^. 


(4.3.50) 


Hence, as in the proof of Lemma 4.11, we can obtain the decay estimates (4.1.9)— 
(4.1.12) by an application of the interpolation inequality, and thus the proof is com- 
plete. 


3. Exponential decay under smallness condition 


In this subsection, we give the proof of Theorem 4.3 under the assumption that. = 0 
on 0 £2. The proof thereof is divided into two cases (Propositions 4.1 and 4.2). 


(1) The case fo po > fo mo 


In this subsection, we consider the case [^ po > p mo, 1.€., Poo > 0, Moo = 0. 


Proposition 4.1 Suppose that (4.1.4) hold with a = 0 and Ío po > [^ mo. Let N = 


3, po € (E, N), qo € (N, xA ). There exists € > 0 such that for any initial data 


(p0, mo, Co, uo) fulfilling (4.1.7) as well as 


loo — Poollzro(a) € €, lmollze(g) € €. lVcollz*(oy <e, luolien < 8. 


(4.1.1) admits a global classical solution (p, m, c, u, P). In particular, for any a, € 
(0, min(A1, Poo}), o» € (0, min(ai, A), 1}), there exist constants K;, i = 1, 2, 3,4, 
such that for all t > 1 


lme, Drs x Kie", (4.3.51) 
llo C.) — pæle) € Koe", (4.3.52) 
lleC. Dllwse(a) € Ke”, (4.3.53) 
lut, Dire) € Kye". (4.3.54) 


Proposition 4.1 is the consequence of the following lemmas. In the proof of these 
lemmas, the constants c; > 0,i = 1,..., 10, refer to those in Lemmas 1.1, 4.1—4.3, 
respectively. We first collect some easily verifiable observations in the following 
lemma: 


Lemma 4.15 Under the assumptions of Proposition 4.1 and 


9o N 
o= f (1 + s) e “ds, 
0 


there exist Mı > 0, M5 > O and e > 0, such that 
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1 10 
(+e1+e1|2| P0 20) 


M» 
c3 + 2€2€10€ < E Me <1, (4.3.55) 


bai 
12c2c10(c6 + 4c6cocio|| VQ llzæc2) (Mı + c1 + c12 |r % 


ES 
ja tatal SOS < 1, (4.3.56) 
dedi iO M 
caci9Cs Ma (e tete 70e + 5 lola) < A (4.3.57) 
diu Mi 
Scio Cs (Ms + ei + cil I 78) Moe < —, (4.3.58) 


nan 
3c10c7c6 CM; + c1 o c1|£2|^ ©) + 2eocioll Vé]l rss (o) 


Mi 


Miis abo 
(My ei + ei] 2| 70 + geltet ye < TI (4.3.59) 


Let 


II(o—m)(-, t) —e'^ (og — mo)ll re (gy 
~ XL T = 
T &sup4 T € (0, Tmax)| <Mye(1+t 270. efor all 0 € [q9, co], t € [0, T); 


lVeC, Dllo) € Mae(1 + 17 3)e79t for all t € [0, T). 
(4.3.60) 


By (4.1.7) and Lemma 4.4, T > 0 is well-defined. We first show T = Tmax. To this 
end, we will show that all of the estimates mentioned in (4.3.60) is valid with even 
smaller coefficients on the right-hand side. The derivation of these estimates will 
mainly rely on L? — L4 estimates for the Neumann heat semigroup and the fact that 
the classical solutions on (0, Tmax) can be represented as 


(p — m)C, t) &e'^ (po — mo) 


- Í e940. (p.Z (x, p, c)Vc) +u: V(o —m))(-, s)ds, 
0 


(4.3.61) 
t 
m(-, t) =e'^mo — f e4 (pom +u- Vm), s)ds, (4.3.62) 
0 
t 
el, t) =e Peg +f e 9 4-V (m —u- Vc)C, s)ds, (4.3.63) 
0 
t 
u(-, f) -ew + | eTA Bp + m)VQ)C, s)ds (4.3.64) 
0 


for all t € (0, Tmax) as per the variation-of-constants formula. 


Lemma 4.16 Under the assumptions of Proposition 4.1, for all t € (0, T) and 0 € 
[qo. oo], 
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- Gi -$P 7t 
Co — m)C. t) — poll) S Med +t ? m *)e. 


Proof Since e'^p4, = Poo and f, (oo — mo — Poo) = 0, the definition of T and 
Lemma 1.1(1) show that 


lo — m)C, t) — peel Loco) 


<Il(o — m)C. t) — e^ (po — mo)llr»co + llef (po — mo — Poo) M reco) 


1 1 ee 


N N 1 
<M +t 2% ® ye kcu tT) 09 — Pool reo 


-A 
+ [moll rm (o))e ^" 


for all t € (0, T) and 0 € [qo, oc], where M3 = Mi + ci4- cil 2|, 


Lemma 4.17 Under the assumptions of Proposition 4.1, for any k > 1, 
Ime, Ðl € Mallmoliz«oye ^*' forall t € (0, T) (4.3.65) 


with o = fd + $735 Je“ ds and M4 = eMe, 


Proof Multiplying the m-equation in (4.1.1) by km*—! and integrating the result over 
Q, we get 4 Jo m* x —k fo pm* on (0, T). Since 


p € |o —m — pæl — m — p» < —Poo + |p — m — Pool, 


Lemma 4.16 yields 


d 


ER m < koo | mh ek f mip- m pr 
dt Jo Q Q 


shes, | n + klp =m = poliso f a 
2 Q 


k -4-YX at k 
< -kos [ m + kMse (1+1 im e : fm 
R 2 


and thus 


t 
f m* <f nbyexpl-kpsst +kMse | (1 4 57 20 je ds} 
2 Q 0 


< limo lane 


The assertion (4.3.65) follows immediately. 


Lemma 4.18 Under the assumptions of Proposition 4.1, there exists M3 > 0, such 
1 N 
that ||u(-, t)|[r«(o) < Mse (1 + 2223 e **! for all t € (0, T). 
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Proof For any given o? < A^, we fix u € (o5, M). By (4.3.64), Lemmas 4.1 and 
4.2, we obtain 


lu C. £l zo (2) 


1 1 


t 
«egi 20r) emt ltollrv cay + | le P(p + m)V9)C. s)llrods 
0 


1 1 


gage tne sll nea (4.3.66) 
t 
+ c f e "9| Pp +m—p+m)V)(-, s)lro(oyds 
0 
Seet e" uolo, 


t 
+ ceco|| Vó |l «co» f e "7? Wo-E m — pF m)C, s)lrods, 
0 


where Y(p + mV) = p 4- m4 (Và) = Vis used. On the other hand, due to o; < 
Poo, Lemmas 4.16 and 4.17 show that 


Co +m — p +m)(-, s)l ro qo» 
—|(o—m — p—m)(, s) + 2(m — M) C, s)llro co (4.3.67) 
<Il — m — psc) C, s) M po (y + 2] Gn — m) C, s) roo co) 
«Mie(1 + s 3 7 we" 
with M; = M3 + 4e”3°©, Combining (4.3.66) with (4.3.67) and applying Lemma 
4.2, we have 
lu C. £l po o) 


ETE M 
<cet ? we |u| L(y 


N 


i LN(LOA 
taclVélisaaMte | (+s 2 gg wes eet) ds 
0 


cd pt i NY d. S 
<cet 39m e" uoliena) + cecocioll Véllzs co Mte I + OTE 7g tt 


-ip A 
<cgt P me e + 2cecocioll V Pll rs (o) Mec 
-+2 —a2t 
<Mse(1 +t 3 2 )e t, 
where Ms = ce + 2c6coc10|| Voll z~(@) M; and x e" — a < ] is used. 


Lemma 4.19 Under the assumptions of Proposition 4.1, for all t € (0, T), 


M» err 
Vec, Drei < 5 s T3) "U. 
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Proof By (4.3.63) and Lemma 1.1(iii), we have 
Vc, zoe (o 
Sle"? Veollix(a) + f “VED im — u- ve) sIllemayds (4.3.68) 
0 
<c3(1 + 173)e- HDV collo) + f VetO4—Dn(., 8)| rods 
0 


t 
+f I|Ve€ 47D . Vel, s) roe (ods. 
0 


Now we estimate the last two integrals on the right-hand side of the above inequality. 
From Lemmas 1.1(ii), 4.3, 4.17 with k = qo and the fact that qo > N, it follows that 


t 
—s)(A-1 
[ iver "m m|rs (gods 
0 
—-4- 3L oA- s) 
<eo | (0 (t — s) 2 eM FYE lmll ra (o ds (4.3.69) 
0 


f 1 N 
zcMse | (1+ (t — s) 3 26)g At DES) esd 
0 


min(0, i- aut 


MS 
xcocio Ma(1 +t 240! )ge- 


«2cjcioMa(1 4- t73)ee 9, 


On the other hand, by Lemmas 4.3, 4.18 and the definition of T, we obtain 


t 
f |Ve79^-Du . Vellræcods 
0 


i i-X Qa-HD) s) 
xc) | (A+ (t — s) 3 98)e- 9 lu- Vellz« «ays (4.3.70) 
0 
=e) Ait D(—5) 
xc) | (1+ (t— s) ? %)e lullo ll Vell zoe (ds 
0 


t 
<emsme? | (1 4- (E — s) 3 36 Je“ HF DED (1 p Tit) 4p 7 3)e- tds 
0 


t 1 N LN 
sos f e Or*DG-96- (rans (4 4 (p — s) 3729 )(0 + s 1 7 )ds 
0 


2 —1. -at 
x3cocio Ma Mse^(1-- t£ 2)e A". 
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From (4.3.68)-(4.3.70), it follows that 


ll VclIree gy < (c3 + 2e2c10Ma + 3e2c19M2 Ms&)(1 + 173)ge-"t 


IA 


Mo dprd 

2 $ 
due to the choice of M,, M2 and e satisfying (4.3.55), (4.3.56), and thereby completes 
the proof. 


Lemma 4.20 Under the assumptions of Proposition 4.1, for all 0 € [qo, oo] and 
t € (0, T), 


1 


ta Mi 2 1) —ait 
ll(o — m)(, t) — e* (oo — mol ro) € zea +i Se CORE. 
Proof According to (4.3.61), Lemmas 1.1(iv) and 4.1, we have 


Ico — m)(-, t) — e^ Coo — mo)llr»co» 


t 
< / le* 94 (v - (0. A(x, p, c) Vc) +u-V(p— m))(-, sl zo ods 
0 
t 
< / le-9^v - (pA, p, OV OC, Vlad 
0 


t 
M f jd EE E 
0 


1 Nri 1 
—-5—5(L—-—; 


&cCs | 0c ( — 5) 3 3 9)e 79 WoC, s) reo Vc, leds 
0 


1 _N 


t 1 1 
+ o f (Lp (pog) ESD HOO [up — m= a 
0 
Edd: 


Now we need to estimate J; and J). Firstly, from Lemmas 4.16 and 4.17, we obtain 


llo C. sore c o) < Ilo — m — Po), s) roo co) + ll, s) roc + |] Poo ll roo) 


1 1 


< M3e(1 + Fea) ET + Mg (4.3.71) 


isi 
with Mg = et tertelel” e 4 Poo ||, which together with Lemmas 4.19 and 
1.1 implies that 
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t 
h scs Ms | (1 4 (t — s) 
0 
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1 N 


H 1 
202GQ 9 eMC) ell poy ds 


(4.3.72) 


t 1 
eMe | (00 (—5)? 
0 


t 
<esCsMoMae | (14 (t — 
0 


t 
+3M7 Moe I (14 (f — s) 
0 


with M; :— c4Cs Ms, where we have used (4.3.57) and (4.3.58) and x — 
On the other hand, from Lemmas 4.16 and 4.18, it follows that 


2G DAs Gg we eM) 1 Ye || pocqyds 
s) 27 EGO e“ MOS) (4 + 572)e7*15ds 
i cae, 94s i 3G; We 22155769) qs 
-IGT P peat 


4 
qo 


1 


N: 


: EN co oog 
noc | aa 7i emp — m= pss lilia 
0 
ifl 5-4(4-}) t s+ 4-4 
< 3c7M3Mse7f (1+ (t — s) ? 280 te HOO] 4 2*3 Iw )g MF) dg 
0 
< 3c; Ma Mscioe? (1 zi pmin®. 2G e7 min{u, œ +æ2}t 
1 -7-a pat 
< —s(14 £29 9e7m (4.3.73) 


1 


where we have used (4.3.59) and ae 


x Hence, combining the above inequal- 
ities leads to our conclusion immediately. 


Proof of Theorem 4.3 in the case F = 0 on 0&2, part 1 (Proposition 4.1). First we 

claim that T = Tmax. In fact, if T < Tmax, then by Lemmas 4.19 and 4.20, we have 
1 

IVcC, Doo) € Ped + 17-2)e and 


M 
Ip = mC, 0 — e^ (po = moli S 560 tt 


for all 0 € [qo, oo] and t € (0, T), which contradicts the definition of T in (4.3.60). 


Next, we show that Tmax = oo. In fact, if Tmax < oo, we only need to show that as 
t = Tnax> 


llo C. Dlr + mG, DI (o) + llel, Hllwrec + I APuC., Dro — oo 


according to the extensibility criterion in Lemma 4.4. 


Let t; := min(1, Fas Then from Lemma 4.17, there exists Kı > O such that for 
te (to, Tax), 


Ime, Drs) < Kie ^. (4.3.74) 
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Moreover, from Lemma 4.16 and the fact that 
llo C. f) — Poellr (e) S Ile — MC, 1) — polla + Ime, DI cs co. 
it follows that for all t € (to, Tmax) and some constant K» > 0, 
oC, £2) — pæle) € Kae ?"'. (4.3.75) 
Furthermore, Lemma 4.19 implies that there exists K A > 0, such that 
lVcC. Dllo < Kye" for all t € (to, Tnax). (4.3.76) 


On the other hand, we can conclude that ||c(-, £) || (o) + llAPuC, Dl zoo) < C for t 
€ (to, Tmax). In fact, we first show that there exists a constant Mo > 0, such that 


IAPuC, Dll) € Moe (4.3.77) 
for tj < t < Tmax. By (4.3.64), we have 
| AP uc, tz) 
$ 
<J AP e^ uollr2 (o; + Í JAP 4A Pp +m — poo) VP), s) laco ds. 
0 
According to Lemma 4.1, || APe-'^uollrs(o) < cse “|| AP uollz2(a) for all t € (0, 


Tmax). On the other hand, from Lemmas 4.1, 4.2, and 4.16, it follows that there exists 
M > 1, such that 


t 
/ Afe- 079^ Z((o +m — poo) VO) lleva 
0 


o2 ff ts - 
Xcocs|| Vo |l ro 112] 7 f e= (t — s) P(Il(o — m — pss) C. s) ll reco) 
0 
+ 2|mC, s] ro (o))ds 


o2 a f! —n(t—s) —p (4-2), ais 
XC9Cs5 V6 || ro(£2| 200 M e (t—s) F(l1- s ?^ je ""ds 
0 


min(0,1—8— 4 (L.— LE 


402 ^ 
<cscocioll Vl rs c1€2] ?» Me (1 +t Tw) 


"Tm 
xcscocioll Vll rs (9) 2| *» Me ^? (1+ to ) 


for to < t < Tmax. Hence, combining the above inequalities, we arrive at (4.3.77). 
Since D(A?^) — L®(2) with B € 4, 1), we have 


luC, Dire < K4e "' for some K4 > Oand t € (0, Tnax). (4.3.78) 
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Now we turn to show that there exists KY > 0, such that 
lcC. Dllz~ca) < Kje 7*" for all t € (0, Tnax). (4.3.79) 


Indeed, from (4.3.63), it follows that 
t 
lIcllz=(ay < lle? eol rs o) «f le 9 ^7P (m — u - Vc)l reds 
0 
t 
< e™ |collzesco) + 1 lle 979 m(., s)l rs (oyds (4.3.80) 
0 
iL 
+ feu vec olas ends. 
0 
An application of (4.3.65) with k — oo yields 


t t 
EI e C? m, s)l L~cayds (4.3.81) 
0 0 


t 
= Ims c Ma f eE Po ds 
0 


< Macio”. 


On the other hand, from (4.3.78) and (4.3.76), we can see that 


t t 
—s)(A-1 —(t— 
Í le 9^7Pu - Vells ds < Í e C PulrsqoiVelsqods — (4.3.82) 
0 0 


t 

< kk | e 23597 (79g, 
0 

= K;Ka4cioe ^. 


Hence, inserting (4.3.81), (4.3.82) into (4.3.80), we arrive at the conclusion (4.3.79). 
Therefore, we have Tmax = co, and the decay estimates in (4.3.51)-(4.3.54) follow 
from (4.3.74)-(4.3.79), respectively. 


(2) The case fo po < fo mo 


In this subsection, we consider the case rm po < fa mo, 1.€., Mæ > 0, Poo = 0. 


Pa 4.2 Suppose ae T 1.4) hold with a = O0 and fo po < fo mo. Let N = 
3, po € (= 3 N) qo € (N, 5 ap IN- Then there exists ¢ > 0 such that for any initial 
data (po, mo, co, uo) fulfilling (4.1.7) as well as 


leol € €. lmo-— mesllreco) € €. lVcollnwoy <e, lluollz (o) S 8. 
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(4.1.1) admits a global classical solution (p, m, c, u, P). Furthermore, for any o € 
(0, min(A1, mo5)), o? € (0, minai, A1, 1}), there exist constants K; > 0, i = 1,2, 
3, 4, such that 


lmC, t) — molre € Kie *"', (4.3.83) 
lloC, Dll) € Kae *"', (4.3.84) 
llcC, t) — meclwise(g) € Kae ', (4.3.85) 
lut, Dire) € Kae. (4.3.86) 


The proof of Proposition 4.2 proceeds in a parallel fashion to that of Proposition 
4.1. However, due to differences in the properties of p and m, there are significant 
differences in the details of their proofs. Thus, for the convenience of the reader, we 
will give the full proof of Proposition 4.2. The following can be verified easily: 


Lemma 4.21 Under the assumptions of Proposition 4.2, it is possible to choose 
Mı > 0, M» > Oand e > Q, such that 


M TL M 
c3 < a coco + cy + cy|Q]?0 90 +My) < ~ (4.3.87) 
ïi 
18c2c6c10(1 + 2c9c10(1 + c1 +c1|2|P0 1 --2MpIIVóllroe())8 < 1, (4.3.88) 
= M 
2c, + (min{1, |2|} 70 < a 24c4Cgc19 Moe < 1, (4.3.89) 
dd 
24c4c19ce(1 + 2c9c19(1 + c1 + c1|£2| 70. 20 +2M))||VOllto(aye < 1, (4.3.90) 
ai = ail 
24c4c10(1 4- c1 + c1|(2|70. + Mij)e « 1, (4.3.91) 
12c4C5c10 M1 Moe < 1, (4.3.92) 
NEUE al. Ll d. 
c10ceca4(1 + cy +c, |2| "0 ?0)(1-F Zcocio(1-- c1 +c1lQ|ro 0 -E 2M1)IIVo l| roo (aye 
1 
d 4.3.93 
* 4 ( ) 


Similar to the proof of Proposition 4.1, we define 


= N1 1 
T Ésup|T € (0. Tnax) | lip, Dre (o) S Mied +1 2% e-" YO € [qo, Col, 
Ve, Dllze go) € Mell 4- 17 3)e7*'*, vt e [0, T). 
(4.3.94) 


By Lemma 4.3.7 and (4.1.7), T > 0 is well-defined. As in the previous subsection, 
we first show T = Tmax, and then Tnax = oo. To this end, we will show that all of the 
estimates mentioned in (4.3.94) are valid with even smaller coefficients on the right- 
hand side than appearing in (4.3.94). The derivation of these estimates will mainly 


222 4 Keller-Segel-(Navier-)Stokes System Modeling Coral Fertilization 
rely on L? — L^ estimates for the Neumann heat semigroup and the corresponding 


semigroup for Stokes operator, and the fact that the classical solutions of (4.1.1) on 
(0, T) can be represented as 


(m — p)(-, t) = e'^(mo — po) 


n f e407. A A — u- V(m — p))(-, s)ds, 
0 


(4.3.95) 
t 
pst) = e^ — I eOAY - (9. AO ETE SE 
0 
(4.3.96) 
f 
el, t) = eQ-7De, + f e XG-D(m — yu. Vc), s)ds, (4.3.97) 
^ 
ul, t) =e ^ug + f e "94 Bp +m)Vo), s)ds. (4.3.98) 
0 


Lemma 4.22 Under the assumptions of Proposition 4.2, we have 


N 1 
lan — p)C, t) — malle coy € Mse(1 4- £72 em! 
for all t € (0, T) and 0 € [qo, oc]. 


Proof Since e'^ (mg — Po) = Mæ and Je (mo — Po — Moy) = 0, from the Definition 
of T and Lemma 1.1(i), we get 


lan — p)C,t) — mocllre(oy 


<I] Om — p)(-, t) — e'^ (mo — polli ze(oy + lle ^ (mo — po) — e'^mscll zs (o) 
EI -IGT -At 
<e(l+r 7! 5)e +e +t ? r ")(lpolrzo() + limo moo» (o))e 


m NU). can 
«(loc ci-ci|Q2|?o *»)e(1-- t 279 9)e * 
for all t € (0, T) and 0 € [qo, co]. This lemma is proved for 


1 1 
Mi —1-4c cil 9, 


Lemma 4.23 Under the assumptions of Proposition 4.2, we have 


N(1 1 
mic E 


lmC, t) — molle € Myce +t Po PeTo for all t € (0, T), 0 € [qo, œ]. 
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Proof From Lemma 4.22 and the definition of T, it follows that 


lmC, t) — maolr <l — o — mes) C. Hla + eG. Dl roc 
1 


«(Ms + Mell +r me", 


The lemma is proved for M4 = M3 + Mj. 


Lemma 4.24 Under the assumptions of Proposition 4.2, there exists Ms > 0, such 
that 


lut, Dllo) < Mse + £73*35)e7* forall t € (0, T). 


Proof For any given a2 < A4, we can fix u € (a2, à). By (4.3.98), Lemmas 4.1, 
4.2 and Z (V4) = 0, we obtain that 


lu C. t) zoo co 


t 
aN lly | Hip 
«cst 2 we "lulio, | le *79^ Z2 ((p + m)V)C., s)l ro (ods 
0 
cuiu. 
&cgt 20178) e" lugll rv (gy (4.3.99) 


+ C6C9 i eCo +m — mas), s) rco» Véllrs cds 
xcgt 3 95 engl ena) 

+ ceco|| Vol ro co» f e "^9)|(o-F m — mo)(-, s)l rao (ads. 
By Lemma 4.23 and the definition of T, we get 


Io +m — mas) C. s) reo co) =I" — Mo) s) ro co + Mo C. s) roo co) 
(4.3.100) 


oN) 
<(M4 + Mi)e(1-4-s >? ro % yews, 
Inserting (4.3.100) into (4.3.99), and noting 20 = a < 1, we have 


lu C. £l poo) 


Lig 
Scot a+ e^" luo] rv (a) 


! N(1. 1 
+ c609(Mi + MIVA f (+s 2 oo we 9156 Du ds 
0 
S E EA 
<cet 1 m e |[uoll rw (o 


info) X(L—.1). _ 
+ cecocio (Ma + Mi) Vll rs coye (E + 70:17 2 5 we 
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Di4 vs 
<cot 3 9n ge" + 2cgcocio(Ma + M1)||Vollz~(ayee 


=Mse(1 +t 3 30 je" 
with Ms = cg + 2c6cocio(M4 + Mi)IIVóll rs co. 
Lemma 4.25 Under the assumptions of Proposition 4.2, we have 
M2 =i t 
I VcC. Drei < xL +t ?2)e *" for all t € (0, T). 
Proof From (4.3.97) and Lemma 1.1(iii), we have 
Vet, DI os o) 
t 
«Ie ^ P Veol rss oy + f [Ved (m —u.Vc)(,s)reqgds  (4.3.101) 
0 
f 
<c (1 + £7)e7®+D" | Voglio, + jl l| Ve 7947 P (m — mæ) l, læ ds 
0 


t 
" / jra aa ve(., s) nds. 
0 


In the second inequality, we have used Ve"-9 (4-705, = 0. 
From Lemmas 1.1, 4.3 and 4.23, it follows that 


t 
—s)(A-1 
1 || Ve 4- (m — my) C, s)llre tds 
0 


t 
«e f (+ (£ — 5) 3 eV LM — moy. s)|re(gyds (4.3102) 
0 


t M v. 
<en | (1 4- (t — s) T m Je“ AF DE) (1 p. s T Ge“ dg 
0 
i L ONT : 
«cjcio M4&(1 + 22 ip?) e7 minia: AED 


ER 
xXcocioMae(1-4- f 3)e mt 


On the other hand, by Lemmas 1.1(1i), 4.3 and the definition of T, we obtain 
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t 
f [Vedu . Vel, 8) || ro(oyds 
0 


f 5-H) Hs) 
<C (14-(t— s) ? ?w)e ^" "du Ve, s) roocoyds (4.3.103) 
0 


f Li NS _ 
<c Í (1+ (t — s) ? m eT FYE WC, Nlo lVe, s)l re (gds 
0 


i 


t DON LUN ] 
<emsme? | (1 4- (t — 5) 3 eH DE-D p g 3 (1 + s71)e- (tens 
0 


Nie 


f N LN 
3c Msse! | eg Mts) p= (rens (1 4 (t — s) 2 99 (1 + s. | 20 ds 


0 
«3c; Ms Macio£? (1 E 173)e7 min{A,;+1,a;+a2}t 


<3¢9MsMyee2(1 + 173)e7*. 


Hence, combining above inequalities with (4.3.87) and (4.3.88), we arrive at the 


conclusion. 


Lemma 4.26 Under the assumptions of Proposition 4.2, we have 
Mi Exp CD cmi 
lloC. Dre < ru +t ? mo * je for all t € (0, T), 9 € [qo. œ]. 
Proof By the variation-of-constants formula, we have 
1 
pC, t) eee me) po — I eA MV . (PFC, 0,0) Và) cus Vp), s)ds 
0 
t 
+ f ef 7m) 5 (m — m), s)ds. 
0 
By Lemma 1.1, the result in Sect.2 of Horstmann and Winkler (2005) and o, < 


min(A,, Moo}, we obtain 


lo C. DIL 
xe"! (le^ ^ (o9 — pol r^(o) + Dollo) 


£ 
+ f etA. ZE, p, YVAN Nlm ds 
0 


t 
+ f le 47" ( . V p)C., s) |l ro(gyds 
0 
t 
+ 


—s)(A—nmss 
[e 47792 p (m. — m), s) ll re(gyds 


N(1 1 
-* 


Ee (l E £208 79g Gitmo) loo — Doll rs; 
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+ (min{1, |2|) sete 


1 


: FEE) —044ma)—s) 
+caCs | A+ (t—s) 7 ? ^w P Je 1709 E ollzs (ol Vclzs(ds 
0 


t 
+ Í lle 79499 y . Cpu) C, S)llr ds 
0 


t 
—s)(A—mas 
F f lg PE p (ma — m)C. 8) Il Lay 
0 


«(c + (min(1, |]]) 9)(1 + $057 ?)gg7tt 


i 5-8 (4-3) —044ma)t—s) 
+c4Cs | A+ s) ? Pom T>e "77 M olro |l Vell z(ayds 
0 


Net , 
z TPT Atm ou roco ul ro (ays 


Nis 


tafata- 
0 


N1 1 
-4 


$ 
Jò I (4G =9)- a sr = macllisunds 
0 


=(2c; + (min(1, |) ™)1+ 17 2087 Pee" 4 +h t+ Bs. 


By the definition of T, Lemmas 4.25, 4.3 and (4.3.89), we get 


oq Dye Ay Jo 2ais 


Nie 


t 
I; € 3c4Cs Mi Moe? f (14- (t — s) 
0 


1 1 


R N ; 
3c4Cscio Mi Moe? (1 + prin. 7 pO} e7 min(A,,2o)t 


IA 


Similarly, by (4.3.91) and (4.3.92), we can also get 


Nolo d i Ni i 
207a) Ye Ai D» 2eis(1 4 $722 5$) )ds 


Nie 


t 
h< Sae? f (14 (t — s) 
0 


i Nd. : 
3cicioMs Mie? (1 E into, 2 li Dhe- min(A,.2o)t 


I^ 


IA 
|3 
M 
— 
EN 
- 
| 
| 
a 
3| 
| 
2 
— 
— 
« 
R 
k 
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t 1 N1 1 N N 
hL < sae! f (1+ (t — 5) 272599 7 9) go mae(—96572m5(1 4 $75 0 )ds 
0 


; Ni 1 : 
< 3cacio Mi Mae? (1 i prim. 7 pO} e7 min(rs5,201)t 


respectively, where the fact that qo € (N, xx) warrants — x + A > —lisused. 
Hence, the combination of the above inequalities yields 


M LN(L. 1 
leC Dia) Se +t z GTP ea 


Lemma 4.27 Under the assumptions of Proposition 4.2, we have 


E um 
lm — oC, 1) — e'^ (mo — polir S 5 0 4 C1 Deut 


for 0 € [qo, œ], t € (0, T). 


Proof From (4.3.95) and Lemma 1.1(iv), it follows that 


ln — o), t) — e'^ (mo — po) lle) 


t 
< | lle4(V - (o.ZC, p, c) Vc) — u- Vim — p) C. sre ds 
0 


t 
< f Hygena C S Maec ds 
0 


t 
+ f le AV . (im — p — mss)u) C. S)|lL9(aas 
0 


t 1 N 1 1 
<caCs | (1 4- (p — 5) 3 365 Pe] oC, 8) ew cayllVeC, s)lrsconds 
0 
i i-XGL-$PWQA 
tc. | (A+ (t— sy 3$ 369 ® eH -9 Lum — p — mo), Sllr ds 


0 
=h +h. 


From the definition of T and (4.3.93), we have 


t 1 Nç 1 1 1 Nl 1 
I se csMi Mae? | (1+ (t— 5) 2 36 7 9)g779(1 p $737 2 s a0) eds 
0 


s N 1 ; 
< 3c4Cscio Mi Moe? (1 E pin. 7 Gs 7 hy e— min{A 20 }t 


On the other hand, from Lemmas 4.22, 4.24 and (4.3.94), it follows that 
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x 


Nie 


L-I) -—A 
© 9e 07) Im — p — m.s reo lul ro cods 


hea | a««-» 
0 


: eg ^ t-s) e7 +a) ds 


" i N(1 1 
«6cioc4 M3 Mss? e^ min(A,04-o2)t a a pininto, 2 (5 70 Hy 


~N(4_} 


E 
E-(ü qua 29 eye ™", 
^4 
Combining the above inequalities, we arrive at 
E -NL-i _ 
Io — mC, 1) — e^ Coo — molir S 50 t €? e, 


and thus complete the proof of this lemma. 


By the above lemmas, we can claim that T = Tmax. Indeed, if T < Tmax, by 
Lemmas 4.27, 4.26 and 4.25, we have 


€ Nf. A. 
lan — p)C. t) — e'^(mo — polis € z (0 +E 209 Me™", 


M LN(1.1 
llo C. Dre < - 86 +t dt i) erat 


as well as 
M» -1Y oit 
IVeC. Dlr S e (14 10$) e 


for all 0 € [qo, co] and t € (0, T), which contradict the definition of T in (4.3.94). 
Next, the further estimates of solutions are established to ensure Tmax = oo. 


Lemma 4.28 Under the assumptions of Proposition 4.2, there exists Me > 0 such 
that 


Tax 


| AP uc, tz < Mese *' for t € (to, Tnax) with ty = min{ 


1): 


Proof For any given a2 < A4, we can fix u € (a2, 4^). From (4.3.98), it follows that 
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| APuC, Dio) 
t 
<l Afe uolra + i, AP 4 P((p +m — ms) V 4)C. 9l ds. 
0 


In the first integral, we apply Lemma 4.1, which gives 


N-2 N-2 
I AP e^ uol) < csl 2| m t Fe uolien € csI(2|? t Fee 


for all t € (0, T). Next by Lemmas 4.2, 4.22 and 4.26, we have 


t 
f A267 4 Z((p +m — m) VC, S)llrzxods 
0 
22 fo o 2 
«cycsl Volle E Í eM — sy 
: (ImmC, 5) — pC, s) — mocll zs) + 2lo C. s)l zo (o))ds 
t 
ze | eH (t — g)-B(1 4 s 657 e-* qs 
0 


<Mieecio(1 +t )e 9, 


-2 
where M, = (M3 + Mi)cocs| Vol ros (91 42] 75 . Therefore there exists Mg > Osuch 
that IAPuC, to < &Mge ^ fort € (to, Tmax). 


Lemma 4.29 Under the assumptions of Proposition 4.2, there exists Mz; > 0, such 
that ||cC, t) — mosllrs(gy < M7e7%™ for all (to, Tmax) with to = min{ 72, 1}. 


Proof From (4.3.97) and Lemma 1.1, we have 
|(c — mæ) C, Dre co» 
&cie [co — Mooll rs) + [ le FY (m = mss). 8) Il ree eds 
+ f lle* 97D, . Vel, llre ds. (4.3.104) 


By Lemmas 4.3 and 4.23, we obtain 


t 
f jet 479 am — moo), EN? 
0 


t 
Xe i d+- 5) 20 )e- 079 [0n — mes) C. s) roo (oyd's (4.3.105) 
0 


«cicioMasee t 


On the other hand, by Lemmas 4.3, 4.24 and 4.25, we get 
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t 
f le 9475; N Vc(., 5)|ro (ds 
0 
t N 
26) f (14- (£— 5) Be Ju. Vel, se cayds 
0 


d Lu 
«e f (1 4- (t — s) m) lu, lol VeG, s) roe ds 
0 


2 


<6cı MsMocioe^e *". (4.3.106) 


Therefore combining the above equalities, we arrive at the desired result. 


Proof of Theorem 4.3 in the case F = 0 on ðQ, part 2 (Proposition 4.2). We 
now come to the final step to show that Tmax = oo. According to the extensibility 
criterion in Lemma 4.4, it remains to show that there exists C > O such that for 
to := min{ Te, lb«t < Dna 


lo C. Dlr + Im, Dlr + Ile. Diosc + APUG, DI zoo < C. 
From Lemmas 4.23 and 4.26, there exists K; > 0, i = 1,2,3, such that 


lm, t) — Moll r9) < Kj,e *', 
lec, Dll < Koe "t, 


Vet, Dlia) € Kze™ 


for t € (to, Tmax). Furthermore, Lemma 4.29 implies that ||c(-, t) — moollwi~a) < 
Kie-*' with some K} > 0 for all t € (to, Tmax). Since D(A’) — L*'(Q2) with 
Be (4, 1), it follows from Lemma 4.28 that ||u(-, t)l ro) < Ka4e **! for some 
K4 > 0 for all t € (to, Tinax). This completes the proof of Proposition 4.2. 

Before we move to the next section, we remark that the following result is also 
valid by suitably adjusting £ > 0 for the larger values of po or qo. 


Corollary 4.1 Let N — 3 and So po Æ Js mo. Further, let po € (X, OO), qo € 


(N, oo) if fo po > fo mo, and po € 7X, 00), qo € (N, 00) if fo Po < fo mo. There 
exists € > 0 such that for any initial data (po, mo, co, uo) fulfilling (4.1.7) as well as 


leo — pæle (2) <£, limo — molog) S €. lVcollnw(oy <£ luollgv(o S & 


(4.1.1) admits a global classical solution (op, m, c, u, P). Moreover, for any o 
€ (0, min(A1, Moo + Poo}), o € (0, min(o, A), 1}), there exist constants K; i = 
1, 2, 3, 4, such that for all t > 1 


aut out 
, , 


lm, t) — mosllrs (o) € Kie llo C. t) — Poollzx(a) € Koe- 
llcC, 1) — mesllwies(oy € K3e7", lut, Drs (o) € Kae". 
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4.3.3 Global Boundedness and Decay for General Z 


In this subsection, we give the proof of our results for the general matrix-valued .7. 
This is accomplished by an approximation procedure. In order to make the previous 
results applicable, we introduce a family of smooth functions o, € C§° ($2) and 0 < 
ps (x) € 1forn € (0, 1), lim, ,9 o,(x) = Landlet.Z, (x, p, c) = py(x)-Z (x, p, c). 
Using this definition, we regularize (4.1.1) as follows: 


(Pn)i + Uy» V pg = Aps — V+ (Pnn, py. C5) V En) — Onn, 
(my); + uy - Vm, = Am, — p,ms, 

(Cy)¢ + ug * Ven = ACy — Cy + mg, 

(uy); = Au, — VP, + (oy +m,)Vb, V-uy =9, 

0p, Əm, ðc 


= = 7 =0, uy =0 
dv ðv ðv 


(4.3.107) 


with the initial data 


Py (X, 0) = po(x), m(x, 0) = mo(x), c(x, 0) = co(x), U(X, 0) = uo(x), XE Q. 
(4.3.108) 


It is observed that .7 satisfies the additional condition . 7 = 0 on 092. Therefore, 
based on the discussion in Sect.4.3.2, under the assumptions of Theorem 4.1 and 
Theorem 4.3, the problem (4.3.107)-(4.3.108) admits a global classical solution 
(Py, My, Cy, Uy, Py) that satisfies 


ait at 
, , 


Ima C. t) — mecllzeco) € Kie lon C. t) — Poollzx(a) € K2e7 


lcs C. t) — mosllwie(g) € Kse ',. Wun Dllze(o € Kae". 


for some constants K;,i = 1, 2, 3, 4, and t > 0. Applying a standard procedure such 

asin Lemmas 5.2 and 5.6 of Cao and Lankeit (2016), one can obtain a subsequence of 

{nj}jen with n; > O as j — oo, such that py, > o, My, > m, Cy, > C, uy, > 
D 


u in C^? (@ x (0, 00)) as j — oo for some 2 c (0, 1). Moreover, by the argu- 
ments as in Lemmas 5.7, 5.8 of Cao and Lankeit (2016), one can also show that 
(o, m, c, u, P) isaclassical solution of (4.1.1) with the decay properties asserted in 
Theorems 4.2 and 4.3. The proofs of Theorems 4.1—4.3 are thus complete. 
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4.4 Asymptotic Behavior of Solutions to a Coral 
Fertilization Model 


4.4.1 A Convenient Extensibility Criterion 


Firstly, we recall the result of the local existence of classical solutions, which can be 
proved by a straightforward adaptation of a well-known fixed point argument (see 
Winkler (2012) for example). 


Lemma 4.30 Suppose that (4.1.14), (4.1.15) and 
.Z(x,0p,c) -0, (x, p,c) € 0 x [0, oo) x [0, oo) (4.4.1) 


hold. Then there exist Tmax € (0, oo] and a classical solution (p, m,c,u, P) of 
(4.1.13) on (0, Tmax). Moreover, p, m, c are nonnegative in 2 x (0, Tmax), and if 
Tmax < œ, then for D € G. 1), ast > Tmax 


llo C. Dlr + ln, DI sco + lel, Dllwie(a + APUG, Dllrze) > oo- 


This solution is unique, up to addition of constants to P. 


The following elementary properties of the solutions in Lemma 4.30 are immedi- 
ate consequences of the integration of the first and second equations in (4.1.13), as 
well as an application of the maximum principle to the second and third equations. 


Lemma 4.31 Suppose that (4.1.14), (4.1.15) and (4.4.1) hold. Then for all t € 
(0, Tmax), the solution of (4.1.13) from Lemma 4.30 satisfies 


eC. Dri < leoleo Wm, Dio < molle. (4.4.2) 

f lot, s)mC, s)\lziqayds < mintllpoll ri)». lmollz:go)). (4.4.3) 

llo C. po — Im, oo = lleol — Imole, (4.4.4) 
t 

Ime, Iago) +2 Í Vn, s) 2o ds < Imola, (44,5) 

lm. rs X lImollrsc». (4.4.6) 

lec, Dll ro < maxtlimoll rs». llcollzso2)- (4.4.7) 


4.4.2 Global Boundedness and Decay for Z = 0 on 02 


Throughout this section, we assume that YW = 0 on 842. We note that, under this 
assumption, the boundary condition for p in (4.1.13) reduces to the homogeneous 
Neumann condition V p - v = 0. 
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In the case fo oo > fo Mo, i.e., poo > 0, Moo = 0, Theorem 4.4 reduces to: 


Proposition 4.3 Suppose that (4.1.14) hold and fa po > Ja mo. Let po € G, 3), 


qo € (3, zB.) There exists € > 0, such that for any initial data (o, mo, co, uo) 


fulfilling (4.1.15) as well as 


loo — Poollzr(2) < €. lmollze(e) <e, lcollzsc2) <e, lollzs(o) < €. 


(4.1.13) admits a global classical solution (p, m, c, u, P). In particular, for any a € 
(0, min(A1, Poo}), o € (0, min{ay, A1, 1}), there exist constants K;, i = 1,2, 3,4, 
such that for all t > 1 


Ime, Drs € Kie", (4.4.8) 
llo C. t) — esellzs cg) € Ke", (4.4.9) 
lleC. Dlbwre (o) € Ke”, (4.4.10) 
lC, Dro < Kae". (44.11) 


Proposition 4.3 is the consequence of the following lemmas. In the proofs thereof, 
the constants c;, i = 1,2, 3, 4 refer to those in Lemma 1.1, cj > 0, i = 5,...,10, 
refer to those in Lemmas 4.1—4.3. 


Lemma 4.32 Under the assumptions of Proposition 4.3 and 


99 3 
o= i (157m) e “ds, 
0 


there exist Mı > 0, M5» > Oand & € (0, 1), such that 


Je - E. 
Co + 2e5c, 9e ^ 0*0 21^ 1 )a < a (4.4.12) 
id 10M 
caCcioCs Mo (e! +ci+ci|2|P0 10 )o + pop] 2|) < 2 (4.4.13) 
8 
gue PS OL Pg 7 20; M 
C6 + 2c6CoC10| V6 | rs (Mi +c, + c1|£2|»o q0 +4 4e tetel] 10 ry z rt 
(4.4.14) 


toa come Fo E 
c; + 2ezcocioll Vello (My + ci + C12] 70 4 eltt ms) 


: 4.4.15 
E ( ) 
toa Mı 
3cioc4Cs(Mı + c1 +c1|2|r 9)Moe < EE (4.4.16) 
dod Mi 
3cioc4( Mi + c1 + €1|2|% )Mse < Pu (4.4.17) 


12c?c10Ma& < 1, 12c7cocjpM3e < 1, 12cgcocio Mae < 1. (4.4.18) 
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Let 


IIo —m)C, t) —e'^ (po —mo) loco) 
« Mig(1-t 208797 v9 € [qo, oc], t € [0, 7); 


T sup} T € (0, Tna) IVcC, Dllo) < Mell 4-172)e7**. V t € [0, 7); 


c dopo 3. m 
luC, Dllo < Mel +t? 90)e * Yt e [0, T); 


IVuC, Ðl € Mae +673) Yt e [0, T). 
(4.4.19) 


Then T > 0 is well-defined by Lemma 4.30 and (4.1.15). Now we claim that T = 
Tmax = 00 if & is sufficiently small. To this end, by the contradiction argument, it 
suffices to verify that all of the estimates mentioned in (4.4.19) still hold for even 
smaller coefficients on the right-hand side. This mainly relies on L? — L^? estimates 
for the Neumann heat semigroup and the fact that the classical solution on (0, Tmax) 
can be written as 


(p — m)C. t) 
=e'4 (po — mo) — f AY. (o. (x, p, c)Vc) + u - V(p — m))C, s)ds, 
0 

(4.4.20) 

m(-, t) =e'4mo — |! e^ (om +u- Vm)C., s)ds, (4.4.21) 

0 
cC, t) 2e AM co + f ef 9O7D(m — u - Vc), s)ds, (4.4.22) 
0 


u(-, t) =e Aug «f e 079^ Z((p--m)V$ —(u- V)u)C,s)ds | (4.423) 
0 


for all t € (0, Tmax) according to the variation-of-constants formula. 

Although the proofs of Lemmas 4.33 and 4.34 below are similar to those of 
Lemmas 3.11 and 3.12 in Li et al. (2019b), respectively, we provide their proofs for 
the convenience of the interested reader. 


Lemma 4.33 Under the assumptions of Proposition 4.3, for all t € (0, T) and 0 € 
[qo. co], there exists constant Ms > 0, such that 


3 


DEG. s. ois 
Kp — m)C. t) — pæle € Mse(1 +t 2% ye“, 


Proof Due to e'f p% = Poo and So (09 — mo — Poo) = 0, the definition of T and 
Lemma 1.1(1) show that for all t € (0, T) and 0 € [qo, oo], 
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lo — m)(, t) — Pooll r^c» 
«|o — m)C, t) — e'^ (oo — mo)llr»co + lle ^ (oo — mo — Poo) Mzeco) 


(d. o “AG 
<Mie(l +t 7% 9)e 
er E 


+c(1 +t 20 


1t 


—À 
P) (llo — Poo llzroco) + limollzoc)e 
1 


—3t6L1 
«Mse(1 4- t 30s 79g mt, 


1 E 
where Ms = Mı cic ci|£2|» ©. 


Lemma 4.34 Under the assumptions of Proposition 4.3, for any k > 1, 


Ime, Olli € Mellmollzscoye ^*' for allt € (0, T) (4.4.24) 


witho = f" (1 -- s^ 2% )e-*ds and Mg = e™s®, 


Proof Testing the first equation in (4.1.13) with m^-! (k > 1) and integrating by 


parts, we have 
d 
— | m< -= f pm* on (0, T). 
dt Jo Q 


In view of —o < |p — m — po;| — m — poo € —Po + |P — m — pæl, Lemma 4.33 
yields 


d 
£ m < kpo | mh e f aipa] 
dt Jo Q Q 
< hes, | n + klp - m= poliso f m* 
R Q 
= 


3 
-ios f n kMseQ ene f m* 
R R 
and thus 
t 3 
f m< | miexpikowt kso [ (1+ ee ds) < [molkora 
Q £2 0 


from which (4.4.24) follows immediately. 


Lemma 4.35 Under the assumptions of Proposition 4.3, we have 
Ms -l.-43- —aot 
luc. Dlo < 7e (1 ij a) e™ forall t € (0, T). 


Proof Foro» < Aj, we fix u € (a2, 44). According to (4.4.23), Lemmas 4.1(ii) and 
4.2, we infer that 
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lu C. £) Il zoo (2) 


" Í le 79^ Z((p + mV — (u - Vw), T 


a(i 
<cet it a) e luos) 


0 
t 
+ cg 1 eH 1 Bu V)u)C, 8) llr (yds (4.4.25) 
0 
<cgt 3 95 e luolia 


t 
+ ceco|I Voll ros co) f etlo +m — p d m)C. s)llrods 
0 


t 
+ Ceo / (t— 5) 3e") Wu. V)u(, s) a ds 
0 L3*35 (Q) 
ee E uei t 
wot 2" e " uolrscoy + Ji + Jo, 


where Y(p + mV$) = p -- m4 (V4) = 0 is used. 
Due to o4 < pæ, an application of Lemmas 4.33 and 4.34 shows that 


t 
Ji Zot | vollen f gta = m -PTT C, s) + 2n — TC, Slo ds 
0 
t 
sel Vélusu, f e "79 (Io — m — pss) C. S) Lo) + 21m — 9), sl zoo (g)ds 
0 


1 1 


t 3 
scel Velia Mhe | e M79 (1 + 71009 78e ti ds (4.4.26) 
0 


with M} = Ms + 4e'^see, 
On the other hand, by the Hólder inequality and definition of T, we have 


t 
1 
Jy sess f (t — 5) 32e" €^? lu, slro VC, $)]zsqods 
0 
t 
«3cgco Ma Mae? i (t — s) 3e tE (1 p stm) ds. (4.4.27) 
0 


Now, plugging (4.4.26), (4.4.27) into (4.4.25) and applying Lemma 4.3, we end up 
with 
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lu C. t) zoo co) 


cL go 23- i L364..d 
«cot. 2*9 e^" Duo] 5 (o; + cecocioll Voll rs coy Mied + £701 736 we 


EE oe 

+ 3cgcocio Ma Mae? (1 4- £73 9 ye! 
EUM ay, 
<cot 3 9n e^" e + 2cgcociol| VGll rs (o) Mee ^ 


MU O 
+ 3cscocio Ma Mae? (1 +t fta Je ant 


M: TOS. 
«T ea p i71 em, 
2 
where (4.4.14), (4.4.18) and the fact that s(t — a) « ] are used. 
In the next lemma, we show that the estimate for the gradient is also preserved. 


Lemma 4.36 Under the assumptions of Proposition 4.3, we have 
M4 1) nt 
Vuc, Dro» < zu +t 2)e ™ for all t € (0, T). 
Proof According to (4.4.23), we have 
t 
Vu(-, t) = Ve Aug +f Ve U-9^(22((p +m)Vd) — Z((u- V)u))(-, s)ds. 
0 


Applying Lemmas 4.1 (iii), 4.2 and the Hólder inequality, we arrive at 


Vu, Dl psy 


=l —pt í —(t—s)A 
Scy Ze” luola + ? |Ve P((p t m)V9 — (u- Vyu)C, 8)l r5 (eds 
1 t 1 : 
Sept 1e Me + c7 f E= 5) 3e MEO Pp +m — p Em)V9)C. s)l rs(gyds 
0 
L9*40 (Q2) 


t 1 3 
+a f (t—s) 2 3*e-"U-9)Wz(u.V)u)C,s)| sq ds (4.4.28) 
E ES 
1 


«ct 2e "fg 


1-1 ff 1 
+ c1c9| Voll roc (21213 0 Í (t— 5) 2e. lo +m — p d m)C. s)lrso(g)ds 


t 
+ c3€9 f (t — s) 
0 


1 
—cH 2e “e+ + T, 


l 
2 


3 
240 e "0^9 vu. Dll ro lue, s)ll rao (g)ds 


where F(p + mV$) = p -- m4 (V4) = 0 is used. 
Due to oj < pæ, an application of Lemmas 4.33 and 4.34 shows that 
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t Scyesll Vll oL E78 Í s) denen 
) 
(oe — m — p = m)C,s) +2(m — m)C., s)| rs (ods (4.4.29) 
sco Vdlisci | (E — s) de neo 
(IIo — m — poo), s) zoo co + 2lG6m — M)(-, s)H ro (o))ds 
i 


R : 3 1 1 
$c7C9||VOll rs 2) £2 P? Eme | e "€ 9(1 4 5245 a0) (t — s) 3e "ds, 
0 


On the other hand, from the Hólder inequality and definition of T, it follows that 


2 [' -i-> -nu(-s) -1+3 20s 
T2 X 3c7c9 Ma M4€ (t—s) ? 20e-¥ (+s 240 ye ~°2* ds. (4.4.30) 
0 


Therefore, inserting (4.4.30), (4.4.29) into (4.4.28) and applying Lemma 4.3, we get 


Vu, Dl rao 2) 
EN lb gaa de. 
<et 367" e + cycociol Vll zoe o) 213 99 Med + 10:272 ig ag) ent 


1 
+ 3c7c9¢19M3Mg4e>(1 +t 2)e7 2! 
1 li-l 
<cgt 2e H e 4-2c7c9cioll Vell roe( 142]??? Mee 
1 
+ 3c7c9c19M3 Ma4&? (1 tg 72)e 02! 


M. 1 
sed cr dye mt, 


where (4.4.15), (4.4.18) and the fact that qo € (3, zB.) po € G. 3) are used. 


Lemma 4.37 Under the assumptions of Proposition 4.3, we have 
M2 -1> g-ot 
Vc, Ore < s wu +t 2)e *" for all t € (0, T). 


Proof By (4.4.22) and Lemma 1.1(ii), we have 


IV cC, D roe» 


t 
< Ie ^7 P Veoll rs o) + Í l| Ve 7947P (m — u - Ve), s)ll rods 
0 
i t 
<c (l+ t72 )e7T®tDI llcoll rossi» + i || Ve*79 4-9 g.(., DIESE 
0 


t 
+f I|Ve X479, . Vel, s)llzæds. (4.4.31) 
0 
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Now we estimate the last two integrals on the right-hand side of the above inequality. 
From Lemmas 1.1(ii), 4.3, 4.34 with k = qo and the fact that qo > 3, it follows that 


t t EX 
Í [Ve 479 m|| ds <o | (++ (t— s) ? m ye DC) | || ra (o ds 
0 0 


Nie 


3 
240 Je Art DC-S) 6 Poo ds 


t 
<eaMee | (14 (t — s) 
0 


<cocigMe(1 + £P 37 eec: (4.4.32) 


-2cocio Mgee ""*. 


On the other hand, by Lemmas 1.1(ii), 4.3, 4.35 and the definition of T, we obtain 
t 
Í | Ve 47D, . Vellro(qyds 
0 


f -3-2-1 
ze Í (+ (t= s) 27 %0 eT HDE Ju - Vell p00 ads (4.4.33) 
0 


‘ -37 ug e7 1+) (t-s) 
<c : (1a (r—5s) ? *)e [4 || 120 cay V cll roe coy d.s 


1 


f zd sed alg ó 
setae? | (1 4- (f — s) 2734 e- AF DE-9) (4.4. $7 2* 95 )(1-p $7 3)e- Ct ds 
0 


14 


t 1 3 3 
auae | e Ot DG) g- (i-es (1 + (¢ — 9) 2779 )(1-4- s 240 )ds 


0 
«3ccio Ma Mae? (1 + 172 )e7™", 


From (4.4.31)-(4.4.33), it follows that 


ll VclIresgy < (c2 + 2e2c10Mg + 3c2c19M2 Ms&)(1 + 173)ge t 


IA 


M; 
(ase, 
2 
due to the choice of M5, M3 and e in (4.4.12) and (4.4.18), and thereby completes 
the proof. 


Lemma 4.38 Under the assumptions of Proposition 4.3, for all 0 € [qo, oo] and 
t € (0, T), 
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Proof According to (4.4.20), Lemma 1.1(iv), we have 
Ico — m)(-, t) — e'^ (po — molir) 
t 
<f lle* 9 ^(V - (F (x, p, c) Vc) +u -Vlo — m))C. s)llze cds 
0 


t 
< f pipa eno eads 
0 


t 
+ i le 7? AV . ((o — m — poo)U)(-, s) zo ods 
0 


: 1_3(4_1 
2b: f üg o eaae 
0 


‘ 3-3 Gc— 3A (t-s) 
taf (l+(@@—s) 2 2a 0U)e "7 ul — m — Poo)(-, S) lio qoyds 
0 
=l + bh. 


Now we need to estimate J; and J). Firstly, from Lemmas 4.33 and 4.34, we obtain 


llo C. sore co < Io — m — ges) C, slro + ll, s) roc) + |] Poo ll roo) 
3 


1 1 
< Mse(1 + 5307) erm + Ms (4.4.34) 


lol 
with Mg = etetal e 4 S. 1e] a, which along with Lemmas 4.37 and 1.1 
implies that 


t 1 4 1 H 
ji ort n (Lt ( — 53 35 Pyjet Velzads 
0 


f 3 
+esCsMse AHE- s) iT 4 s7? Teet) 
0 
$ ll V. c]| re oyds (4.4.35) 


t 
se CsMsMse | (1 4 (t — s) 2 
0 


NI 
topo 
~ 


wD e] + s72) ttd 


1 


t 3,1 1 1 3,1 1 
3e sMsMse? | (+ (t£ — 5) 372697 9)(1 4 57272909 73g 25 
0 
egg 
Xcioc4Cs (Ms M + 3Ms5M»5&)(14- £308 eet 
<a + 172% Peg mt 


where we have used (4.4.13) and (4.4.16) and 5 — 2 « i 
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On the other hand, from Lemmas 4.33 and 4.35, it follows that 


j 1 3(1.1 
hoe f (1 4- (t — 5) 3 3G ye“) 1.9 — m — poollr~ayllullzocayds 
0 


1 3,1 1 1 3 3 
< 3c4MaMse? | (1+ (t — 5) 2736997 9)eo m7 (qup ste 200 ) 


Lg (tags (4.4.36) 


; 3,1 1 
< 3c4c9 M3 M58? (1 + 1079 3G ap) emt 


< Mia + 1725 Det, 
= A 
where we have used (4.4.17) and x — i « i Hence, combining the above inequal- 


ities leads to our conclusion immediately. 


Now we are ready to complete the proof of Proposition 4.3. 


Proof of Proposition 4.3. First from Lemmas 4.35—4.38 and Definition (4.4.19), it 
follows that T = Tnax. It remains to show that Tax = oo and to establish conver- 
gence result asserted in Proposition 4.3. 

Supposed that Tmax < oo. We only need to show that for all t < Tmax» 


llo. Dlr + lime, Dres co + We, Dio + IA uC, Dll) < oo 


with B € G, 1) according to the extensibility criterion in Lemma 4.30. 
Let fo := min{1, Tuas }. Then from Lemma 4.34, there exists Kı > 0, such that for 
te (to, Tmax), 


Ime, Dlzs o < Kie”. (4.4.37) 
Moreover, from Lemma 4.33 and the fact that 


llo C. t) — sells c) < Co — m)C. t) — pæla + Hm. Dlz~ca), 
it follows that for all t € (to, Tmax) and some constant Ky > 0, 


lec, t) — Poollz~cay € Kae ?"'. (4.4.38) 
Furthermore, Lemma 4.37 implies that there exists K4 > 0, such that 
Vel, Dllzs(o) € Kie "' forall t € (to, Tmax) (4.4.39) 
Hence, it only remains to show that 


let, Mrs co) + WAP uC, Olea) € C for all t € (to, Tmax). 
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for some constant C > 0. In fact, we will show that 
APU, Dll S Ce (4.4.40) 


for fy < t < Tmax with some constant C > 0. 
By (4.4.23), we have 


IAPuC. Dllo (4.4.41) 
x|AP e^" voll iso) + Í [A e7 "79^ Pp +m — pss) V$)C. Nlo ds 
+ Í |APe 4 Pu Vw), s) rods. 
According to Lemma 4.1, 
Are ^ uolo) < cse™ | AP uollz2¢@) for all t € (0, Tnax). 


From Lemmas 4.1, 4.2, 4.33 and the Hélder inequality, it follows that there exists 
L > 0, such that 


t 
i Abe 079^ (Cp + m — ps) VC, S)Ilzaqyds 
0 


o2 ft 
<cscoll Vélo] e 1 EEE 
0 


+2 m(-, S) || roo (23) (t = s) Bel) ds 


1 1 


4-2 i e$ 
xcscol| Véll zs co)1£2| 9 h f eH (t — sy FUL + s 208 eds 
0 


40—2 i 3 ell E S 
<cscocioll Voll za) 2 2 Ie 9? (1 + OG), 


On the other hand, let M (t) := e7% || APu(., t) lr2(2) forO < t < Tmax. By Lemmas 
4.1(iv) and the Gagliardo-Nirenberg type inequality, one can see that 


1 
(tu Vou, S) loeo S121 lu, s) ro col Vu C. SJL) 


DA 1-9 
<hl Auc, Dl zo lut, SM roto) IV Cs Nl 


for some /; > 0 with 0 = z ( B — i + 2, and thereby an application of Lem- 
mas 2.2, 4.2, 4.35 and 4.36 gives 
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t 
Í APE Pu Vyu) C, Sllr ds 


«eges f WAP UC, Dro lu QM VuC, succo 


t 
<Is(, max uc» f g M79) (4 — gy E g HC sg 
0 


XS «Tpax 


<ciols(, max M(s)) Bq pO 2-B+ (aig 7 079) oat 


<s< max 


for some l; > 0. Now inserting the above inequalities into (4.4.41), we arrive at 


40-2 {0,1-p—3(4+-4 
M(t) Ses "uolui + esescvol Volum cal hn Ly (1 + £1“ B35 — a0?) 
+ ciols( max M (S)? (1. + pin: 2 BH agg 90-9) 
SS< Imax 


which implies that for some /4 > 0 depending on fo, we have 


max M(t) < la + lC max M)’. 


to<t<Tmax St<Tmax 


On the other hand, from Lemma 4.30, max M(t) < ls. Therefore, we get 


O<t<to 


max M(t) € ll lC 1 max M(t))”. 


Oxt «Tyax t<Tnax 


As } < 1, we infer that M(t) < le for all t € (0, Tmax) for some lẹ > 0 independent 
of Tmax and hence arrive at (4.4.40). 
Furthermore, due to D(A’) — L®(2) with £ € G, 1) and Lemma 4.35, we get 


aot 


lu. treo < Kae ™ for some K4 > Oand t € (0, Tmax). (4.4.42) 
Now we turn to showing that there exists KY > 0, such that 
let, Dllz~wa) € Kye for all t € (0, Tmax). (4.4.43) 
From (4.4.22), it follows that 
t 
lels < lle"? colre + f le PSY (m — u - Vll ds 
0 
t 
e™ llcollzsco) + f lle 47D m(., s)l ro (od (4.4.44) 
0 


t 
+ Í le 9 47Pu . Vel, s) | zs ds. 
0 
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An application of (4.4.24) with k — oo yields 


t t 
EI e C? m, s)l L~cayds (4.4.45) 
0 0 


t 
> olla Me f eg 7 e Po ds 
0 


< |mollrsc2) Mecioe ^. 


On the other hand, from (4.4.42) and (4.4.39), we can see that 


t t 
—$)(A—1 —(t—s 
f let Fu - Vellzsgyds < 1 e lullrællVclrsds (4.4.46) 
0 0 


t 

< kk | eg (A025 657 (I75) qs 
0 

< K;Ka4cioe ^. 


Inserting (4.4.45), (4.4.46) into (4.4.44), we arrive at the conclusion (4.4.43). We 
have thus established that Tmax = oo, and the decay estimates in (4.4.8)-(4.4.11) 
follow from (4.4.37)-(4.4.40) and (4.4.43), respectively. 

As for the case fo po < fo Mo, i.e, Moo > 0, Po = 0, Theorem 4.5 reduces to 


Proposition 4.4 Assume that (4.1.14) and fo po < Ts mo hold, and let po € (2, 3), 


qo € (3, x32). Then there exists £ > 0, such that for any initial data (o, mo, co, uo) 
fulfilling (4.1.15) as well as 


|Pollzro(ay <e, lmo — moælzro <e, lIVcollzs qo) <e, lluollzsqo) < €. 
(4.1.13) admits a global classical solution (p, m, c,u, P). Furthermore, for any 


a € (0, min(A1, mos, 1}), o2 € (0, min{a,, 41]), there exist constants K; > 0, i = 
1,2,3,4, such that 


limC, £) — molre € Kie ^, (4.4.47) 
lle, Dre) € Kae *"*, (4.4.48) 
let, f) — maellwis(g) € Ke, (4.4.49) 
lut, Dro < Kae". (4.4.50) 


The basic strategy of the proof of Proposition 4.4 parallels that of Proposition 4.3 
to a certain extent. However, due to differences in the properties of p and m, there 
are significant differences in the details of their proofs. Thus, for the convenience of 
the reader, we will sketch the proof of Proposition 4.4. 

The following elementary observations can be verified easily: 


Lemma 4.39 Under the assumptions of Proposition 4.4, it is possible to choose 
Mı > 0, M; > Oand e > 0, such that 
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Aes M. 
c3 + coco + c1 + cilm w+ Mı) < s 


TE M: 
cs + 2cgcocio(Mi + 2 + 2c1 4-261] 2| *)|| Vlr (oy < — 
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(44.51) 


(4.4.52) 


4 


dioc. d M. 
€; + 2c7c9C10 (M1 + 2 + 2c1+ 2e1| 2|» «)|[Vóllrs(0$2|* * < 4 (4.4.53) 


12c2c19M3e x 1, 

. -1 M, 
2c, + (min(1,]£2]]) » < w^ 12cgcocio Mae < 1, 
24c4Csc19M5& << 1, 


12c7cocioMsa& < 1, 
12c4cioCs Mı Moe < 1, 


2Acieio(1. + ei + eil f2|9 79 + Mie < 1, 
18c4c19Ma& <i. 


12cioc4 M3 (1 -ci i| 2|9 9 Je < 1. 


Define 


—3(1. 1 
lle. Dll reg < Mie 4- £729 79 


(4.4.54) 


(4.4.55) 


(4.4.56) 
(4.4.57) 
(4.4.58) 


(4.4.59) 
(4.4.60) 


(4.4.61) 


3,1 1 
—5(—-—5 


ll(m —p)C. 1) —e'^ (mo oo)lre(gy Sed +t ? Po Meret 


1 
eI! v8 € [qo, oo]: 


~ 1 ~ 
T:= sup Te (0, Tmax) | Vc, HILS) < M»os(1 + t2)e € forall t € [0, T); 


Ll E 
|u(-, trao(Q) < M3e ( +t Pm) e ??! for all t € [0, T); 


1 ~ 
IVuC. Dllgsqo € Mae (1 + 172) e7% for all t € [0, 7). 


(4.4.62) 


By Lemma 4.30 and (4.1.15), T > 0 is well-defined. As in the proof of Proposition 
4.3, we first show T = Tmax, and then Tmax = oo. To this end, we will show that all 
of the estimates mentioned in (4.4.62) are still valid with even smaller coefficients on 
the right-hand side. The derivation of these estimates will mainly rely on L? — L4 
estimates for the Neumann heat semigroup and the corresponding semigroup for the 
Stokes operator, and the fact that the classical solution of (4.1.13) on (0, T) can be 


represented as 
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(m — p), t) = e'^ (mo — po) 
1 
+f e" 9^(V . (p. A(x, p,c)Vc) —u- V(m — p))C,s)ds, (4.4.63) 
0 
t 
p(t) =e“ po — i e" 9^(V . (p. (x, p,c)Vc) +u- Vp + pm)C, s)ds, 
0 
(4.4.64) 


t 
cC, t) = eD eg + I eC 97D (m — u . Vc), s)ds, (4.4.65) 
0 


u(t) = e^ug + 1 e 079^ P((p + m)Vo — (u- V)u)C, s)ds. (4.4.66) 
0 


Lemma 4.40 (Lemma 3.17 in Li et al. (2019b)) Under the assumptions of 
Proposition 4.4, 


lan — p)(-, t) — malleo) € Mse + £730 9e 


for all t € (0, T) and 0 € [qo, oo] with Ms = 1 + ci + cil Q 76 79. 


Lemma 4.41 (Lemma 3.18 in Li et al. (2019b)) Under the assumptions of 
Proposition 4.4, 


llmC, t) — mallo) € (Ms + Mie + 13087 9)ecm 


for all t € (0, T), 0 € [qo. co]. 


Lemma 4.42 Under the assumptions of Proposition 4.4, we have 
M3 443.) wt 
uC, Dp) < EX +t ?77€)e "forall t € (0, T). 


Proof For any given o < A4, we can fix u € (o, A4). By (4.4.66), Lemmas 4.1, 
4.2 and Z (V4) = 0, we obtain that 


lu C. H Il zo co) 


«ct 207 eT “ull rs 


+ f le 479^ Z((o 4- m)V$ — (u - V)uy(, s)lzo(oyds (4.4.67) 
t 
<cot EP + lén, f e HI (9 +m — mo), s)| ro (gods 
0 


eoo f (t — s) 3e "79 Wu - Vu, s)| = ds. 


L nr (Q) 
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By Lemma 4.41 and the definition of T, we get 


Co +m — mes) C. s) reo coy =| n — mes) C. s) reo (oy + lo C. s) roo) (4.4.68) 
«(2Ms + My)e(1 4 s 1687 3g, 


Inserting (4.4.68) into (4.4.67), by the definition of T and noting that 3 (> — x) <l, 
we have 


lu C. £) Il zo (2) 
1 3 
<cot P We Me 


1 
+ ceco (2Ms + M)IVélass f (+s 709 wee Ge 
0 


t 
+ eseo f(t = DEAN Vu, Dlr ut DI cayds 
«cet 3 98 67 e cecocio(2Ms + Mi) Vpllixcaye( + 19:13 gnat 
+ 3csco M3 Mae? fo — s) 3e tC] E s^ I s e Dogs 
0 
«egt 3 98 get + 2c6cocio(2Ms + Mi)IVól|lrs(oyee ^! 
+ 3cgcocio Ma M4 (1 + 173 3s ele tht 
<e ete, 
where we have used (4.4.52) and (4.4.55). 


Lemma 4.43 Under the assumptions of Proposition 4.4, we have 
M4 aby ata 
Vut, Dro» 5 «M Tt 2)e ?* for all t € (0, T). 


Proof According to (4.4.66), and applying Lemmas 4.1(iii) and 4.2, we arrive at 
Vu, Dro 
1 t 
zeit 3e" puol r3(o; +f I| Ve- 79^ Z((p + m)V$ — (u - Vu), DIETE 
0 
1 1g ft! 1 
Seq 3e "gc? % Í (t— 5) 3e "79 | P((p +m — mo) VO)(, s) zoo cds 
0 
t 13 
+ al (t—5) 2 99e "0-9Wa((u.V)u)C,s)| x ds (4.4.69) 
0 L3*40 (Q) 
<cqt 3e Me 


tai fe oe 
+ c7c9|| Vll roo (9)142] 5 % Í (t — s) 3e "7? Wo +m — mos)C. sl zoo (a) ds 
0 
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1 


t 
oo f t-s)? 
0 


3 
70 e "0? Vul, s) lut, s) zoo (ds. 


where Z (m V9) = ma, (VQ) = 0 is used. 
From (4.4.68), it follows that 


t 


(t — 5) 37" Co +m = m)l, Sllr ds (4.4.70) 
0 


t 
«QM; + mye | (t — 5)~2e#O-9) (1 4 73 6s 73 etis qs, 
0 


In addition, an application of the Hólder inequality and definition of T shows that 


d 13 
f (t— s) 2 eH") ue, Dllo Vue, s)lzscoyds 
0 
f 
<3 M3 M48? / (t — s) 31-35 e 4-9 (1 4g! neds, (4.4.71) 
0 


Therefore, inserting (4.4.71), (4.4.70) into (4.4.69) and applying Lemma 4.3, we get 


Vu, Hll 


«cy ie Ms 
id min{(0,t—3(4-1)}, gy 
+ esescioll Vl is o)142]*  QMs + Mi)e Qd £22870 D)enm 
1 
+ 3c7¢9C\9M3Mye7(1 + t2)e €" 


M 
a eder ye, 


where (4.4.53), (4.4.57) are used. 


Lemma 4.44 Under the assumptions of Proposition 4.4, we have 
M» ee 
Vc, Orso < “5 E0 +t72)e for all t € (0, T). 


Proof From (4.4.65) and the standard regularization properties of the Neumann heat 
semigroup (e*^),.o in Winkler (2010), one can conclude that 
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Ve, D ree» 


t 
< e™ || Ve'^coll rs) + 1 || Ve 947P (m — u - Ve), s)llzæds 
0 


t 
1 
< cd + t73)e"' || Veollzsqo) + f || Ve 9479 (m — mæ) C, s)lzssoyds 
0 


t 
+ Í I|Ve€794-D . Vel, 8) || L~(ayds. (4.4.72) 
0 
In the second inequality, we have used Ve" 47D, = 0. 
From Lemmas 1.1(11), 4.41 and 4.3, it follows that 
t 
f l| Ve*79 47D (m — mo) l, llr ds 

0 

(4.4.73) 


t BN 3n K 
zu I (1 4- (t — 5) a 96-9 Gn — ma), s) ads 
0 


-i l-1) as 
2*'pg 4o )e ds 


t 3 
<co(Ms + moe | (L4 (t — s)? )g- ADEN 4 s 
0 


min(0, i- zo } e" min(o,À1-4-1)t 


<c2c10(Ms + Mie +t 
&cocio(Ms + Mi)e(1 + 173)e7*, 


On the other hand, by Lemmas 1.1(ii), 4.3 and the definition of T, we obtain 


t 
f | Ve 794-5, p Vc(., S)||z~(a)ds 

0 
(4.4.74) 


r 1_3 , 
zi / (14 (t — s) ET E Je 0106-29 . Vel, slew cards 
0 


f 1 3 
== —(A414-1)(t—: 
ET) f (1+ (= s) ? m eT ADE Ju, s) roto VcC, s)l rds 
0 


t 
zcM Mae! | (Lt (t — 5) 3798 )g ODED] 4 71m (1 + gets 
0 


3 143 
0 (1 + s '*20 )ds 


Nie 


t 
<3e,MsMze? f e AtDE-s) o= (eros (1 T3) 
0 


«3c; M3 Mzc10£ (1 +t” 2 jen, 

Hence, combining the above inequalities and applying (4.4.51) and (4.4.54), we 
arrive at the desired conclusion. 

Lemma 4.45 Under the assumptions of Proposition 4.4, we have 


M. sd d 
let, Ðl < Telt 2G0-e-"t forall t € (0, T), 0 € [qo, oc]. 
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Proof From (4.4.64), we have 


t 
"ODE og — Í eam) V. (0PC, p, c) Vc) — u - Vp), s)ds 
0 


t 
«f e Ameo) 5m 5 — m)C, s)ds. 
0 


By Lemma 1.1, the result in Sect.2 of Winkler (2010) and o; < min(A,, Mæ}, 


we obtain 


Io C. DIL 


-mæ A y? p 
xe "*' (le^ (00 — Dollz) + lIPollz^ co 
t 


+ le 947" y . (pL, p, c) Ve) C, s) ro cod 
0 


+ fet 97" (u - Vo)C, s) ds 


+ f fe PF) pomo — Mm), llre ds 
0 
3 1 1 1 
<e (l + £309 79g Gem) o — Dollz + (min(1, |2])) e 


=Moot 
ep 


! 1-3(Q--IA Qa me)(t-s) 
Heals f A+ E -ETD eA] o ro Vlr cods 
0 
t 
—s)(A—moo 
+ [| MeD. (pu rods 
0 


t 
—s)(A—nmss 
+ i le 4) o (mo — M)(-, Sllr ds 
0 


«(ci + (min{1, |]]) 7)(1 + 1730979 eee" 


' 1—3 (h-i) cO my 
+caCs | (0 (t—s) ? ?w Myer 1797 ol roc Vclzssoyds 
0 


' 1—3(L—1) —(M+mæ)(t—s) 
+c | (+= s) ? Y BM )e orm Ilo ros c» IH l| ro co) d's 
0 


According to the definition of T, Lemmas 4.44 and 4.3, this shows that 
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[ a*«-» 


<3M Moe [ean oci hee s) g "agg pi 1 sx ds 


3,51 
3, 


H , 
40 DJe Qa tme)(t 9 Lol rao co) llVellz~cayds 


Nie 


<3cio Mı M22? (1 4 pra a0) Je — min(A,, 2a }t 


Similarly, we can also get 


[ a*«-» 
0 


«3Mi Mse fata IG ewe Dems q 4 972-240 ds 


Nic 
Nive 
~ 
S 


0 PeT Atmo) ol aco, lu | ro (oyds 


<3¢\9M3M £7 a 4 p03 p; 8) e7 mint 2o) 


<3cıoMı (Ms + Moe (1p 9505 a Metin edt 


y) warrants — — of =— > —1 is used. Hence, the 


where the fact that go € (3, 33m a 


combination of the above inequalities yields 
Mi ,/, —3(1-1 - 
lpC. Dll Sed HM enm, 


thanks to (4.4.60), (4.4.59) and (4.4.56). 
Lemma 4.46 Under the assumptions of Proposition 4.4, we have 


for 0 € [qo, œ], t € (0, T). 


Proof From (4.4.63) and Lemma 1.1(iv), it follows that 
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lm — o), t) — e'^ (mg — Po) ll r^c 


t 
< [ eG ose p OO) - u Vem — PE rods 
0 
t 
< [ ety oe p OVC rods 
0 


t 
+ [Metri (m = p mac Mens 
0 


t 1 3(1.1 
seals f+ — 271718 e oc. scene. lro ds 
0 


Nie 
[S 
~ 


t 

taf ate-s 
0 
EJ + h. 


1 s 
a Pe um — p — Moo)(-, sl reads 


From the definition of T and (4.4.58), we have 


t i. 3,1 i t ari 1 
" <3c4CsMı Mae? | (14 (p — s) 2720The s722 Twe ds 
0 


min{0, -3 (+-— 4 


«3cACscioMi Mog? (1 +t 2 ` po 3) y o7 min(A1 2e1 


e —3(4_1 
EE 2 n Beat 


From Lemmas 4.40, 4.42 and (4.4.61), it follows that 


: 1 3(1.1 
baa fate-s hie Dem — p — mollo lulrods 
0 


t 

< amme? | + (t s) 37365 9g 79 (qp gm gms 
0 
E 
(14s 2 790)e ds 
X EN S ETOITNETD 

«3c MaMse? | 4-5) 3530999) ps 39) 

0 


N e^ (=s) o= (ai ta2)s dg 


i ; 3(1. 1 
x 3c1oc4M3 Mse? e - Pin Dci once (1 ab pmintO. 2 (5 gH 


3,1 1 


< Ča rs Pye, 
TA 
Combining the above inequalities, we arrive at 
tA = -i-i pot 
Co — m)C, t) — e^ (oo — molzeo) < z4 Ht Dm 8)e ™ 


and thus complete the proof of this lemma. 
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By the above lemmas, one can see that T = Tmax. We will need two more estimates 
to show that Tnax = oo. 


Lemma 4.47 Under the assumptions of Proposition 4.4, for all B € (à, min{? — 
x 1}) there exists Me > 0, such that 


Tn ax 


6 


| AP u(-, tz < eMoe *' for t € (to, Tmax) with to = min( ; lk 


Proof The proof is similar to that of (4.4.40), and thus is omitted here. 


Lemma 4.48 Under the assumptions of Proposition 4.4, there exists M > 0, such 
that cC. t) — mooll~(a) < M7e™ for all (to, Tax) with to = min{ Tx, 1]. 


Proof We refer the readers to the proof of Lemma 3.24 in Li et al. (2019b). 


Proof of Proposition 4.4. We first show that the solution is global, i.e., Tmax = oo. To 
this end, according to the extensibility criterion in Lemma 4.30, it suffices to show 
that there exists C > 0, such that for all tj < t < Tmax 


lo C. ÐDllz= + lime, toss co) + eG Ollwscay + Aut, Dlr < C. 
From Lemmas 4.41, 4.45 and 4.47, there exist K; > 0, i = 1, 2, 3, 4, such that 


lmC, f) — molre € Kie "", lee, Dlr € Koe "^", 


IVeC. Dlr) € Kse *", ||APu-, Dio) € Kae ™™™ 


for t € (fo, Tmax). Furthermore, Lemma 4.48 implies that ||c( t) — mosllwro(o) < 
Kie *' with some K; > 0 for all t € (to, Tmax). Since D(A) — L®(2) with 
Be G. 1), it follows from Lemma 4.47 that ||uC, t)lrs(oy < Ka4e *' for some 
K4 > 0 for all t € (to, Tmax). This completes the proof of Proposition 4.4. 


4.4.3 Global Boundedness and Decay for General Z 


Proof of Theorems for general Z. We complete the proofs of our theorems by 
an approximation procedure (see Cao and Lankeit (2016) for example). In order 
to make the previous results applicable, we introduce a family of smooth func- 
tions o, € C (2) with 0 < p,(x) < 1 for n € (0, 1), and lim; o Pn (x) = 1, and 
let (x, p, c) = pg (x)-Z (x, p, c). 

Using this definition, we regularize (4.1.13) as follows: 
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(Qn): + us + YP) = Apr — V+ (nX, Ph, Cn) VC) — ys, 

(my); + uy - Vm, = Am, — p,ms, 

(Cy)t + ug * Ven = ACy — Cy + My, (4.4.75) 
(us), + (tty © V)uy = Au, — V Pa + (oy Mn) VO, V- uy, = 9, 

dp, Om, ðc 


- = 7=0, u,=0 
Qv Qv Qv 


with the initial data 


Py (x, 0) = po(x), ma(x, 0) = mo(x), c(x, 0) = co(x), un(x, 0) = uox), x EQ. 
(4.4.76) 


It is observed that .7 satisfies the additional condition .7 = 0 on 082. There- 
fore based on the discussion in Sect.4.4.2, under the assumptions of Theorem 4.4 
and Theorem 4.5, the problem (4.4.75)-(4.4.76) admits a global classical solution 
(Py, Mn, Cy, Un, Py) that satisfies 


aut Qut 
, , 


Ims C. t) — mecllzeco) € Kie lon C. t) — Polle) € K2e7 


leo C. t) — Mooll wie ay < Kse ', I AP us C, Dro) < Kae 


for some constants K;, i = 1, 2, 3, 4, and all t > 0. Applying a standard procedure 
such as in Lemmas 5.2 and 5.6 of Cao and Lankeit (2016), one can obtain a subse- 
quence of [7j] jex with n; — O as j — oo such that op, > p, my, > m, Cy, > 
C€,U, >u in Cy (@ x (0, 00)) as j — œ for some v c (0, 1). Moreover, by 
the arguments as in Lemmas 5.7 and 5.8 of Cao and Lankeit (2016), one can also 
show that (o, m, c, u, P) isaclassical solution of (4.1.13) with the decay properties 
asserted in Theorems 4.4 and 4.5, respectively. The proof of our main results is thus 
complete. 


4.5 Large Time Behavior of Solutions to a Coral 
Fertilization Model with Nonlinear Diffusion 


4.5.1  Regularized Problems 


At first, we present a natural notion of weak solvability to (4.1.16), (4.1.22) and 
(4.1.23). 


Definition 4.1 For a quadruple of functions (n, c, v, u), we call it a global weak 
solution of (4.1.16), (4.1.22) and (4.1.23), if it fulfills 
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n € Li, (Q x [0, 00)), 
c € L (2 x [0, o0)) () Li, ([0, 00); W^! ((2)), 


d (4.5.1) 
v € L®(@ x [0, o0) (^ LiClO, 00); W^! (2). 
u € LL, ([0, 00); Wy (2; R*)), 
with n > 0,c > 0,v > Oin 2 x (0, oo), and 
E(n), n|Vc|, n|u|, c|u| and v|u| belong to L7, ($2 x [0, 00)), (4.5.2) 


where E(s) := Ju D(o)do, if V - u = 0 in the distributional sense, if 


-f [omo f mme - [^ f Emap [^ f avevo 
0 JR Q 0 JR 0 JR 
«f f mvo- f [we 
0 JR 0 JR 


for any ọ € COST x [0, o0)) satisfying oe = 0, if 


oo oo oo oo 
-f Ji - [ome -- f f ve ve- | fof [ 
0 2 2 0 Q 0 2 0 R 
oo 
+f Jove 
0 (2 


(4.5.3) 


(4.5.4) 
and 


-f J va- [ 0.0 - - f [ve ve- f [ones f [ve 
0 J2 Q 0 Ja 0 JQ 0 JR 

- (4.5.5) 
for any 9 € C$? (X2 x [0, oo)), as well as if 


-f fua- fme == f | vve f [eee 
0 2 2 0 2 0 2 


7 (4.5.6) 
for any e € C° (2 x [0, co); R?) fulfilling V - o = 0. 


Now, in line with the analysis in closely related settings (Winkler 2015b, 2018c), 
let us introduce a family of regularized problems of (4.1.16), (4.1.22) and (4.1.23) 
through a standard approximation procedure. Thereupon, the corresponding approx- 
imated problems appear as 
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Net d ug: Vng = V-(De(ng)Vnge) - V> (ns F.(ne)V Ce) — Fe(ng)ve, x € 2, t > 0, 
Cet + Ue + VCg = ACs — Ce + Ve, xe€£Q2,t»0, 


Vet + ug - Vve = Avg — Ve Fe(ne), x € 2, t > 0, 

Ust = Aug + V Pe + (ng + Ve) V®, V.ug =0, x € 2, t > 0, 

Ong Ce OVe 

dv av dv 

ne (xX, 0) = no(x), Ce(X, 0) = co(x), ve(x, 0) = vo(x), ug(x,0) = ug(x), x ex, 


0, ue=0, x€ 02, t>0, 


(4.5.7) 
where for each e € (0, 1) (De)eeo,1) € C? ([0, oo)) fulfills 
D,(s)zs and D(s) < D&(s) € D(s)+ 28, s > 0, (4.5.8) 
and where " 
F;(s) := f pe(o)do, s>O forall & e (0, 1) (4.5.9) 
0 


with (ps)se(0,1) C C6 ([0, oo)) having the properties that for each e € (0, 1) 
0< pe <1 in [0, œ), po, =1 in [O, - and o, =Q in [Ž, 00), (4.5.10) 
from which and (4.5.9) one can infer that for each & € (0, 1) 
F.€C?([0,00), Ox F;(s) xs and 0 € Fi(s) <1, sz 0 (4.5.11) 
as well as 
F.(s) > s and F;(s) > 1 forany s>0 as £ > 0. (4.5.12) 


Actually, the local solvability of (4.5.7) can be verified through a suitable adapta- 
tion of standard fixed point arguments as proceeding in Winkler (2012, Lemma 2.1), 
so here we merely present the associated assertions. 


Lemma 4.49 Let (4.1.17) be fulfilled. Then for any (no, co, vo, uo) complying with 
(4.1.25) and each £ € (0, 1), one can find Tmax,¢ € (0, +00] and functions 


ne € CQ T0. Trees) [1 C9 (2 x (0, Taco; 


Ce € () COMO, Tasa: W C2) f )C9 (02 x (0, Tmax,e)), 


ma i (4.5.13) 
Ve € (CMO, Tmaxe); Ww" (2)) (| C^ (2 x (0, Tmax.e)), 


r>3 


us € C(2 x [0, Tmax e); R°) (| C^ (2 x (0, Tmax,e); R°), 
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such that Ne = 0, Ce Z 0 and Ve = 0 in 2 x [0, Tmax,e), that with P. € C2 x 
(0, Tmax,e)) the quintuple of functions (nz, Ce, Ve, Ue, Pe) forms a classical solution 
of (4.5.7) in 2 x [0, Tmax.e), and that with some a € G, 1) either Tmax, < oo or 


lim sup {Ine Dll) Mee C Dlyurcay + llvet, Dll yis qo) AT we s Dlr} 
t ATmax,e 


— oo 
(4.5.14) 
holds. 


Thanks to the consumption interaction between n and v, (4.5.7) implies following 
basic estimates. 


Lemma 4.50 Let Mo := max( fo no, Js Vo, llcollrssco»; IlVoll z-ecay}- Then the solu- 
tions constructed in Lemma 4.49 satisfy 


E and [vc smo (4.5.15) 
2 R 


for all t € (0, Tux. «) and & € (0, 1), as well as 
Ive, fresco) € Mo and |ceC.f)llrs(g) € Mo (4.5.16) 


for all t € (0, Tmax) and & € (0, 1). Moreover, there exists some C > 0 such that 


oo 
1 / F(njv, < C forall e € (0, 1) (4.5.17) 
0 JQ 
and 
oo 
f f [Vve]? <C forall & € (0, 1) (4.5.18) 
0 JQ 
as well as E. 
f Jj IVc,l? <C for all & € (0, 1). (4.5.19) 
0 JQ 


Proof The detailed process of the derivation thereof can be found in Espejo and 
Winkler (2018); Liu (2020). 


In the final, we provide some conditional estimates of (u)«e(o,1), which reveal the 
relationships between temporally independent estimates of (us)se(0,1) and uniform 
L? (p > 1) norms of (ne)se(0,1)- 


Lemma 4.51 uppose (ns, Ce, Ve, Usee(0,1) are Solutions as established in Lemma 
449. Let p>2,1>3 andae G. 1). Then for any t > 0, one can find Mj = 
Mi(p,l, i, Mo) > 0 and M» = M»(a, p, t, Mo) > 0 such that 
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zH GM) 
lusC. Dp € Mi i + sup |[ne(-, tora) (4.5.20) 
tE(0,t) 


for each t € (0, Tux. «) and all e € (0, 1), and that 


zh (gH +) 
| (4.5.21) 


lA" ucC, Olln2~@) € M2- | + sup |lne(-, DIL 
tE(0,t) 


for each t € (0, Tmax e) and all e € (0, 1). 


Proof Recalling (Winkler 2021b, Corollary 2.1), we infer from u,-equation in (4.5.7) 
that 


p 1-3 

p-i T+) 

lue C, Dp € C1: i + sup ||neC, T) + Ve, Dro (4.5.22) 
tE(0,t) 


with some C, = Cı (p, l, t, Mo) > Oforeacht € (0, 7,4.) andalle e (0, 1), where 
due to (4.5.16), 
InsC, T) + eG, Tera) XMneC. T) poco) + lve, Db roc 


i (4.5.23) 
<lin C, Dll + Mo|2|? 


for any t € (0, t) with each t € (0, Tmax) for all e € (0, 1). Thereupon, we can 
rewrite (4.5.22) as 


p (1-3 
zr EX 
i 
llus C, Hll € Ci: 4 1+ Mol£2|]7 + sup |ne, I (4.5.24) 
tE(0,t) 


for each ¢ € (0, Tmax,e) and all & € (0, 1). With the choice of Mı := Cı (1— 
Mol£2|?), (4.5.20) is implied by (4.5.24). In a flavor quite similar to the reason- 
ing of (4.5.20), (4.5.21) follows from a combination of Winkler (2021b, Proposition 
1.1) with (4.5.23). 


4.5.2. Conditional Uniform Bounds for (V ce)ee(o,1) 


In fact, for the derivation of uniform L^ bounds of (ne)se(0,1), besides the €- 
independent conditional estimates of (us)se(0,1) as given by Lemma 4.51, it is also 
essential to gain similar uniform estimates for signal gradients with respect to the 
temporally independent L^ norms of (n;);e(o,1) in accordance with the recursive 
frameworks established in Winkler (2021b). For convenience in expressions, we 
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make use of the following abbreviations: 


I0) :— 1-- sup (Inc, T), f£ € (0, Tmaxs) forall e € (0,1) (4.5.25) 


T€(0,t) 


and 


Kot) = 1+ sup | p^ (cel, Pay ess t € (0, Tmax.c) (4.5.26) 
tE(0,t) 


for all e € (0, 1). 


Lemma 4.52 Let 0 € G, 1) and q > 3. Then for any ı > 0, one can find some 
C = C(0,q,) > 0 satisfying 


[vesc 0 - ee»... d <C. [ies RD [Bree t)—e Feo) T 
oo 4( 


(4.5.27) 
for each t € (0, Tmax) and all e € (0, 1). 
Proof Sinceé € G, 1) enable s us to choose q > 3 large enough such that 1 — e - 


0, this ensures the existence of 1 > 0 sufficiently small such that. < 1 — 2 M 
allows for the following choice of ?, namely 


3 
dW := Lc +10 <0. (4.5.28) 
q 


From the interpolation inequality provided by Friedman (1969, Theorem 2.14.1) for 
fractional powers of sectorial operators, it follows that 


| B (ce, 1) — eco) 


L4(Q) 

2 8—0 
<Ci |B* (eC. t) — oo lao le) me en ous (4.5.29) 
«Ci low] 7 "pe (Cel, t) =e Pag) a 


with some C, = C4(0, q,1) > 0 and Mo > 0 as taken in Lemma 4.50 for each t € 
(0, Tmax.) and all £ € (0, 1). Combining with the embedding D(B?) — W!~(Q) 
(Henry 1981), we obtain from (4.5.29) that 


| V (Cel, t) ixl e 'Pa)| Le (Q) 
sc; |B? (eC. 0 — eco) | (o 
ipl Ge 0 1B tot, 
scc {2Mol2\*| B's.) — eco) | ha) 
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with C? = C2(6, q,1) > Oforeach t € (0, Tmax,¢) and all e € (0, 1), and whereafter 
q+3 
-p 


1 
(4.5.27) holds with C :— C2C1 [wig | 


With the aid of Lemma 4.52, the following conditional estimates can be estab- 
lished by means of the L?-L^ estimates for fractional powers of sectorial operators 
(Horstmann and Winkler 2005, (3)). 


Lemma 4.53 Let0 € G, 1), and letq > 3, p > 2. Then for each ı > O there exists 
C = C(0,q, p, +) > 0 such that 


2i (GE) 
| 2 Cest, t) me eg uus S Cs | + sup InG Dlr 
tE(0,t) 
(4.5.30) 
for all t € (0, Ty.) and e € (0, 1). 
Proof Picking ı > 0 sufficiently small such that 
3 
| < min pd S Bodo) r (4.5.31) 
20q 
and then letting 
3 
s (4.5.32) 


[i= : 
3-4-24(1—9) —1 


one can observe from ı < 2q(1 — 0) and q > 3 + 2q — 240 + 2401 > 3 + 2q — 
240 implied by (4.5.31) and (4.5.32), respectively, that 


3q 3q 3q 
= >l= > >3 
3 + 2q — 240 — 2q(1 — 0) 34-24 —2q40—. | 34 2q —240 
(4.5.33) 


q 
Next, we apply B? to the following variation-of-constants representation 
t 
Cel, t) et og = j e 107? [v,C, T) — uc C, 0) Ves, T)} dt 
0 
for all t € (0, Tmax,e) and & € (0, 1) to have 


| B^ (es C. t) — e Pep) 


t 
L«(Q) <f LATO D| pecs) dt 


t 
«f | 89679 €—9u,C, c) Vee 0) | ius d 
0 


(4.5.34) 
for all t € (0, Tmax,e) and € € (0, 1). Recalling the L?-L^ estimates for fractional 
powers of sectorial operators (Horstmann and Winkler, 2005, (3)) and the following 
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regularity features of the Neumman heat semigroup (Henry 1981; Winkler 2010) 
namely 
[Veco lae x C; IV coll roca) (4.5.35) 


with some C, > 0, we gain from (4.5.16), (4.5.20), (4.5.25), (4.5.26) and (4.5.27) 
that 


t t 
pée- BUD y,(., dt «C f 14 a- 072) e 79 vC, d 
f, [ate Pre] ES [re t) e ose 


t 
seni | (1+ « - 079) e-t7?ac < cs 
0 
(4.5.36) 


for all t € (0, 754.4) and £ € (0, 1) with C2 > 0 and 


oo 
C3 :— C Mol 2|* i (1 + @*) e ?^do < oo 
0 


thanks to 0 € (5. 1) , and that 


t 
f | Bee Fu, T)Vee(, T)| uo dT 


a dA —(£—- 
D)e 07D us, TV Ce, zl piod 


t 
xe f (1e e- 030 
0 
‘ -6-3d-D),-«-0 
xc, | (1 0771979) elus c Dle Dar 


t 2.3 1 Hi 

xci f (14 71979) entm olus 
0 

[Cet 2) = eco) || tay + Mis d 


-CuM d 1 —0—3(1—1) g 4-9 P- r(t) 
<C4M, +(t—T) 2E ag dt: IE (f) 
0 


qt -l 
doni: (0 - Ci Irae] 


<Col E 7T (F EU Dy. kia (t) 
(4.5.37) 


for all t € (0, T4, .) and € € (0, 1), where C4, C5 are positive constants and C6 
C4M,(Cs + Cı Mo) fe (1 + o 920-9) do < oo due to (4.5.33). Inserting 
(4.5.36) and (4.5.37) into (4.5.34) entails 


[B° Cst, =e e og S Cy eu ?qy. rae (t) (4.5.38) 


for all t € (0, Tix.) and e € (0, 1). It can be readily seen from (4.5.31) that 
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which allows for an application of Young's inequality to attain 


1 
rl 


y ETE m (f) 


1 
|B? (ce, t) — e? < C3 += 5 Kos (1) + Cole F (F 


co) | L«(Q) = 


with certain C7 = C7(0, q, p, Ll, +) forallt € (0, Tmax.) ande € (0, 1). We thus com- 
bine with (4.5.26) to have 


1 I (FH) 3r ETT, 
Ko, c(t) < 1 F C3 + 5 Kaos (0) F Cil ys (t), 


namely 


p_.(1=3 44), 20q 
K,os(0 < 20 + C) + 2012 C D me ma (gy (4.5.39) 


for all t € (0, Tmax,e) and e € (0, 1). Setting 


20q0—q—3-1 _ 20 
pudet. yi q 7 
-1 3q 20q — q — 3 — 20q1 
we note that Y (D Eum „2 as TN 0, whereupon for arbitrarily small « > 0 one 
can pick /' € (o. min " g, 2q(1— e) such that 
, p 20 
e La 


An elementary calculation along with (4.5.32) thus shows 


p ae 20q 
— >» — L . 
p-1 3l 20q—q4—3—20qv 


p (Ao ) 20q 
— 7 L " 


p-1 3q 20q—q4—3—20qv 
uec. e py 
T ]- 3 


which in conjunction with (4.5.39), (4.5.25) and (4.5.26) yields (4.5.30). 


With Lemmas 4.52-4.53 at hand, we are in the position to derive the desired 
conditional uniform L^ estimates for (Vcs)se(0,1) from a well-known continuous 
embedding. 


4.5 Large Time Behavior of Solutions to a Coral Fertilization ... 263 


Lemma 4.54 Suppose that p > 2. Then for any ı > 0, one can find C(p,t) > 0 
fulfilling 


zu) 

Vee, Dllzesq(oy € C- 11 qum KAG Diro (4.5.40) 
TE( t) 

for any t € (0, Tmax s) and all e € (0, 1). 


Proof For given ı > 0, there exists q > 3 sufficiently large satisfying i < L, which 
shows 


Define 


We can readily see that 


3 20 3 1 
$0 N ES. T uL FPE Wo 
a $$ à 


This enables us to pick some /" = ("(1) > 0 such that 


bu") < ; ded (4.5.41) 


Now, from Lemmas 4.52—4.53, we are able to find certain Cı = C(p,q, 6,0”) > 0 
fulfilling 


Ge (sien) 


[Vlet D — e "colui < e (4.5.42) 


for any t € (0, Tmax,e) and all € € (0, 1). Apart from that, (4.5.35) provides some 
C2 > O satisfying 


Ve"? < C» |Veollz~¢a) - (4.5.43) 


Co | L®(2) = 


Thereupon, it can be deduced from (4.5.25), (4.5.41), (4.5.42) and (4.5.43) that 
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Ves C, Dco < |V Ce, 0 — ecol (o, + Ve 


p 20 HH q+3 ” 
1 (GR »( Wq +! ) 
i 


P co isis 


“Cite (f) + Co ||Veollz~ a) 
«cut Go (sio) 

=r? @ 

«cu 679g) 


with C3 :— C1 + C» ||Vcollrs(o; forany t € (0, Tua.) andalle € (0, 1), as claimed. 


4.5.3 A Prior Estimates 


Relying on the basic estimates and the conditional estimates obtained in previous 
sections, we can achieve the boundedness of (n,),<(o,1) in temporally independent 
L?-topology under a milder assumption on m as compared to that imposed in Liu 
(2020). 


Lemma 4.55 Let m > 1. Then for any p > 1 there exists C = C(p) > O such that 
lneC. Doo) < C (4.5.44) 


for each t € (0, T.) and all e € (0, 1). In particular, for p = m, one can find 
C, > 0 fulfilling 


ial wel < CAT ET) (4.5.45) 

0 JR 

for any T € (0, Tmax.e)- 

Proof Thanks to the arbitrariness of p > 1, herein without loss of generality, we let 
p»m. (4.5.46) 

In addition, since m > 1, it is possible to choose z > 0 sufficiently small such that 


i 14-3 
^ 3m —2 


<1. (4.5.47) 


In view of (4.1.24), (4.5.11), V - us = 0 and the nonnegativity of n, and v,, we test 
n,-equation in (4.5.7) by pn? ~! and invoke Young’s inequality to have 
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d = _ 
5 f n=- nto o | Dent? vns pp — 0 f nb Floe) Vne Vee 
Q Q Q 
-=p f n?! F (ne)ve 
Q 


<- Cpp(p — 1) Í, nz *»?|Vnj? + p(p — 1) Í, n?! |VnellVce| 


-20D fn mP-3|y, | HE fn P—m+1 Yes] 


. 2Cpp(p - I) 
(m+ p—1? 


m+tp-1 —1 
Vn, ? pip") nb-™ live, 7 
Q 


E 2Cp 


(4.5.48) 
foreacht € (0, Ta, .) and alle € (0, 1). For the rightmost integral, we deduce from 
(4.5.25), (4.5.46) and Lemma 4.54 that 


—1 
P(p Ji n?" ive? 
2Cp Q 


pip - D Pm yep 4 PC D p(p- V 
2Cp Jw 2Cp Jg, 
P(p — LIQ 2 p(p—-1) —m+1 


—1)|2 p-1),% 
DU pr Gr) ay 4 a ) i "má v —m-l 


err [Vc]? 
(4.5.49) 


for each t € (0, Ti...) and all & € (0, 1). Since (4.5.46) implies 


2 2(p —m-+ 1) 
« 
m+p-1 m+p-1 


< 6, 


with a: x um ET D 3; € (0,1) an application of the Gagliardo-Nirenberg 


dec combined with (4. 5.15) shows that 


p-m-4l 
| 
2 


mpi spent 
=||Ne ^ 2(p—m4-1) 
L mtr-l (Q) 
ap-mey, (4.5.50) 
m+p-l ya m+p-1 | 1—a m+p-1 m+p-1 
L2(Q) LFP (Q) Lr (Q) 
p+m-1 2. rm 
a 3m43p-4 
<c] Vn, ? tC 
L?(Q) 


for each f € (0, Tmax,e) and all & € (0, 1), where both C, and C» are positive con- 
stants. Observing that 
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3(p —m) i= —6m + 4 


= <0 
3m+3p—4 3m+3p—4 


due to m > 1, we again employ Young’s inequality and derive from (4.5.49) and 
(4.5.50) that 


-1 
re pte al 


E R L IC 2p l 
Es | | ng 19); 4 PU — ) typa +9 yy 
2Cp 2Cp 
= L pene 2- zem. 
+ PUP DC pea T GM ay. lv | vn. inl | 2 smisp-à (4.5.51) 
2Cp L2(Q) 
— Dl C2) , ZG C -1 mp=1 |? 
zh Yq«2] + 2) pea Gry pp(p — 1) = 
ge (m+ p—1)2 
3m+3p—4 
+C Ij pr Gt) X (t) 


for each t € (0, Tmax) and all e € (0, 1). In light of the facts that Zp, > 1 and that 
Ip, is nondecreasing with respect to f, it follows from (4.5.48) and (4.5.51) that 


2 
< Calpe 


m+p-1 
2 
Neg 


4 f np PED 
dt Jo © (m+p—1) 


3m+3p—4 
EDGTO EU Gy (45.52) 


with C, :— PPE) 4 C, foreach t € (0, Ta.) and alle € (0, 1). Fromm > 
1 and (4.5.46), it is clear that p > 1 and p > 3a — m), which warrants that 


2 2p 


< <6, 
m--p—-l1 m+p-1 


.— 3(p-D(m+p-!1) 
whence letting b := Omp 


Nirenberg inequality to have 


€ (0, 1), we once more make use of the Gagliardo- 


3m43p-4 


3(p-1) 
p 
n; 
2 


mp-l 3m+3p—4 
] | 


—2p ,3mtip-4 
mcp-l 3(p-D 


2p 
Lt (Q) 


2p | 3m43p-4 


m-cp-l mrp-l 3(p—l) 
A e 
Ne ` 2 
Lmtp-l(Q) 


Vn, ° 


| mrtp-l 1b | m+p-1 |. 
2 


<C; | 


| pm-l 


Vn, ? 


+| 


2 
L2(Q) Lim¥p-T (Q) 


2 


<C 


+ Cs 
L2) 


with Cs > 0 and Cg > 0 for each t € (0, Tmax.s) and all e € (0, 1), that is 
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3m43p-4 


m+p-1 2 1 3(p-1) 
Jj Vn, ? | > I | — 1 (4.5.53) 
Q Cs (J2 


for each t € (0, Tmax,e) and all € € (0, 1). Also due to Zp, = 1 and its nondecreas- 
ing features, for each fixed T € (0, Tinax,e), a combination of (4.5.52) with (4.5.53) 
entails 


3m+3p—4 


d 30-1 B (141). 3m43p—4 
— | n? +0 | | a < C? (st) 8S (T) (4.5.54) 
dt Jo Q 

with C; :— ;£22(0-7D. and C, :— Cy + €2?0-D. for each t € (0, T) and all e € 


Co(m+p—1)2 : (m--p—1)? . 
(0, 1). By means of an ODE comparison argument, we obtain from (4.5.54) that for 


any fixed T € (0, Tinax,e) 


3(p- D 
Cg (Lao) PI 3m-+3p—4 
n? < max nP, al jr CEDE (T) 
€ 0 C p. 
R 2 y 


for each t € (0, T) and all £ € (0, 1), which further implies 


14-3. 


f n? € Co- Ipc” (T) = Co IPA (T) (4.5.55) 
2 


3(p-1) 
for each t € (0, T) and all e € (0, 1), where Co := max Ls ng, [a7 | : 
Recalling (4.5.25), one can infer from (4.5.55) that 


1 


Ipe(T) < 1+ C8 (T) < Cio} (T) 


l 
with Cio :— 1 + Cg. for each T € (0, Tmax,e) and all & € (0, 1). In view of (4.5.47), 


this further shows 


Lap) ec (4.5.56) 


for each T € (0, Tinax,e) and all e € (0, 1), and thus (4.5.44) holds. Combining 
(4.5.56) with (4.5.52) and (4.5.47) entails 


2 
< Cy (4.5.57) 


m+p-1 
2 
Ne 


d AP Cpp(p — 1) 
dt Jo © (m+p-—1) Jo 


p f1 3m43p-4 
: pat 3 tU 33x : 
with Ci; := C4: Cf. (st) fs for any t € (0, Tux «), whence upon an integra- 


tion of (4.5.57) on (0, T) for each T € (0, Tmax,s), we have 
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Cpp(p — 
PCT 
fx TET wl 


m4 p-l 


nue en s cur « f wf. (4.5.58) 
Q 


Thanks to the nonnegativity of ns, m > land (4.1.25), we let p = m and derive from 
(4.5.58) that 


T 
f Í n2"?|Vn,P < Cix(T + 1) (4.5.59) 
0 Q 


with Cj5:— como; max(Cu. fo ng} for each T € (0, Tmax,s), which shows 
(4.5.45) by choosing C, — C1» and thus completes the proof. 


Now, we are able to verify the uniform boundedness for the left-hand side of 
(4.5.14) so as to establish the global solvability of the approximated problems (4.5.7), 
which underlies the derivation of global boundedness and stabilization in problem 
(4.1.16), (4.1.22) and (4.1.23) by means of well-established arguments. 


Lemma 4.56 Let m > 1. Then the family of the solutions (Ns, Ce, Ve, us)se(0,1) as 
established in Lemma 4.49 solves (4.5.7) globally and has the properties that for any 
r > 3and all t > 0 there exists C = C(r) > 0 independent of € € (0, 1) such that 


ne, Dro co + Hee C. Ollwercay + ves Obwieeo + Ae, Dll < C. 
(4.5.60) 


Proof At first, for any | > 3 and each a € (à. 1), a combination of Lemma 4.55 
with Lemma 4.51 provides some C, > 0 such that 


Jus, DIL =F | A" us C, DIL <C (4.5.61) 


for all t € (0, Tmax.s) and & € (0, 1). Moreover, from (4.5.16), Lemmas 4.54 and 
4.55, we can infer the existence of C; > 0 fulfilling 


llceC. Ollwrecay < C2 (4.5.62) 


for all t € (0, 754,4) and ¢ € (0, 1). In conjunction with (4.5.61) and (4.5.62), an 
application of a Moser-type iteration reasoning (Tao and Winkler 2012a, Lemma 
A.1) to n,-equation in (4.5.7) yields 


Ine, Dre < C3 (4.5.63) 


with some C3 > 0 for all t € (0, Tmax,e) and e € (0, 1). Apart from that, for any 
r > 3 (Liu 2020, Lemma 5.1) combined with (4.5.16) allows for a choice of C4 > 0 
such that 

Ive, Dllwire < Ca (4.5.64) 


for all t € (0, Tmax.) and e € (0, 1). As a result, a collection of (4.5.61)-(4.5.64) 
along with (4.5.14) shows the global solvability of (4.5.7) and the validity of (4.5.60). 
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4.5.4 Global Solvability 


The task of this section is to construct global weak solutions of (4.1.16), (4.1.22) 
and (4.1.23) in the sense of Definition 4.1. As the first step toward this, some further 
regularity features of (ns, Cs, Ve, Ue)ee(0,1) are essential to be provided. 


Lemma 4.57 There exists v € (0, 1) with the properties that one can find some 
&-independent C > 0 fulfilling 


lusC.Dlle <C forall t z 0, (4.5.65) 

Iccllow@xtrtiyp SC forall t=0 (4.5.66) 
and 

IellonSxyrtiy S € forall t= 0, (4.5.67) 


and that for any t > 0, there exists e-independent C(t) > 0, such that 
lVcele«axpasip € CC) forall tz x (4.5.68) 


and 
lVvelleàxtsip € CC) forall t >t. (4.5.69) 


Proof According to the arguments of Liu (2020, Lemmas 5.4—5.6), (4.5.66)-(4.5.69) 
can be derived from a combination of maximal Sobolev regularity with appropriate 
embedding consequences, while (4.5.65) is an immediate result of (4.5.60) because 
of the embedding D(A®) — C’(2) for each v € (0, 2a — 3) (Giga 1981; Henry 
1981), due tow € (3, 1) required by (4.1.25). 


In order to take limit of (n,)¢<(0,1) by suitable extraction procedures in the sequel, it 
is also necessary to explore the regularity properties of time derivatives of (ns)se(0,1)- 
For expressing conveniently, throughout the sequel, we let 

E€ 


B, — sup le || roe c x (0,00) (4.5.70) 
€(0,1) 


Lemma 4.58 Let m > 1. Then for each T > 0, there exists C = C(T) > 0 satisfy- 
ing 


T 
f lant C, llam qp dt < C(T) forall & € (0, 1). (4.5.71) 
0 


Furthermore, one can find C > 0 independent of € € (0, 1), such that 


Ine C, t) — nC, Dllo x C|t —s| forall t > 0 and s > Q. (4.5.72) 
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Proof For any fixed y € C>° (2) and t € (0, T), integrations by parts combined 


with applications of Young's inequality on the basis of the first equation in (4.5.7) 
entails 


"Ji ante Dv 
m Jo 


= / ne t {V : (De (ne)Vne = Ne F!(ne)V Ce s nsus) = F(ne)Ve} i V 
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= |—(m — vf n? D. e). Pu - f n" D.(nj)Vn, - Vb 
2 2 
jp eni) f n? F/(nj) (Vn, - Ve) V + f n" FLn;)Ve, - Vi 
R 2 
1 
+f wu, vy - f RTT 
m Jo Q 
< {Colm - vf ne" vn + Cp f ne” |Vn,| 
2 Q 
ton- f nVn Ved f tive. 
(2 2 
1 m m 
-— | njut | ntvel - lvl. 
m Jo Q 
sje - 0 f n"-1V nF + Cp f n" Iv + Cp f n? 
2 2 Q 
+n—1) f n2"-1VngP +m — 1) f neVe + f n"|vc,| 
2 Q Q 


1 
+ f nul f neva) “WW wie (o) 
Q Q 


sem n- vf nn + coBilgl + (m - DB, | |Vce|* 
Q RQR 


Bm 
: f bel + By Mola} -Iy ll wise (2 
m JQ 


+B f Vc] + 
2 


foralle € (0, 1), with Cp and Mo given by (4.1.24) and (4.5.16), respectively, which 
thus together with (4.5.45) and (4.5.65) yields (4.5.71). As for (4.5.72), readers can 
refer to Liu (2020) for its proof. 


Now, we are in the position to verify global solvability of (4.1.16), (4.1.22) and 
(4.1.23). 


Lemma 4.59 Let m > 1. Then one can find (€;)jen C (0, 1), a null set® C (0, oo) 
and functions n, c, v and u complying with (4.5.1) and (4.5.2), such that €; N 0 as 
j > oo, that n > 0, c > 0 and v > 0 in X2 x (0, 00), and that as £ = £j N 0, we 
have 
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n,—n  a.e.in & for each t € (0, 00)\&, (4.5.73) 

n.n  inL*(Q x (0,00)), (4.5.74) 

Ne > Nn in Cj, (I0, 00); (W57(2))*), (4.5.75) 

c; > c in Che (Q x [0,00)) , (4.5.76) 

Ce A cin L®((0, 00); W'"(Q2)) for each r € (1, oo), (4.5.77) 
Vc, > Ve in CP. (@ x [0, 00)), (4.5.78) 

ve — v in Cp. (2 x [0, 00)), (4.5.79) 

Ve yin L®((0, 00); W!"(92)) for each r € (1, oo), (4.5.80) 
Vv, > Vv in CP. (2 x [0, 00), (4.5.81) 

us > u in Cp, (@ x [0,00)), (4.5.82) 

us > u in L” (Q x (0, 00)), (4.5.83) 

and 

Vu, — Vu in Li, ( x [0,00)). (4.5.84) 


Furthermore, (n, c, v, u) solves (4.1.16), (4.1.22) and (4.1.23) globally in the sense 
of Definition 4.1. 


Proof Observing that 


T T T 
f [veo fof neva? sma, f f nive 
0 (2 0 (2 0 (2 


for each T > 0 and all e € (0, 1), we thereby infer from (4.5.60) and (4.5.45) that 
actually n? € ix. ([0, oO); (W!(2))) . Thereupon, in line with the reasoning of 


Liu (2020, Lemma 7.2), the convergence claimed by (4.5.73)-(4.5.84) as well as the 
integral identities (4.5.3)-(4.5.6) are valid. 


4.5.5 Asymptotic Behavior 
Recalling (4.5.9) and (4.5.10), one can see that with some sufficiently small £, € 


(0, 1) fulfilling 
B, < — (4.5.85) 


272 4 Keller-Segel-(Navier-)Stokes System Modeling Coral Fertilization 


(4.5.17) can be rewritten as 


oo 
f / NsCs < C forall e e (0, &,), 
0 JR 


where C > 0. This in conjunction with (4.5.18), the convergence of (ne)se(0,1) and 
(Ve)ee(0,1) in Lemma 4.59 as well as the uniform boundedness property of (ne)se(0,1) 
implies the following stability of the spatial average of both n and v. The detailed 
reasoning thereof can be found in Liu (2020). 


Lemma 4.60 Suppose that N C (0, oo) is the null set provided by Lemma 4.59. Then 
we have 


f n(-,t) > u no -Í «| as (0,00) 48 3t — oo (4.5.86) 
Q Q Q + 


f v(.,t) > u vo -Í no) as (0, 00)\8 > t > oo. (4.5.87) 
Q Q Q + 


Now, we are able to achieve the stability of both v and c as asserted by (4.1.28). 


Lemma 4.61 Both v and c have the properties that 
V—>Voo in Wl? (Q2) as t > oo (4.5.88) 


and 
c— v» in W'9(Q) as t > oo, (4.5.89) 


respectively, where vs, = m ls vo — [m no}, i 


Proof According to the arguments of Liu (2020, Lemmas 8.3-8.4), the conver- 
gence (4.5.81) together with (4.5.18) shows the uniform boundedness features of 
Vv in L?(Q2 x (0, oo)) by Fatou's lemma, which along with the Poincaré inequal- 
ity, (4.5.87) and the continuity of v implied by (4.5.79) entails the convergence 
v — vas ast — oo in the topology of L? (2). In view of the embedding C!^" (42) — 
W!(92) — L?(£2) with the first one being compact, (4.5.88) follows from an 
Ehrling type interpolation argument relying on the Hólder regularity property of Vv 
implied by (4.5.69). With the aid of (4.5.88), the convergence c > væ as t — oo 
in L?(Q2) can be derived from applications of a standard testing procedure along 
with the dominated convergence theorem to the second equation in (4.5.7) on the 
basis of (4.5.16), (4.5.76) and (4.5.79), based on which and the Hólder continuity of 
Vc implied by (4.5.68), the convergence (4.5.89) is proved to be valid also from an 
Ehrling type lemma. 


For the large time behavior of n, we intend to divide the discussion into two 
situations, thatare fo no < fo vo and fo no > fo vo, where in the case when fo no > 
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f. o Vo, a quasi-energy structure which resembles that constructed in Winkler (2018c) 
is essential to be analyzed for detecting the corresponding stability of n. 


Lemma 4.62 With X C (0, co) as chosen in Lemma 4.59, for te no < Jo vo, we 
have 
n(-,t) > næ in L'(2) as (0,00)\8 3 t > oo, (4.5.90) 


while for So no > Js vo, we have 
n(-,t) > Noo in L^(Q2) as (0, oo) NN > f > oo, (4.5.91) 


where ny, — im Ma fac So Yot,- 


Proof If f, no < fo vo, then clearly no, = 0, whence (4.5.90) is an immediate con- 
sequence of (4.5.85). Whereas, if D go f. Q V0: in line with the reasoning of Liu 
(2020, Lemma 8.6), it is essential to firstly establish an inequality as follows, which 
shows the quantity f go Me — næ)? remains small during a certain short time, that is 
for any fixed t, > 0 


2 2 
e's ™ Foo <Ci- EN bx) oo +f Iveco? 
f, (eo n) crf f eo = Me) + [eo 
+f i Vee + sup [ver] 
t 22 SE(tx tatl) J 2 


for all t € (tx, t. + 1) and £ € (0, €,) with some C, > 0 and e, c (0, 1) satisfying 
(4.5.85), where f Mc, te) — 155)? can be verified to be arbitrarily small whenever 
tx is sufficiently large. Consequently, along with the decay properties of the last three 
integrals on the right-hand side of (4.5.92), as claimed by Lemma 4.50, (4.5.91) can 
be obtained. 


(4.5.92) 


Thanks to the bounds of n in L (£2) and the continuity implied by (4.5.75), the 
topologies in which n converges to næ as f — oo as asserted by Lemma 4.62 can be 
further improved. 


Lemma 4.63 each p > 1, 
n(,t)— neg, in L'"(X2) as t —^ oo (4.5.93) 


holds. 


Proof As performed in the proof of Liu (2020, Corollary 8.7), the topology of the 
convergence claimed by (4.5.93) can be achieved by drawing on the Hólder inequality 
on the basis of the boundedness property of n in L (2) as well as the stability of n 
provided by Lemma 4.62. Moreover, in light of the continuity implied by (4.5.75), the 
restriction that the convergence should be valid outside null sets of times as required 
by Lemma 4.62 can be removed. As a result, (4.5.93) follows. 
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The convergence of n and v in (4.5.93) and (4.5.88), respectively, enables us 
to derive the large time behavior of u from employing the variation-of-constants 
formula along with smoothing features of analytic semigroup, as demonstrated in 
the arguments of Liu (2020, Lemma 8.8). 


Lemma 4.64 For u, we have 
u(,t) > 0 in L? (2) as t — oc. (4.5.94) 


Proof Readers can find the detailed proof in Liu (2020). 


Proof of Theorem 4.6. Theorem 4.6 follows from a collection of Lemmas 4.59, 4.61, 
4.63 and 4.64. 
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Chapter 5 A) 
Density-Suppressed Motility System get 


5.1 Introduction 


The reaction-diffusion models can reproduce a wide variety of exquisite spatio- 
temporal patterns arising in embryogenesis, development and population dynamics 
due to the diffusion-driven (Turing) instability (Kondo and Miura 2010; Murray 
2001). Many of them invoke nonlinear diffusion enhanced by the local environment 
condition to accounting for population pressure (cf. Méndez et al. 2012), volume 
exclusion (cf. Painter and Hillen 2002; Wang and Hillen 2007) or avoidance of danger 
(cf. Murray 2001) and so on. However, the opposite situation where the species will 
slow down its random diffusion rate when encountering external signals such as the 
predator in pursuit of the prey (Jin and Wang 2021; Kareiva and Odell 1987) and the 
bacterial searching food (Keller and Segel 1970, 1971b) has not been considered. 
Recently, a so-called “self-trapping” mechanism was introduced in Liu (2011) by a 
synthetic biology approach onto programmed bacterial Escherichia coli cells which 
excrete signaling molecules acyl-homoserine lactone (AHL) such that at low AHL 
levels, the bacteria undergo run-and-tumble random motion and are motile, while 
at high AHL levels, the bacteria tumble incessantly and become immotile due to 
the vanishing macroscopic motility. Remarkably, Escherichia coli cells formed the 
outward expanding ring (strip) patterns in the petri dish (Fig. 5.1). 

To understand the underlying patterning mechanism, both two-component and 
three-component “density-suppressed motility" reaction-diffusion systems are pro- 
posed. In this chapter, we study the global existence, boundedness, asymptotic behav- 
ior of solutions and the existence of traveling wave solutions for density-suppressed 
motility models. The chapter is divided into two parts. Section 5.3 is devoted to inves- 
tigate a two-component density-suppressed motility model and shows the existence 
of traveling wave solutions which are genuine patterns observed in the experiment 
of Liu (2011), whereas Sect. 5.4 shows the existence and the asymptotic behavior of 
global weak solution for a three-component quasilinear density-suppressed motility 
model. 
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Fig. 5.1 Time-lapsed photographs of spatio-temporal patterns formed by the engineered 
Escherichia coli strain CL3 (see details in Liu 2011). The figure is taken from Fig. 1 in Liu 
(2011) for illustration 


Chemotaxis plays an outstanding role in the life of many cells and microorganisms, 
such as the transport of embryonic cells to developing tissues and immune cells to 
infection sites (Isenbach 2004; Murray 2001). The celebrated mathematical model 
describing chemotactic migration processes at population level is the Keller-Segel 
system of the form 


up=V-(y(u,v)Vu—udtu,v)Vv), xE€92,t>0, 


(5.1.1) 
v, =dAv—v+u, xe€£2,t»0, 
in a bounded domain §2 C IR" where u = u(x, t) denotes the population density and 
v = v(x, t) is the concentration of chemical substance secreted by the population 
itself (Keller and Segel 1970). The prominent feature of (5.1.1) is the ability of the 
constitutive ingredient cross-diffusion thereof to describe the collective behavior of 
cell populations mediated by a chemoattractant. Indeed, a rich literature has revealed 
that the Neumann initial-boundary value problem for the classical Keller-Segel sys- 
tem 
u, = Au — V - (uVv), xe€£2,t-0, 


(5.1.2) 
v, = dAv— v+u, xEQ,t>0 
possesses solutions blowing up in finite time with respect to the spatial L norm 
of u in two- and even higher dimensional frameworks under some condition on the 
mass and the moment of the initial data (Herrero and Velázquez 1996, 1997; Winkler 
2013, see also the surveys Bellomo et al. 2016). Apart from that, when $ and y in 
(5.1.1) are only smooth positive functions of u on [0, oo), a considerable literature 
underlines the crucial role of asymptotic beahvior of the ratio TO) at large values 
of u with regard to the occurrence of singularity phenomena (see recent progress in 
Ishida et al. 2014; Winkler 2017c, 2019e). 
As a simplification of (5.1.1), the Keller-Segel system with density-dependent 
motility 


u, = V - (y (v)Vu —ud(v)Vv), x €2,t »0, 


(5.1.3) 
v, = dAv— v+u, xEQ,t>0 
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was proposed to describe the aggregation phase of Dictyostelium discoideum (Dd) 
cells in response to the chemical signal cyclic adenosine monophosphate (cAMP) 
secreted by Dd cells in Keller and Segel (1971b). Here, the signal-dependent diffu- 
sivity y (v) and chemotactic sensitivity function $ (v) are linked through 


pw) = (a — 1)y'(v), 


where a > 0 denotes the ratio of effective body length (i.e., distance between the 
signal-receptors) to the walk length (see Cai et al. 2022 for details). Notice that when 
a = 0, there is only one receptor in a cell, and hence, chemotaxis is driven by the 
indirect effect of chemicals in the absence of the chemical gradient sensing. In this 
case, (5.1.3) reads as 


u; = A(y (v)u), x€2,t>0, (5.14) 
v, =dAv-—vtu, x€E€2,t>0, 
where the considered diffusion process of the population is essentially Brownian, 
and the assumption y’(v) < 0 accounts for the repressive effect of the chemical 
concentration on the population motility (Fu et al. 2012). In the context of acyl- 
homoserine lactone (AHL) density-dependent motility, the extended model of (5.1.4) 


2 


uw 

u, = AMY) Ba I x€E€2,t>0, 

v, = DAv +u — v, xe€£(2,t-0, (5.1.5) 
uw? 

Wy = Aw— ———, xeQ,t-0 
w*--A 


was proposed in Liu (2011) to advocate that spatio-temporal pattern of Escherichia 
coli cells can be induced via so-called “self-trapping” mechanisms, that is, at low 
AHL levels, the bacteria undergo run-and-tumble random motion, while at high AHL 
levels, the bacteria tumble incessantly and become immotile at the macroscale. 

In comparison with plenty of results on the Keller-Segel system where the dif- 
fusion depends on the density of cells, the respective knowledge seems to be much 
less complete when the cell dispersal explicitly depends on the chemical concentra- 
tion via the motility function y (v), which is due to considerable challenges of the 
analysis caused by the degeneracy of y (v) as v — oo from the mathematical point 
of view. Indeed, to the best of our knowledge, Yoon and Kim (2017) showed that in 
the case of y (v) = x for small co, problem (5.1.4) admits a global classical solu- 
tions in any dimensions. The smallness condition on c, is removed lately in Ahn and 
Yoon (2019) for the parabolic-elliptic version of (5.1.4) with 0 < k < (CEPR . Fur- 
thermore, for the full parabolic system (5.1.4) in the three-dimensional setting, Tao 
and Winkler (20172) showed the existence of certain global weak solutions, which 
become eventually smooth and bounded for suitably small initial data uo under the 
assumption 
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(H) y (v) € C?([0, oo)), and there exist yj, y2, n > O such that 0 < yı < y (v) < yo, 
Iy ()| < n for all v > 0. 


It should be remarked that based on the comparison method, Fujie and Jiang (2021) 
obtained the uniform-in-time boundedness to (5.1.4) in two-dimensional setting for 
the more general motility function y and in the three-dimensional case under a 
stronger growth condition on 1/y, respectively. In addition, they investigated the 
asymptotic behavior to the parabolic-elliptic analog of (5.1.4) under the assump- 


/ 2 
tion max |y Q9] < +00 or y (v) = v^* with 0 < k < qoz in Fujie and Jiang 
O<v<too y(v) (n—2)4 


(2020) and Jiang and Laurengot (2021). 

On the considered time scales of cell migration, e.g., metastatic cells moving in 
semi-solid medium, often it is relevant to take into account the growth of the pop- 
ulation. A prototypical choice to accomplish this is the addition of logistic growth 
terms xu — uu? in the cell equation (Murray 2001). From the mathematical point 
of view, the dissipative action of logistic-like growth possibly prevents the occur- 
rence of singularity phenomena in various chemotaxis models. For instance, for the 
chemotaxis-growth system (Fu et al. 2012) 


u, = A(y(v)u) + u(a — bu), x€E€2,t>O0, 


(5.1.6) 
v, = Av— v+u, xe€£2,t»0, 
it is shown in Jin et al. (2018) that in two-dimensional setting, the system admits 
a unique global classical solution if the motility function y € C *([0, oo)) satisfies 
y'(v) 
y (v) 
the constant steady state (1, 1) is globally asymptotically stableifa = b > + max 


16 0<v<+o0 
PCR 


y (v) 
proved for large a and b (Wang and Wang 20192), while for small a and b, the 


respective model can generate pattern formation (see Ma et al. 2020). The reader is 
referred to Lv and Wang (2020, 2021) for the other studies on the related variants 
involving super-quadratic degradation terms. 

As recalled above, the existing results for (5.1.6) are confined to the global well- 
posedness and asymptotic behaviors of solutions and stationary solutions (pattern 
formation). However, the traveling wave solutions, which are genuinely relevant to 
the experiment observation of Liu (2011), are not investigated mathematically except 
for a special case that y (v) is piecewise constant. When y (v) is a constant, equations 
of (5.1.6) are decoupled each other and the first equation becomes the well-known 
Fisher-KPP equation—a benchmark model for the study of traveling wave solutions 
of reaction-diffusion equations (Murray 2001). However, once y (v) is non-constant, 
(5.1.6) becomes a coupled system with cross-diffusion, and the study of traveling 
wave solutions drastically becomes difficult. 


y (v) > 0 and y'(v) < 0 for all v > 0, lim, y (v) = 0 and lim , and even 
v— oo 


. For a — b, the global existence thereof in the higher dimensions has been 
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The purpose of Sect. 5.3 is to make some progress in this direction and explore the 
existence of traveling wave solutions to (5.1.6) with allowable wave speeds. With 
general y (v), the analysis and results will be too complicated to have an elegant 
presentation. Noticing that the key feature of y(v) lies in the monotone property 
y'(v) < 0, in this Section, we consider a general algebraically decreasing motility 
function 


y(v) > 0. (5.1.7) 


= m 
(1 4- v)" 


However, our argument can be directly extended to other forms of motility function, 
such as the exponentially decreasing y (v) = e *" and so on. 
To put things in perspective, we rewrite (5.1.6) as 


5.1.8 
vu = Av+tu-v, ( ) 


| u, = V - (y(v)Vu + uy'(v)Vv) + u(a — bu), 
which is a Keller-Segel-type chemotaxis model proposed in Keller and Segel (1971b) 
with growth. For the classical chemotaxis-growth system 


(5.1.9) 
TU = Av+u-v, 


| u; = V- (Vu — xuVv) + u(a — bu), 
traveling wave solutions are investigated in a series of works (Nadin et al. 2008; 
Salako and Shen 2017a,b, 2018, 2020) for both cases t = 0 and t = 1, where 
X > Odenotes the chemotactic coefficient. The existence of traveling wave solutions 
with minimal wave speed depending on a and x was obtained, and the asymptotic 
wave speed as x — 0 as well as the spreading speed were examined in detail in 
Salako and Shen (2017a, b, 2018) and Salako et al. (2019) where the major tool used 
therein to prove the existence of traveling wave solutions is the parabolic comparison 
principle. Except traveling wave solutions, the chemotaxis-growth system (5.1.9) 
can also drive other complex patterning dynamics (cf. Kolokolnikov et al. 2014; Ma 
et al. 2012; Painter and Hillen 201 1). When the volume filling effect is considered in 
(5.1.9) (1.e., xu Vv is changed to xu(1 — u)V v), the traveling wave solutions with 
minimal wave speed were shown to exist in Ou and Yuan (2009) for small chemotactic 
coefficient x > 0. For the original singular Keller-Segel system generating traveling 
waves without cell growth, we refer to Keller and Segel (19712), Li et al. (2014), 
Wang (2013) and references therein. In contrast to the classical chemotaxis-growth 
system (5.1.9), both diffusive and chemotactic coefficients in the system (5.1.8) are 
non-constant. This not only makes the analysis more complex, but also makes the 
parabolic comparison principle inapplicable due to the nonlinear diffusion. In this 
section, we shall develop some new ideas to tackle the various difficulties induced 
by the nonlinear motility function y (v) and establish the existence of traveling wave 
solutions to (5.1.6). 
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In Sect. 5.3, we shall establish the existence of traveling wave solutions and wave 
speed of (5.1.6) and explore how the density-suppressed motility influences traveling 
wave profiles and “the minimal wave speed". In the spatially homogeneous situation, 
the steady states are (0, 0) and (a/b, a/b), which are, respectively, unstable (saddle 
point) and stable node. This suggests that we should look for traveling wavefront 
solutions to (5.1.6) connecting (a/b, a/b) to (0, 0). Moreover, negative u and v have 
no physical meanings to what we have in mind in the sequel. 

A nonnegative solution (u(x, t), v(x, t)) is called a traveling wave solution of 
(5.1.6) connecting (a/b, a/b) to (0, 0) and propagating in the direction £ e $^! 
with speed c if it is of the form 


(u(x, t), v(x, t)) = (U(x -E — ct), Vx - E — ct)) =: (U(z), V@)) 
satisfying the following equations: 


(y (V)U)" +cU' + U(a — bU) — 0, 


" / (5.1.10) 
V'+cV +U-V=0 


and 
(U (—co), V (—00)) = (a/b, a/b), (U (+020), V (4-00)) = (0, 0), (5.1.11) 


where ' = L, In the first part of this chapter, we proceed to find the constraints on 
the parameters to exclude the spatio-temporal pattern formation and guarantee the 
existence of traveling wave solutions connecting the two constant steady states. 


Denoting 
1 
pona) = max oma +a [et (5.1.12) 
a 


we obtain the following two theorems (Li and Wang 2021c). 


Theorem 5.1 Let y (v) be given in (5.1.7). Then for any c > 24/a and b > b* (m, a), 
the system (5.1.6) has a traveling wave solution (u(x,t), v(x, t)) = (U(x-& — 
ct), V(x - E — ct)) with speed c in the direction £ € SY! for all (x, t) € RY x 
[0, +00), satisfying 


_ U(z) V(z) 1 
1 =1, = 5.1.13 
ioo go zo e l+a ( 
with A = S vede and 


liminf U(z)>0 and liminf V(z) > 0. 
Z—>—00 Z—>—00 
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Moreover, if 


oso en| or) (| EDI +1) <1, (5.1.14) 


m(m + 1) m(m + 1) 
we have 
lim U(z) 2 lim V(z)=a/b 
Z— —00 Z— —00 
and 


lim U'(z)= lim V'(z) «0. 
Z— roo £— oo 


Theorem 5.2. Forc < 24a, there is no traveling wave solution (u(x, t), v(x, t)) = 
(U(x -& — ct), V(x- & — ct)) of (5.1.6) connecting the constant solutions (a/b, 
a/b) and (0, 0) with speed c. 


Remark 5.1 Theorems 5.1 and 5.2 imply that c = 24/a is the minimal wave speed 
same as the one for the classical Fisher-KPP equation and irrelevant to the decay 
rate of the motility function. Different from the Fisher-KPP equation, a lower bound 
b* (m, a) for b is induced by the density-suppressed motility. As m — 0, y (v) > 1 
and the equation for u becomes the classical Fisher-KPP equation. Noticing 


lim b*(m, a) = 0 and lim J£ (m, a) > 0, 


our result well agrees with that for the classical Fisher-KPP equation. 


Proof strategies for Theorems 5.1 and 5.2. Since the model (5.1.6) is a cross- 
diffusion system, see also (5.1.8), many classical tools proving the existence of 
traveling waves such as phase plane analysis, topological methods and bifurcation 
analysis (cf. Volpert et al. 1994), among others, become infeasible. Motivated from 
excellent works of Salako and Shen (2017a, 2018, 2020) for the chemotaxis-growth 
model (5.1.9) by constructing super- and sub-solutions and proving the existence of 
traveling wave solutions as the large time limit of solutions in the moving-coordinate 
system based on the parabolic comparison principle, we plan to achieve our goals 
in a similar spirit. However, substantial differences exist between the models (5.1.6) 
and (5.1.9). The nonlinear motility function y (v) in (5.1.6) refrains us from employ- 
ing the parabolic comparison principle and constructing super- and sub-solutions 
with the same decay rate at the far field, which are crucial ingredients used for 
(5.1.9) in Salako and Shen (20172, 2018). In the first part of this chapter, we develop 
two innovative ideas to overcome these barriers. First, we introduce an auxiliary 
parabolic problem (5.3.16) with constant diffusion to which the method of super- 
and sub-solutions applies (see Sect. 5.3.2). This auxiliary problem subtly bypasses 
the barriers induced by the nonlinear diffusion but its time-asymptotic limit yields a 
solution to an elliptic problem (5.3.29) whose fixed points indeed correspond to solu- 
tions to (5.1.10)—namely traveling wave solutions to our concerned system (5.1.6) 
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(see Sect. 5.3.3). Second, we construct a sequence of relaxed sub-solution U , (x) for 
any n > | with a spatially inhomogeneous decay rate 0; (x) which approaches to 
the constant decay rate of the super-solution U(x) as x > +00 (see Sect. 5.2). With 
them, we use the method of super- and sub-solutions to construct solutions to the 
auxiliary parabolic problem (5.3.16) in appropriate function space and manage to 
show its time-asymptotic limit problem has a fixed point. This is a fresh idea sub- 
stantially different from the works (Salako and Shen 2017a, 2018) where the super- 
and sub-solutions were directly constructed with the same decay rates by taking the 
advantage of constant diffusion. 

We divide the proof of Theorem 5.1 into four steps. In step 1, we construct an 
auxiliary parabolic problem (5.3.16) with constant diffusion and prove its global 
boundedness uniformly in time (see Proposition 5.1) by the method of super- and 
sub-solutions. In step 2, we show that the limit of global solutions to (5.3.16) as 
t — oo yields a semi-wavefront solution to an elliptic problem (5.3.29) with some 
compactness argument (see Proposition 5.2). In step 3, we show that the solution 
obtained in step 2 satisfies the boundary condition (5.1.11) by direct estimates under 
some constraints on m and a (see Proposition 5.3), which hence warrants that the 
semi-wavefront solution is indeed a wavefront solution in IR. Finally, in step 4, we 
use Schauder's fixed point theorem to prove that (5.3.29) has a fixed point which 
gives a solution to (5.1.10) in R satisfying (5.1.11) (see Sect. 5.3.3), where the trick 
of utilizing relaxed sub-solution U, (x) with spatially inhomogeneous decay rate is 
critically used to obtain the continuity of the solution map. Theorem 5.2 is proved 
directly by an argument of contradiction. 

Section 5.4 is devoted to the asymptotic behavior of a quasilinear Keller-Segel 
system with signal-suppressed motility. In the context of the diffusion of cells in a 
porous medium (see the discussions in Calvez and Carrillo 2006; Vázquez 2007), 
Winkler (2020) considered the cross-diffusion system 


u, = A(y(v)u™), xe€£Q,t-0, (5.1.15) 
v = Av—-—vt+u, xE2,t>0 
in smoothly bounded convex domains (2 C IR", where m > 1, y generalizes the pro- 
totype y (v) = a + b(v + d) * witha > 0,b > 0,d > Oanda > 0, and proved the 
boundedness of global weak solutions to the associated initial-boundary value prob- 
lem under some constriction on m and o, which particularly indicates that increasing 
m in the cell equation goes along with a certain regularizing effect despite both the 
diffusion and the cross-diffusion mechanisms implicitly contained in (5.1.15) are 
simultaneously enhanced. 
Inarecent paper (Jin et al. 2020), Jin et al. considered the three-component system 


u, = A(y (v)u) + Buf(w) -0u, xe€Q,t»-0, 
v, = DAv +u — v, xE2, t>O0, (5.1.16) 
w, = Av — uf (w), xE2,t>O0 
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in a bounded domain 2 C R2, where B, D > Oand0 > 0,therandom motility func- 
tion y (v) satisfies (H) and functional response function f (w) fulfills the assumption 


f(w) € C!([0, 00)), f(0) 20, f(w) > O in (0, oo) and f'(w) > 0 on [0, oo). 

(5.1.17) 
Based on the method of energy estimates and the Moser iteration, they showed 
the uniform boundedness to initial-boundary value problem of (5.1.16), inter alia the 
asymptotic behavior thereof when parameter D is suitably large. Note that the authors 
of Lv and Wang (2022) showed the existence of global classical solutions to system 
(5.1.16) without the restriction (H) on y (v). In synopsis of the above results, one 
natural problem seems to consist in determining to which extent nonlinear diffusion 
of porous medium type may influence the solution behavior in chemotaxis systems 
involving density-suppressed motility. Accordingly, the purpose of the present work 
is to address this question in the context of the particular choice y (v) = v * with 
a > Oinstead of assumption (H) in (5.1.16). Specifically, we consider the asymptotic 
behavior to the initial-boundary value problem 


n 


u, = AC) + Buf(w), xe, t»0, 
væ 
v, = DAv +u — v, xERQR,t>0, (5.1.18) 
w, = Aw — uf (w), xEQ,t>0 
along with the initial conditions 
u(x, 0) = uo, v(x, 0) = vo and w(x, 0) = wo, xE Q (5.1.19) 
and under the boundary conditions 
ðu ðv ðw 
a E Q .1.2 
Qv ðv av une gu] 


in a bounded convex domain 2 C IR? with smooth boundary 942. 

In what follows, for simplicity, we shall drop the differential element in the inte- 
grals without confusion, namely abbreviating fo f(x)dx as fo f and fo fo f (x, T) 
dxdt as un J o f C. dt as an important step toward a comprehensive understanding 
of the effect of nonlinear diffusion on the density-suppressed motility model. Our 
main result asserts that the weak solutions to the density-suppressed motility system 
(5.1.18) may approach the relevant homogeneous steady state in the large time limit 
if D is suitably large, which is stated as follows (Xu and Wang 2021). 


Theorem 5.3 Let 2 C R? bea bounded convex domain with smooth boundary, and 
suppose that m > 1,a > 0,8 > O and f satisfies (5.1.17). Assume that initial data 
(uo, vo, wo) € (W?*(2))? with uo Z 0, wo Z 0 and vo > 0 in €2. Then problem 
(5.1.18)-(5.1.20) admits at least one global weak solution (u, v, w) in the sense of 
Definition 2.1 below. Moreover, there exists constant Do > 0 such that if D > Do, 
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lim. lC, t) — ulr + oC. 2) — ulr + lwe, Dleiz =O (5.1.21) 


with u, — un Je “o + f Se Wo. 


Proof strategies for Theorem5.3. As the first step to prove the above claim, in 
Sect.5.4, we give the definition of a global weak solution to problem (5.1.18)— 
(5.1.20) and recall that problem (5.1.18)-(5.1.20) with m > 1 anda > 0 possesses 
a globally defined weak solution in two-dimensional setting by the approximation 
procedure (5.2.20). With respect to the convergence properties asserted in (5.1.21), 
our analysis is essentially different from that of Jin et al. (2020). In fact, thanks to 
yi € y(v) < y» for all v > 0 in (H), authors of Jin et al. (2020) derived the estimate 
of ||u(-, t) | ro). which is the starting point of a priori estimate of ||u(-, £)|| r(9. In 
particular, the assumption y, < y (v) plays an essential role in constructing energy 
function F (u, v) := ||uC. t) — usllz2(@) + lvC. t) — ucl roo, which leads to the 
convergence of (u, v) if D is suitable large (see the proofs of Lemma 4.8 and Lemma 
4.10 in Jin et al. 2020 for the details). Whereas our asymptotic analysis consists at 
its core in an analysis of the functional 


/ +n | |Vul? 
Q Q 


for solutions of certain regularized versions of (5.1.18), provided that in dependence 
on the model parameter D, the positive constant ņ is suitably chosen when D is 
suitable large. This yields the finiteness of f?" fo IVu 7 |? and Ss? fo Vv? (see 
Lemma 5.18) and then entails that as a consequence of these integral inequalities, 
all our solutions asymptotically become homogeneous in space and hence satisfy 


(5.1.21) (Lemmas 5.19—5.22). 


Remark 5.2 (1) Note that as an apparently inherent drawback, assumption (H) in 
Jin et al. (2020) excludes y (v) decay functions such as v *. Indeed, despite v is 
bounded below by ô with the help of Lemma 5.4 and thereby the upper bound for 
y (v) can be removed, an lower bound for y (v) in (H) is essentially required therein. 
(2) Due to the results on the existence of global solutions in Winkler (2020), 
the asymptotic behavior of solutions herein seems to be achieved for the higher 
dimensional version of (5.1.18) at the cost of additional constraint on m and o. 
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In this section, we first introduce some notations/definitions and list some basic 
facts which will be used in our subsequent analysis in Sect. 5.3. In particular, the 
construction of relaxed super and sub-solutions with spatially inhomogeneous decay 
rates will be presented. For c > 24/a, define 
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_ 2 _ 4 1 " e» =m 
p e- Je -sa(14 $5) 
a= 7 and 04(x) = A Vx 
2(1 + =) 
for which 
e?* -m 
33 — cA 4a — 0, (1 —) 62(x) — cx) +a=0 Vx eR 
l+a 
and 
lim 60) =A, 0<6(x)<A< a Vx eR. 
X—-roo 
Choose 


A(x) +2/4, c= 2a, 
0. I V. R 
alr) o pif esia " 


with ko > max X. 2]. Then 


À 
Q(x) € (410 01 (x) + ;) Vx ER 
and there exists xo € R such that 


05(x) < 201(x) for x > xo. 


Define two functions: 


U(x) := min{e™, n} Vx eR 
and 
U.Q) ô, X X Xs, 
X):— 
= d,e 90 4 dye 2 , X > X$ 
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(5.2.1) 


(5.2.2) 


(5.2.3) 


(5.2.4) 


(5.2.5) 


(5.2.6) 


(5.2.7) 


(5.2.8) 


for b > b* (m, a) with b* (m, a) is defined in (5.1.12), where ô is chosen sufficiently 
small, x; > Ois the unique positive solution of the equation d, e^?! ?)* + qoe -9:60* = 


ô, 
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Fig. 5.2. A schematic of 
functions U (x) and U, n(X), 
where the solid black line 
represents U (x) and the 
dashed red line represents 
U,Q) 


l,c = 2 a, 
"T | —1,c > Ag 


1 
d,:=1-—- with2<neN, dọ:= 
n 


and 
2a 
b — 3m +/@ 3m)? Arma 


+a 


n= 


Noticing that d, € (0, 1) and 


lim et" = 1 
x— +00 d 


(5.2.9) 


which will be verified in Lemma 5.1, we can choose sufficiently small 6, with which 


xs is large enough such that for all x € R, 


0<U,<U <n. 


We note that the functions U(x) and U n(x) Will be essentially used later as the super- 
and sub-solutions of an auxiliary problem we introduce in Sect. 5.3.2. A schematic 
of U (x) and U,,(x) is plotted in Fig. 5.2. Note that the coefficients d, (n > 2) and 
do determine the amplitude of U, (x) and 6; (x) and determine the decay of U, (x) 
for large x > xs. This is a new ingredient developed in the first part of Chapter 5 to 
settle the difficulty of analysis caused by the nonlinear motility function y (v). 
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Denote 


C? R) := {u € C(R)| u is uniformly continuous in R and sup |u(z)| < +00}, 
zeR 


which is equipped with the norm 
||u|| = sup |u(z)]. 
zeR 


Define the function space 


En := {ue CGU, xu xU) M=( 6. 


n-1l 
To find solutions of (5.1.10) in 2, we need the following Lemmas. 


Lemma 5.1 Let X and 0 (x) be defined in (5.2.1). Then it follows that 


lim e6€079* = 1, (5.2.10) 


X—-roo 


Moreover, for sufficiently small 8 > 0, if x > xs, then for c = 2 /a, 


0 «0/(x) x 2Kie^?* and — AKqe^?? < 0/(x) <0 (5.2.11) 
with K, = 5 Trad while for c > 24/a, 

0 < 0((x) < 2Kae ^ and —2AKoe ^ < 6/ (x) < 0 (5.2.12) 
with Ky = Aa mA 


(c t Veta) Vet 4a(1+a) 


Proof In the sequel, for notational simplicity, under c > 24/a, we introduce the 
following notations: 


e^* 
$0) — EIL 
PE) = Vc? — 4aé7" (x), 
2a 2a 
h($(x) : 


T e+ p(9Q) c+ c - dabo") 


Then from the definition of 0; (x), we have 


— Jc? — 4a$7" (x) 
A Run lagi, Apis C EN = = h($ Q9). 


26°" (x) c4 Jee — dado" () 
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With simple calculation, we find 


hoax) = om po E 6213 
— POE + pt x)" i a 
and then 
61 (x) = AEEY = hà (09 E) = uiii m -0 
oe E ~ p(o(x))(e + p(o(a)))26"* (x) + a) 
(5.2.14) 


When c = 24/a, it has that lim $ (x) = land lim p($(x)) = 0. By L'Hopital's 
X— oo X— oo 


rule, we have 


. e 3 2 . e* 
lim | ———] = lm —————— 
ve PPE >+ c? — dag” (x) 
e 
= li — |li A 5.2.15 
genres 4ag” (x) — 4a Pree ? (x) ( ) 
: l+a l+a 
= lm = ; 
x>+00 4madq"- 1 (x) 4ma 


Then it can be easily verified that 


. 4a?mXe-?* a m 
lim = = Ki, 
x>+0 p($(x))(c + POPE (x) +a) 2V1t+a 


from which and (5.2.14), by choosing sufficiently small 6 > 0, we can find x; > 0 
such that for x > xs, there holds that 


0 < 6((x) x 2Kie-?*. 


When c > 24a, it has that lim $ (x) = land lim p($ (x)) = Vc? — 4a. It can 
X +60 X00 
be directly checked that 


. 4a?mAX 
lim 
x>too o(p (x) (e + PPE (x) (1 + a) 
4a?mA 
= K 
Jc? — 4a (c + Vc? — 4a} (1 + a) 


Then from (5.2.14), by choosing sufficiently small 6 > 0, for x > xs, we obtain 
0 —6((x) < 2Kaoe ™. 


The first parts of (5.2.11) and (5.2.12) are proved. 


5.2 Preliminaries 289 


On the other hand, by L’ H6pital’s rule, using (5.2.13) and (5.2.15), for c = 2./a, 
we obtain 


dim (Aœ) = h)) x 
Axle 
l+a 
. —4a?mAx?2e-^* 
lim 
x>too p($ (x))(c + PPE (x) (1 + a) 
4a?°mÀ . e$ x? 


im lim — 
c? (1 + a) x> +00 p($ (x)) x> +00 ei 
A /1 2 
See tae a 
1l+aV 4ma x>+0 ex 


While for c > 2./a, we obtain 


= lim A'($(9) 


lim (h(6(x)) —^0)x- lim M Gy E E iG 
x—> +00 x—> +00 l+a lta x>+t0 ex 
Summing up, for c > 24/a, we obtain 
lim eee — Ee =| 
x—>-+00 


and then (5.2.10) follows. 
Now, we turn to the estimate of 0; (x). Noticing that h”(@) = h'($)(In(—A'($))) 
and 


(In(—A'($))) = [In(4a^m) — 21n(c + p($)) — In p$) — (m+ 1) Ing] 


—4am 2am m-l 


= pcc poner Qe A 


, 


which together with (5.2.13) and the fact that $/(x) = “<= and $"(x) = &7 
implies 


01 (x) 
= (AO GO)" = KOENE GO) = WOENE Q9) + A" (6 G6) (9 G0)? 
= h (ODIE (x) + Anh (9) (9? G?] 
—4a?mA2e-—?* 


PONCE p($ 60)? 6 Gm! +a) 


fı e^ ( 4am l 2am m+ 3l 
1 - a \p@@(c+ p@@)o@"™! © (o($6)329 mH (x) f 
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For c = 24/a, then A = ya, from (5.2.15), it can be verified that 


Aus 
—4a?m22e- 5* 


lim 2 i = à Kı 
x>+ p($(x)) (c + PPA + a) 
and 
. e ( 4am 2am m+ J 1 
lim } + =. 
xo lta POENE POPE (PPEP p) 2 
By choosing sufficiently small ô > 0, we can find a x; > 0 such that 
0 > O/ (x) = —ÀAKije 55, for x > xs. 
While for c > 24/a, we can check that 
. —4a?mA? 
lim 2 m4l = —K2 
x>too p(P(x))(c + pa) (1 + a) 
and 
. e ( 4am 2am m+ J 
lim t ! =0. 
xstoo 1 +a POENE PEPE PORPP — $0) 


Then by choosing sufficiently small ô > 0 so as to generate a x5 > 0, we have 
0> 61 (x) = —2AKae ^", for x > xs. 


Then the last parts of (5.2.11) and (5.2.12) follow. This completes the proof of 
Lemma 5.1. 


Throughout Sect. 5.4, we shall pursue weak solutions to problem (5.1.18)-(5.1.20) 
specified as follows. 


Definition 5.1 Let m > 1, o > 0, 8 — 0 and f satisfies (5.1.17). Then a triple 
(u, v, w) of nonnegative functions 


u € LL,(Q x [0, 00)) 


v € L1,.([0, 00); WH! (2)) 
w € Ll ([0, 00); W^! (Q2)) 


will be called a global weak solution of problem (5.1.18)-(5.1.20) if 
u” /v* € LlC x [0, oo)) (5.2.16) 


and 
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-f ] - 1 nop. 0) = | ETE [roe (5.2.17) 
0 JQ Q 0 JRV 0 JQ 


for all o € Cor (a x [0, co)) such that 9? lao — 0 and 


om mmm om n n 
0 Q Q 0 2 0 2 0 Q 


u (5.2.18) 
for all o € C$? (42 x [0, oo)) as well as 


» we - | we. - f f vo.ve- f f uf (wy (5.2.19) 
0 (2 R 0 Q 0 Q 


for all p € CX (2 x [0, oo)). 


For e € (0, 1), we denote by (us, Ve, we) the solution of the regularized problem 


Ust = £A(us + 1)” + A (usus + £)"7 v;?) + Bue f(We), x EL, t0, 


Ug; = DAU, + Us — Ve, xE2,t>O0, 
Wer = AWe — us f (We), xE2, t>0, 
Us Q Ug Qs 
um Oe ies We L0, x€02, t>0, 
dv ðv ðv 
U(X, 0) = uo, ve(x, 0) = vo, w(x, 0) = wo, xERQR 
(5.2.20) 


with M > m. Note that due to the a priori boundedness of ws, the global smooth 
solvability of (5.2.20) can be derived by the argument in Lemma 2.4 of Winkler 
(2020) with evident minor adaptations, and we may refrain from giving the details 
for brevity here. As for the global weak solutions of (5.1.18)-(5.1.20), we can state 
as follows. 


Lemma 5.2 Let m > 1,9 > 0, B >0 and f satisfies (5.1.17). Then there exist 
(£j) jen C (0, 1) as well as nonnegative functions 


u € L*(Q2 x [0, o0)) 
v € C°(R x [0, oo) (^| Li,-(10, 00); W^ (12) (5.2.21) 
w € C*(22 x [0, o9) ( L7, I0, 00); W'^(q2)) 


such that e; N 0 as j — oo and as £j; N 0, we have 
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Ue > u a.e.in & x (0, 00), (5.2.22) 

Us > u in () LP (@ x [0, oo)), (5.2.23) 
p>l 

ve > v in CP. (42 x [0,00)), (5.2.24) 

We > w in CP. (2 x [0, oo), (5.2.25) 

Vv, — Vv in L2,.(12 x [0, 00)), (5.2.26) 

Vw, — Vw in L2,(2 x [0, oo). (5.2.27) 


Moreover, v > 0 in Q x (0,00) and (u, v, w) forms a global weak solution of 
(5.1.18)-(5.1.20) in the sense of Definition 5.1. 


Proof The existence of global weak solutions of (5.1.18)-(5.1.20) can be verified on 
the basis of straightforward extraction procedures as in Winkler (2020). Indeed, due 
to the a priori boundedness of Wes one can derive some necessary a priori estimation 
for (Ug, Ve, We) such as rd EC ? with all p < m + 1, (vs, we) in (W!4(2))? with 
some q > 2 and u, in LY (£2) and finally apply an Aubin-Lions lemma to obtain a 
weak solution of (5.1.18)—(5.1.20) with the additional information (5.2.22) (we refer 
the reader to the proof of Lemma 7.1 in Winkler 2020 for detail). 


The following basic properties of the spatial L! norms of (us, Ve, We) as well as 
the L norm of ws are easily verified. 


Lemma 5.3 Let (us, ve, We) be the classical solution of (5.2.20) in R x (0, co). 
Then we have 


lus C, Dopo + Bllwe, Dli = uolo» + Bllwollzi(a); (5.2.28) 
lus C. Dp = dMuolrio: (5.2.29) 
/ Vel, t) <Í w+ f wp f wo (5.2.30) 
Q Q Q Q 
as well as 
t > [weC, 1) |lz~ a) is non-increasing in [0, oo). (5.2.31) 


Proof Multiplying w,-equation by £ and adding the result to u,-equation in (5.2.20), 
we get 


go «xj =0 (5.2.32) 
dt a dt ine , d 


which immediately yields (5.2.28). An integration of the first equation in (5.2.20) 
gives us 
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d 
E Í iE Í E 6 (5.2.33) 


which readily entails (5.2.29). Upon the integration of the second equation in (5.2.20), 


we can see that d 
pM Us n f Ve = / Ug 
dt Jo Q Q 


which, along with (5.2.28), leads to (5.2.30). Due to the fact that f and ws are non- 
negative, the claim in (5.2.31) results upon an application of the maximum principle 
to w,-equation in (5.2.20). 


Let us first derive a positive uniform-in-time lower bound for v, which will alle- 
viate the difficulties caused by the singularity of signal-dependent motility function 
v * near zero. Despite the quantitative lower estimate for solutions of the Neumann 
problem was established in the related literature (Hillen et al. 2013; Winkler 2020), 
we present a proof of our results with some necessary details to make the lower 
bound accessible to the sequel analysis. 


Lemma 5.4 For all D > 1 ande € (0, 1), there exists ô > 0 such that 
ue(x,t) >ô forall x € 2 and t >Q. (5.2.34) 


Proof According to the pointwise lower bound estimate for the Neumann heat semi- 
group (e' E. on the convex domain £2, one can find Cı (2) > 0 such that 


e^o > ce» f Q9  forallżt > 1 and each nonnegative 9 € C9(Q) 
Q 


(e.g., Fujie 2016; Hillen et al. 2013). . 
By the time rescaling t = Dt, we can see that 0(x, f) :— v, (x, p) satisfies 


dv ~ E -1 E 
yore ù+D u(x, Dt). (5.2.35) 


Now applying the variation-of-constants formula to (5.2.35), we have 


t 
üC, D = e 4-P DuC) + pf ef 94-P7, C, D^ls)ds t>0, 
0 


(5.2.36) 
where by the comparison principle, we can see 


z -1 TA 
e P Oy > e™P inf vy(x) 
xe 


>e? inf vo(x) forall x e 2,7 «2D 
xE 


and 
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F à -1 
ptf ef 9-DOwiC, D7!s)ds 
0 
i o , 
sper qune a, ds 
0 
2 E 
> C(2D-k Í e945) dat f ub 
0 s€(0,00) JQ 


> C2" -0h f uo 
(2 


(2 m 
> f w forall x € 2 and t > 2D, 
2e Q 


due to D > 1. Therefore, inserting above inequalities into (5.2.36), readily establish 


(5.2.34) with à = min(£2 fo uo, e? inf vo. 


Through a straightforward semigroup argument, we formulate a favorable depen- 
dence of ||ve(-, t)] r»(o with respect to parameter D. 


Lemma 5.5 For p > 1, there exists C(p) > 0 such that 


lve Dllo € C(p) +D?) forallt > 0. (5.2.37) 


Proof Applying Duhamel’s formula to the equation 


-= = Að — D^ lo D7! ug(x, DTIP 


satisfied by 0(x, f) := v(x, f) and employing well-known smoothing properties of 
the Neumann heat semigroup (e’4) t20 On 42 (see Lemma 3 of Rothe 1984 or Lemma 
1.3 of Winkler 2010 for example), we can find C, > 0 such that for any ¢ > 0 


lle C. Dll ceca) 


~~ t ~ Said 
= len? Fe? voc) + pf ef-s)(A-D p D^!s)ds|rr(o) 
0 


pit C j _p-lq " epp _ 
< eP tvore x e D UC 90. E s) TP luet, D^! s)lpi(goyds 
Cp ‘ —D~|(@-s) ; -1+4 
< |lvollzecay + p uollzico + Pliwollzi(9) [ € (1--(t—5s) 'r)ds 
0 
Cp i -D'!o -1++ 
= lvollzecay + p uollzico + Bliwollzio) [ e (Ito ` P)do 
0 
Cp 1 i —aG -14+4 
< |lvollzecay + pl Yollzicay + Bllwollzi(o))(D + D? e^g ' Pdo) 
0 
Ll. 2 -o _-1+4 
< |lvollzeway +AU + D». )Cp(Cluollziioy + Blwollrio( + e^o rdo) 
0 
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which ends up (5.2.37) with 


= EE 
C(p) = lvollz»(2) + 2CpClIuollzico) + Bllwollzcey) ( +f eo rao) ] 
0 


5.3 Traveling Wave Solutions to a Density-Suppressed 
Motility Model 


5.3.1 Some a Priori Estimates 


Lemma 5.6 For any u € én, denote V (-; u) the solution of 


V’+cV't+tu-V=0. (5.3.1) 
Then for c > 24/a, we have 
ex 
0 < V(x; u) x mi SNe, 5.3.2 
< V(x D «min [ 7 ( ) 
|V'G; u)| < mi | S NE i E i | d did | (5.3.3) 
x; u)| x min ; < min , 3. 
J/c?F4 V+ lt+a JVl+a 
for all x € R. 
Proof Denote 
=¢=4 2 4 = /c? +4 
M= EN scs IUSTUS EIE. (5.3.4) 
2 2 
From (5.3.4) and the definition of à in (5.2.1), we obtain 
0OcAxAa, à <0, 1332-0, Ai-A «0, 2274-0 (5.3.5) 
and 
Weal, Appi. X == l= —(1 +a). (5.3.6) 


By the variation of constants, the solution of (5.3.1) can be expressed as 


1 x -Foo 
V(x; u) = (/ eh o79w(s)ds + f 2) : (5.3.7) 
ho — AY —oo x 


Note that 0 < u < U = min{n, e~*"} since u € &. Then using (5.3.5) and (5.3.6), 
we obtain from (5.3.7) that 
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1 x +00 
0 < V(x; u) < f eg 079 e ds +f eg 7997 ds 
ni ~ A2 = Ay —oo x 
E 1 e ortos x g Gath)s | 
dg — Ay (i c AX) — (àz + 23)e 
—g^* e^ 


Vai ite 


and 


0< V(x; u) < 


1 ( * Maz) 7 aes) =n 
< e Gs nds +f ew ^s nds = =n 
À2—À HN x A1À2 


Thus, the inequality in (5.3.2) follows. On the other hand, differentiating (5.3.7) with 
respect to x, we have 


1 ba -Foo 
(J Aie 7) u(s)ds +f ise" uds) . 
À2— AY —oo x 


For c > 24/a, using (5.3.5), (5.3.6) and the fact that 


Ag —Ayp = Vc? +4>2V1 +4, 


V(x; u) = 


as well as the fact 0 < u < min{n, e~’*}, we obtain with some simple calculations 


1 x +00 
IV'(x;u)| < f (—Aye eds + / As e 2079 7 ds 
À2 — At UJ- » 


2e^* e 
s = 
Ve+4 Sl+a 


and 


1 x +00 
IV'(x; u)| < F n (/ (—A eh 97? nds +f js nds) 
ZA —oo x 


< 2n < , 
J/c)-FA ^ Jl +a 


from which the inequality in (5.3.3) follows. The Lemma is, thus, proved. 


Lemma 5.7 For any u € én, denote V (x; u) the solution of 
V" +cV'+u-V=0. 


Then for sufficiently small à > 0, if x > xs, then 
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y (V62 (x) — c61(x) +a > 0, (5.3.8) 
and 
y(V)02(x) — ch (x) +a > ai if c = 2/4, (5.3.9) 
Ale — 2A) 


y (V)02(x) — cOx(x) +a < — if c > Wa. (5.3.10) 


4ko 


Proof Noticing V(x) < = for x > xs, we get (5.3.8) from the fact that 


—Ax 


2 e =m 2 
y(O)01() — c0 (x) +a > (1 + 1 —) OF (x) — c&i(x) +a = 0. 


With 


—AXx 


: e 
lim (1 + 


x—> +00 =) =l, MI = À, 


by choosing sufficiently small 5 > 0, for all x > x3, we have 


—m 33 
> —. 5.3.11 
pem ene 


—Ax 


15 1 
—Ax0 À, V) = ——— > |1 
S60 «1 y) qc E IL 


16 


For the case c = 24/a,for which A = £ 5, noticing 05 (x) = 01 (x) + iA ,using (5.3.11), 
we get 


y (V)62(x) — ch (x) +a 


= = y(V)6; (x) — c0 (x)+a + o(a qe ae a) E on 


y(V) E a24 a c) s 15 


33 2 15 do a 
e a = 
34 (16° 3 2" 64 


for all x > xs, from which (5.3.9) follows. 
On the other hand, for the case c > 24/a, for which X < 5, noticing 


1 24 
05(x) = 01(x) + E with ko > max |- = 1] ; 


we obtain 1 1 
—A +0 (x)— cà < TAA) < 0 
ko 2 
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and then 
y (V)02(x) — ch (x) +a € 63(x) — ch (x) +a (5.3.12) 


1/1 
= 0 (x)? — c0 (x) +a + — (zx +218: (x) — cà) 
ko \ ko 


1 
< Q(x)? — c0 (x) +a + —A (2 — c). 
2ko 
Moreover, owing to the fact limy-.+.0 01 (x) = 4, we have 
lim (81 (x? — c01(x) +a) 2 32 — eX 4c a — 0. 
x—-oo 
Then choosing 6 sufficiently small, we obtain that for all x > x; 


01x! — c61(x) ta < Jan — 2X). (5.3.13) 
4ko 


Inserting (5.3.13) into (5.3.12), we obtain y (V)02(x) — ch(x)+a < AA — 
c) < 0. Thus, (5.3.10) follows and Lemma 5.7 is proved. 


5.3.2 Auxiliary Problems 


In this section, we shall investigate some auxiliary problems which act as bridges to 
our concerned problem. 


1. An auxiliary parabolic problem 

In the sequel, for convenience, we use y' (v) and y” (v) to denote the first- and second- 
order derivatives of y (v) with respect to v, respectively. This should not be confused 
with U’, V', U", V" where the prime ' means the differentiation with respect to x. 
Given u € én, we first consider the following equation: 


V"+cV'+u-V=0 (5.3.14) 
which, subject to variation of constants, yields 


1 x +00 
(J ee u(s)ds + / 2) i 
À2 mi Ai —o00 x 


(5.3.15) 


V := V(x; u) = 


Now taking V in (5.3.15) as a known function, we define 
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F(U, U^) 


1 
= zg5 EOV +o) ut HOV P + VY U —cV^) +a] U — bU?]. 


By U (x, t; u, U), we denote the solution of the following Cauchy problem: 


U, = U" +F(U,U’), xeR,t»0 
(5.3.16) 


U(x, 0; u, U) = U(x), xeER. 


From Lemma 5.6 and the definition of y (-), the boundedness of rat y (V). y" (V), 
V and V' has been guaranteed. Then the comparison principle is applicable to 
(5.3.16). By the semigroup theory, U can be represented as 


t 
U(x, t; u, U) = e'^-PU(x) +f e 0960-94 (U + F(U, U’))(x, s)ds. 
0 


The local existence of solutions to (5.3.16) can be obtained by the well-known fixed 
point theorem (cf. see Salako and Shen 2017b, Theorem 1.1) along with standard 
parabolic estimates. We omit the details here for brevity and assume that the solu- 
tion of (5.3.16) exists in an maximal interval [0, T) for some T e (0, co] with 
U(x, 0; u, U) > 0 for x € R. Then the comparison principle for (5.3.16) implies 
that U (x, t; u, U) > 0 forall (x, t) € R x [0, T). 


Proposition 5.1 If c > 24/a and b > b*(m, a) with b*(m, a) defined in (5.1.12), 
there exists ó > 0 such that for any u € én, the solution U(x, t; u, U) of (5.3.16) 
satisfies U -, t; u, U) € & for all t € [0, +00). 


Proof Denote 


L(U) (5.3.17) 
= y (V)U" + y ()V' +c) U' + (y (VV? + y (V)(V — U — cV) +a) U - bU? 


with V defined in (5.3.15). Noticing y (V) > 0, we have 


T n _ L(U) 
U” + F(U, U) = =. 
+ F( ) y( 


Hence, a function U (x) is a super-solution (resp. sub-solution) of (5.3.16) if L(U) < 
0 (reps. L(U) > 0). Firstly, we need to prove that for any solution u € é, there exists 
U(x, t; u, U) € U. For any s > 0, from the definition of y (-), we have 


m 


<1, —-m < y'(s) = c sy 


0 < y(s)— « 0, (5.3.18) 


1 
(lps) 


and 
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m(m + 1) " 


0s 


From (5.3.17), using (5.3.2), (5.3.3), (5.3.18) and (5.3.19), by the definition of 7 in 
(5.2.9), it is easy to verify that 


LM) = (y'(V)V? + y V)(V 2n-cV) 4a) 0 = bn? 


«(89a (1+ 2 )n+ bn) 
——— m ——— a— 
"XA rea " Jaa)" V 
+1 
< (TEED, + 3mm +a — m)» =0 
l+a 


On the other hand, from (5.3.17), using (5.3.2), (5.3.3), (5.3.18) and (5.3.19), we 
obtain 


L(e^) 
= y(Q)2e7 — (2y'()V' + c) Ae 
E (y (V)(V ye Je y (VV e = cV’) e Ax + ae AK be 20x 


< )2e^* + 2mA e ?* = cAe ?* 4 m(m + D ax 4+ (» + 2cm ee 


Jl ta I+a JA c 


ge ae = be ?* 


2 1 
< (A? — cà +aje™ + ( mya + HUNE ) ma + 3m — ») eo. 
Vl+a l+a 
where we have used the fact that A € (0, va]. Noticing 
2m4/a 
b > b*(m,a) > + 3m, 
i ) Vi+a 


by choosing à sufficiently small in (5.3.26), we obtain L(e~**) < O for allx > xs. By 
the comparison principle for parabolic equations, it follows that U(x, t; u, U) < U. 

Now we prove that for any u € én, we have U(x, t; u, U)- U,. From (5.3.17), 
using (5.3.2), (5.3.3), (5.3.18) and (5.3.19), we obtain 


L(8) = y'(V)(V8  y' (V)(V —8 — cV^8 + à(a — bà) 
zy'(VXV —cV')5 + à(a — bà) (5.3.20) 


-( bà (1+ x )) 
a—bó—m —— 
> n —i 


> ô (a — bô — 3mn) . 


Owing to the fact b > b*(m, a), we obtain 
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2a a 
n= < : (5.3.21) 


b —3m +/@ 3m)? De 3m 


Substituting (5.3.21) into (5.3.20), we have L(8) > 0 for sufficiently small 6. On the 
other hand, using (5.3.17), by direct but tedious calculations, we have 
L(d,e ™® (x)x + dye ^y 
= y (V)(d,e ^95 + doe POY" + Qy'(V)V' +.) (de ^ 9* + doe PO)’ 
t (v (XQ + y' CX = (due ^9 + dye) — eV’) + a) 
- (due 9100* 4. dog 2009) — p(g, e” O + doe? ™*))? (5.3.22) 
> (YV) Œ) — c6 (x) + a) due ^ * + (y(V)02x) — cO2(x) + a) doe 9?* 
+ d,e ^ [y (V) (Oj x)? + 201 6961G)x — 61 G)x — 201 (x) — c6: 60x 
—-2y'(V)V (61 G)x + A(x) + y" (V)? + y OVO — cV^] 
+ doe ^ ** [y (V) (Oh (x)x)? + 265662 G)x — Of (x)x — 205(x)) — e65 6x 
—2y'(V)V (65G)x + (x) - y" (V)? + (VV — cV’)] 
" b(d,e * (x)x 4 Gerry, 


To prove that L(d,e~"™* + dye~®™*) > 0, we consider the cases c = 24/a and 
c > 24/a separately. 


Case 1. c = 24/a. In this case, we have do = 1 and substitute it into (5.3.22). 
Using (5.3.18) and Lemmas 5.1 and 5.7, by choosing sufficiently small 6, for x > x5, 
we obtain 


y(V)«0, y'(V) 20, A(x) -0, 61(x) «0 


and 


a 
y (V)02 (x) — c0 (x)+a > 0, y (V)02 (x) — ch(x)+a > 6r 
from which we obtain that for any x > x5, 
L(d,g "695 + e720) (5.3.23) 


a — i F 
> a ROX 4 die 01(x)x 


: [72v (06169) — c6: G0x — 2y'() V (065 Gx + 6109)  y' CXV — cv^?)] 
+ e 6 [-2y (V)O}(x) — c656)x — 2y (V) V (65 6)x + 66) + y'O — cV^] 
= b(d,e 4 0 ET g 5x 


Furthermore, from (5.2.3) and Lemmas 5.1 and 5.6, we have 
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0<O(x) « Ja, 0«6/(x) x2Kje-?* 


and 


e^* n e ^* | 
0 < V(x; u) < min nb. |V" (x; u)| € min ; : 
Gu) re n| la a vl+a 


By the above estimates and (5.3.18), we arrive at the following estimates: 


— 2y (V)0 (x) — c0 (x)x — 2y (V) V (61 (x)x +0 E) +y VO — cV^) 


(5.3.24) 
4mnx E 2m4/a m cm ) = 
> —(44+2cx+ Kje ?* + + e ^ 
( Au) ! (5 lta ica 
4mnx ke 4m./a m ) Nc 
= —(4+4J/ax+ Kje ?* + e. 
( oe a) ! (=< 1ca 


Then from the fact that 05(x) = 01 (x) + 7 we get 


— 2y (V)0 (x) — c65(x)x — 2y'(V)V'(65G)x + 62(x)) + y'(VX(V — cV?) 
(5.3.25) 
— 2y (V)0 (x) — c0 (x)x — 2y'(V) V'(61 (x) x + (x) + (VV — cV?) 
1 
m / "n 
vid (V)V 
4mnx “a 4m4/a m mJa ) ae 
> —(44+4 + K\e ?* T F j 
" ( in uz) ái (s lxa 2/l*a]. 
Substituting (5.3.24) and (5.3.25) into (5.3.23), we end up with 


L(d,e 9 E e 0») 


> Pao -K (4+4vax NELLE )e pieh) 


/lca 
(5.3.26) 
( 4m./a ah m ) (e^ + d, e 60076 Ns) u msa yx 
Vl+a l-a 


——> e 
2/l+a 
—b [gre m (x))x ge eg 90x ES 2d,e "^ um 1 


From (5.2.5) and (5.2.6), we have 65(x) — 201 (x) < 0 and 65(x) — 0;(x) - A < 


05(x) — 0i (x) — À < 0 for x > xs, then for c = 24/a, by choosing ô sufficiently 
small in (5.3.26), we obtain 
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L(d e” (x)x JE e 60) >0 
for all x > x;. 
Case 2. c > 24/a. Inserting dg = —1 in (5.3.22), using Lemmas 5.1, 5.6 and 5.7, 
we obtain 
0<O(x)< Ja, 0«60j1(x) x2Kse " 0 > 6/ (x) > —2A4Koe ^, 


e^ 
0 < V(x; u) < min4 ——_, i 
(x; u) < re 7 


IV )| 2 . | 2n 2e ^* E : | n ex | 
X;u)| < min 3 s MM —.————;,—————q 
vc? +4 Vce2+4 /l-ca Jl+a 
2 2 À(c — 2X) 
y()01(x) — c0 (x)+a z 0, y(V)063(x) - cox) ca < E 
0 


By these results, (5.3.18) and (5.3.19), for any x > x;, noticing that 05 (x) = 01 (x) + 
i, we obtain 

0 

L(d,e-* (x)x e 2 @)*) 

> (y(V)62G) — c01 (x) + a) d.e 9 ™* — (y (V)62(x) — c62(x) + a) e 
+ d,e ^?* [-2y (V)0 (x) — c01 (x)x — 2y (V) V (01 (x)x + O1(x)) + Y CXV. — eV) 
— e 0X [y (V) (065 ()x)? + 205 (x)O2(x)x — Of (x)x) — 2y (V) V (65 G)x + 62 (9) 
ty" (VV? = ey (V)V'] = bidne 9€* — g7 0:003? (5.3.27) 


> goo | wN —b C h eon Dx aed 
0 


(4x AES + agua ™ x + Va) ( : = )) 
+ 2cx | e xd j/a)+m t 
j 5 JVl+a lta J44c2 
de 2-1) Ax 
À 2m À 
— [| OK e ™ E AK F2XKax 4 2Kaxe ^* xu 
( 2x)'e ^* + 4Ky (va >) x de EG ( axe ^* + Jat m 


mni D. a, , 2cm ) zd 
^ l«a i J4+4 c 


Noticing 05(x) — 20ı (x) < 0 and 62(x) — 01(x) — à < 0 for x > xs, then for c > 
2./a, by choosing ô sufficiently small in (5.3.27), we obtain 


L(d,e! (x)x e 60) > 0 


for all x > xs. Then by the comparison principle for parabolic equations, we obtain 
U(x, t;u) > U, forc > 2/a. 
Summing up, by choosing 
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2 
"e z (5.3.28) 


b — 3m + Je 3m)? 4m(m+l)a 


l+a 


and sufficiently small ô, (U,U n) is a pair of super- and sub-solutions of (5.3.16) (see a 
schematic of super- and sub-solutions illustrated in Fig. 5.2). Denoting U(x, t; u, U) 
the unique solution of (5.3.16), by the comparison principle for parabolic equations, 
we obtain U, < U(x, t; u, U) < U and thus U(x,t;u, U) € én. This completes the 
proof of Proposition 5.1. 


2. An auxiliary elliptic problem 
Now for u € 20 := (,.4 én» we study the following problem: 


y ()U" + y ()V' + c) U' + (y (V)(V? + y'(V)(V 2 U 2 cV) +a) U 
— bU? — 0, 
V"+cV'+u-—V=0, 

(5.3.29) 


which is equivalent to solving L(U) = 0. 
Proposition 5.2 For every u € Zo, if c > 2/a and b > b*(m,a) with b*(m, a) 
defined in (5.1.12), denote U (x, t; u, U) the solution of (5.3.16) with U (x, 0; u, U) = 


U, there exists a unique function U(x; u) € Zo such that 
U(x; u) = lim U(x,t; u, U) = inf U (x, t; u, U) 
too t>0 


and U (x; u) is the unique solution of (5.3.29) satisfying 


a _ U(x; u) 
liminf U(x; u) >0O and lim — = 1. (5.3.30) 
X—-—00 x e ^* 
Proof From Proposition 5.1, we have 
U(x, t;u, U) € U(x) forall (x, t) € R x [0, +00). (5.3.31) 


For any 0 < t; < t», noticing 
U (x, to; u, U) = U(x, ti; u, U(x, bh xi ti; u, U)), 


from (5.3.31), we have o 
U(x, t2 — tı; u, U) € U(x). 


Then using again the comparison principle for parabolic equations, we obtain 


U(x, to; u, U) < U(x, t; u, U), 
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which implies that U(x, -; u, U) is decreasing with respect to t. Noticing 
U (x »s d, U) 


has lower and upper bounds since U(x, -; u, U) € &, as shown in Lemma 5.1, one 
can conclude that there exists a unique U (x; u) such that 


U(x; u) = lim U(x, t; u, U) = inf U(x, t; u, U) (5.3.32) 


for all x € R. Denote = 
U, (x, t) = U(x, t + fiu, U) 


for (x,t) € R x [0, oo), where {t,},>1 is an increasing sequence of positive real 
numbers converging to +00. Then from the elliptic regularity theory for (5.3.14) and 
parabolic regularity theory for (5.3.16), we obtain that for all 1 < p < oo, R > 0, 
T >0, 

IV lw2»(- 8. x C and I On ll w2 (8, Rx 0,7) x C. 


From the Sobolev embedding theorem, we obtain 


x C. 


I| V let quy <C and I| Us ll can qn xc (o, oo) = 


Arzelà-Ascoli's theorem and Schauder's theory for parabolic equation (cf. Krylov 
1996) imply that there is a subsequence {Uw }w>1 of the sequence {Un}n>1 and a 
function U € C?! (R x (0, oo)), such that {Uw }w>1 converges to U locally uniformly 
in C? (R x (0, 00)) as n’ — oo. Hence, U(x, t) solves (5.3.29) and U € 2%. On 
the other hand, noticing U(x, t) = lim; sœ U (x, t; u, U), from (5.3.32), we have 
U(x; u) = U(x, t) for every x € R and t > 0, from which we obtain that U(x; u) € 
Zn» is a solution of (5.3.29). Furthermore, from (5.2.10) and the definition of 25, 
we obtain 


lim inf U(x; u) > 0 
X— —00 


and 


U(x; . U(x; 
d, < lim inf Ke < lim sup A ut) 
x—too e7** xo+o € ^* 


=1 (5.3.33) 


for any n > 2. Noticing limy+..d, = 1, by taking n — oo in (5.3.33), we obtain 
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The uniqueness of U (x; u) satisfying (5.3.30) follows from the same arguments as 
that in Lemma 3.6 in Salako and Shen (20172). The proof is thus completed. 


5.3.3 Minimal Wave Speed 


In this section, we shall prove Theorems 5.1 and 5.2. To this end, we first prove 
the following result concerning the asymptotic behavior of solutions to (5.1.10) as 
z — +00. 


Proposition 5.3 Assume that a > 0 and m > 0 satisfy (5.1.14). Then any solution 
(U, V) e (C?(R) n 2} to (5.1.10) has the property that 


lim U(z) 2 lim V(z2 20, lim U(z)— lim V(z) — a/b 
z—-oo Z—> +00 z— —oo0 Z—-—00 


and 
lim U'(z) 2 lim V'(z) — 0. 
Z— 00 Z- EGG 


Proof From the fact that (U, V) € ae and Lemma 5.6, we obtain 


IU@l <n, |V(G)zm and |V) < 


n 
(5.3.34) 
vl+a 
for all z € R. From the first equation of (5.1.10), by the Hölder regularity esti- 
mates for bounded solutions of elliptic equations and the Schauder theory (Gilbarg 
and Trudinger 2001), there exists C > 0 independent of z and o € (0, 1) such that 
WU |lczeg,z+1) < C and ||V ||c2e¢,z+1) < C for all z € R, from which it follows that 


|U'(2)| < C, |U"(2| C and |V" @)| < C (5.3.35) 


for all z € R. Multiplying the first equation of (5.1.10) by (a — bU), integrating over 
[—R, R], we obtain 


R R R 
0= / (y (V)U)" (a — bU)dz + ef U'(a — bU)dz + T U (a — bU)*dz 
—R —R —R 
z=R 
z——R 


= (y(V)U)'(a — bU) 


z=R 
z=—R 


R 

+f (y'(V)V'U + y (V)U))U'dz + caU |Z 
—R 

B tta f. U (a — bUY'd 


Then using (5.3.18), (5.3.34) and (5.3.35), we find a constant C, independent of R 
such that 
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b i 2 S 2 
—— [U'| a. f U (a — bU)" dz 
(LE) ^ Í -R 
R R 
< »[ y(V)|U'Pdz «f U (a — bUy dz (5.3.36) 
—R —R 
s i / / t z=R z=R 1 2|z—R 
<b | l|y'(V)V'UU'|dz — (y(V)UY (a - bU) p — caU | t + seb" |p 
—R * 4 sa 


1 i ^2 j t2 
< Cı + -bmn lU'Pdz-- | |V'faz ). 
2 —R —R 


On the other hand, multiplying the second equation of (5.1.10) by V” and integrating 
the result over [—R, R], we obtain 


R R R R 
0- l IV" Paz +c f V'V"dz + f UV"dz — f VV"dz 
=R —R —R =R 


R R R 
= f |V”Į dz + sO lee soy ER -f U'V'dz - VV'[-*, «f |V'|?dz. 
—R ^ = —R b —R 


This along with (5.3.34) and (5.3.35) yields 
R R R 1 R 1 R 
[Pat fw tace f uvas f wire f was. 
-R -R =R 2 J-R 2 J-R 
where C» is a constant independent of R. Then it follows that 
R R 
i |V'|?dz < 2C; +f |U'^ dz. (5.3.37) 
-R -=R 


Substituting (5.3.37) into (5.3.36), one can find a constant C3 = C, + bmnC> inde- 
pendent of R such that 


b 


R R R 
am |U'|?dz +f U (a — bUYdz < C4 + bmn | |U'|?dz. (5.3.38) 
(14d m)" Jg -R —R 


Note that (5.3.28) together with condition (5.1.14) implies 


1 


—— —— — —myn>0. 
(Uy? 


Sending R — oo in (5.3.38), we obtain 


1 
b (c E mn) / |U' dz +f U (a — bU)*dz < Cs. (5.3.39) 
(1 4a 9)" R R 


By sending R — oo in (5.3.37), we find a constant C4 > 0 such that 
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f IV'^dz < Cs. (5.3.40) 
R 


Then (5.3.39) and (5.3.40) assert that 
U'eL'(R) U(a— bU} € L'R), V'eL?^(R). (5.3.41) 
From (5.3.35) and (5.3.41), we obtain 


lim U(z) € {0,a/b}, lim U'(z —0 and lim V'(z) 20. (5.3342) 
Z— roo £— -roo Z— roo 


Furthermore, from the definition of 2b and the fact that U € Zo, we obtain 


lim U(z) 20 and lim U(z) =a/b. 
z—-Foo £— —00 


On the other hand, from the second equation of (5.1.10), we have 


V@= 


z +00 
p e «79 (s)ds E f e uGyas) (5.3.43) 
À2—XM —66 z 


with A; < 0 and Az > 0 defined in (5.3.4). Applying L'Hopital's rule to (5.3.43), 
from the fact (5.3.42), we obtain 


z>-+00 Ay — Ay ez ez 


1 ; U(z) U() 
= lim + 
Ag — Ay 22-909 V —À4 ho 


lim U(z) 20 
Z—>+00 


1 e U(s)ds ae e5U(s)ds 
lim V(z) = lim (E s + Ji S 
Z—> +00 


and 
* e*8U(s)ds +o o= (s)ds 
lim V(z) = Foe oe ph e) 
i -—o00 zZ—>—00 ho — Àa SES e^ 
1 U U 
_ lim (z) " (z) 
À2 = dy — 00 —hy ho 

a 

im U(z) b 


This completes the proof. 


1. Proof of Theorem5.1. Note that a fixed point of the mapping u > 29 => 
U (^, u) € 2o formed in (5.3.29) is a solution to the wave equations (5.1.10). Hence, 
to prove the existence of traveling wave solutions to (5.1.6), it suffices to prove that 


5.3 Traveling Wave Solutions to a Density-Suppressed Motility Model 309 


the mapping u > Zo > U (., u) € 2o formed in (5.3.29) has a fixed point. We shall 
achieve this by the Schauder fixed point theorem. 

First, we prove that the mapping u 5 Zo œ> U(., u) € Zois compact. Let {un}n>1 
be a sequence in Zo. Denote U, = U(-, un), we have U, € Zo. From the elliptic 
regularity theorem, we have that ||U,, lwz? R = C for all p > 1. From the Sobolev 
embedding theorem, we obtain ||U,||cz œR) < C, which along with Arzela-Ascoli's 
theorem implies that there is a subsequence (U,;],/-, of the sequence {U,,},>1 and 
a function U(x) € C(IR), such that {Uw }w>1 — U(x) locally uniformly in C(R). 
Furthermore, we have U(x) € Zo. Then the mapping u > Zo > U(.,u) € Zo is 
compact. 

Second, we prove that the mapping u > Zo  U(-; u) € Zo is continuous. To 


this end, denote 
oo 


1 
llis = 5 zl an- 


n=1 


Then any sequence of functions in 2o is convergent with respect to norm || - ||, if and 
only if it converges locally uniformly on R. Let u € Zo and {u,},>1 be a sequence 
in Zo such that u, converges to u locally uniformly on R as n — oo. Then by the 
elliptic regularity theorem applied to the second equation of (5.3.29) and the Sobolev 
embedding theorem, we obtain 


I V C; un)lcis qu) x C. 


From Arzela—Ascoli’s theorem, there exists a subsequence of (V (-; un)}n>1, still 
denoted by itself without confusion, such that 


lim V(;u,) 2 V(5u) in Ch (R). 

n'— oo 
Suppose by contradiction that the mapping u > Zo — U(-; u) € Zo is not contin- 
uous, then there exist ô > 0 and a subsequence {un }n'>1 such that 


[UG un) — UG; wll. = 6, Va > 1. (5.3.44) 
By Schauder’s theory (Krylov 1996) applied to the first equation of (5.3.29) and the 
Sobolev embedding theorem, from Arzela—Ascoli’s theorem, there is a subsequence 
{U (5 Un) }n>1 of the sequence {U (-; uw)}w>1 and a function U(-) € C?(R), such 
that {U (-; un) }nv>1 converges to U(-) in C2. (IR) and U is a solution of (5.3.29). 
Moreover, from the fact that U (-; uy”) € Zo and 


lim ||UC; un) — UC). = 9, 
n—oo 


we obtain U(-) € Zo. Then from Proposition 5.2, we obtain U(-) = U(., u). By 
(5.3.44), then 
IUC; u) - UC). = ô, 
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which is a contradiction. Hence, the mapping u > Zo > U(-; u) € Zo is continu- 
ous. 

Now by Schauder’s fixed point theorem, there is U € Zo such that U(-) = 
U (-; U). Denote V(-) := V(-; U). Then (U, V) is a solution of (5.1.10). From the 
definition of % and (5.2.10), we obtain 


U 
im Ue or 


zoo eg 


This along with (5.3.5)-(5.3.6) and L’H6pital’s Rule yields 


z—> +00 e? z—>+00 do Š Ài eT O4 e O2-9z 


V(z) — lim 1 (= e™sU (s)ds io oe) 


U(z) U(z) 1 
= im = : 
Aa — Ay co too V —(À124- A)e7* — — (Aa + Ae l+a 


Since U € 25, it follows that lim inf U (z) > 0. On the other hand, noticing for 
2 =— 
z < xs, U(z) > 6 and then 


1 z +00 
(/ e G9 U (s)ds + f eu (as) 
dng — AY — ; 


ó £ " ó 
> eds = — ———. > 0, 
ha — M Joc (A3 — A1) 724) 


V(z)= 


from which lim inf V (z) > 0 follows. Finally, by the assumption (5.1.14) and Propo- 
Z-+—00 


sition 5.3, we finish the proof of Theorem 5.1. 

2. Proof of Theorem5.2. Arguing by contradiction, for c < 24/a, we suppose that 
there is a traveling wave solution (u(x, t), v(x, t)) = (U(x-& — ct), V(x - & —ct)) 
of (5.1.6) connecting the constant solutions (a/b, a/b) and (0, 0). Take a sequence 
{zn} with z, — --oo, then 


lim U(z,)— lim V(z)- lim V'(z,) — 0. 
n—-oo n— Too 


n—-roo 
Now we set 
U z+ Zn 
h, (z) = =. U,(z) =U(Z+2n), Va(z) = V(G- zu). 


As U is bounded and satisfies (5.1.10), the Harnack inequality implies that the shifted 
functions U,(z), V,(z) and V/(z) converge to zero locally uniformly in z and the 
sequence h, is locally uniformly bounded and satisfies 
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y" VDV hn +F Y (VV. 2! Un a cV. )h, + 2y' (Vn) VA, E y (V,)h;, 
ch, +h,(a— bU,) = 0, 
V+ Un — Van t+ eV, =0 


in R. Thus, up to a subsequence, the sequence {h,,},>1 converges to a function / that 
satisfies 


h"+ch'+ah=0 inR. (5.3.45) 


Moreover, h is nonnegative and A(0) = 1. Equation (5.3.45) admits such a solution 
if and only if c > 2./a, which leads to a contradiction. This denies our assumption 
and hence (5.1.6) admits no traveling wave solution connecting (a/b, a/b) and (0, 0) 
with speed c < 24/a. 


5.3.4 Selection of Wave Profiles 


By introducing some auxiliary problems and spatially inhomogeneous relaxed decay 
rates for super- and sub-solutions constructed, we manage to establish the existence of 
traveling wavefront solutions to the density-suppressed motility system (5.1.6) with 
decay motility function (5.1.7), where we find that there is a minimal wave speed 
coincident with the one for the cornerstone Fisher-KPP equation and a maximum 
wave speed c resulting from the nonlinear diffusion. However, we are unable to 
characterize further properties of wave profiles such as monotonicity, stability and so 
on. In this section, we shall discuss the selection of possible wave profiles motivated 
by some argument in Ou and Yuan (2009). 


1. Trailing edge wave profiles 

In the spatially homogeneous situation, the system (5.1.6) has equilibria (0, 0) and 
(a/b, a/b), which are unstable saddle and stable node, respectively. This suggests that 
we should look for traveling wavefront solutions to (5.1.6) connecting (a/b, a/b) to 
(0, 0) as we have done. Now we linearize the ODE system (5.1.10) at the origin (0, 0) 
and let U' — X, V' — Y. Then we get the following linear system of (U, X, V, Y): 


U' 0 1 00 U 
x’ = -70 -70 00 x 
y' 0 0 01 V 
Y’ —1 0 tl-e Y 


The eigenvalue 4 of the above coefficient matrix is 


( pU x5) eo -1)-o. 
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To ensure there is a positive trajectory connecting the equilibria (0, 0) and (a/b, a/b), 
we need to rule out the case that (0, 0) is a spiral, which amounts to require 


c > 2 y Oa. (5.3.46) 


With y (v) given in (5.1.7), y (0) = 1 and (5.3.46) is equivalent to c > 2./a. This 
is well consistent with our results obtained in Theorems5.1 and 5.2. Under the 
restriction (5.3.46), it can be easily checked that the origin (0, 0) is either a stable 
node or saddle point, which indicates that the traveling wave profile around the origin 
(0, 0) will not be oscillatory or periodic. 

Next, we linearize the system (5.1.10) at (a/b, a/b) and arrive at the following 
linearized system: 


U' 0 1 0 0 U 

/ a(b+o2) c ao aoc 
a =| a go X * (5.3.47) 
Y' —1 0 1 -c Y 


where c; = y (a/b)ando» = y'(a/b). By some tedious computation, we find that 
the eigenvalue A of the above coefficient matrix is determined by the following 
characteristic equation: 


2 alb 1 
X (c ye (5 BOT) JE (a Dc, E 9. (5348) 
01 


0| ob 0| 01 


We suppose that there are periodic solutions near the positive equilibrium (a/b, a/b), 
namely the above characteristic equation has purely imaginary roots à = coi, where 
w is a real number. Then the substitution of this ansatz into the equation (5.3.48) 
immediately yields a necessary condition c = 0, and consequently, we get 


ot (£ +o) 


" e? Icd (5.3.49) 
oib 


01 


Notice that o; = y'(a/b) < 0. Then a necessary and sufficient condition warranting 
that Eq. (5.3.49) has a real root w is 


b a 2 
|o2| < SUMA 1). (5.3.50) 
1 


That is, the linearized system (5.3.47) at the equilibrium (a/b, a/b) will have periodic 
solutions if the condition (5.3.50) is fulfilled. Thereof, we anticipate that the non- 
monotone traveling wave solutions oscillating about the critical point (a/b, a/b) may 
exist, but whether the condition (5.3.50) is sufficient to guarantee that the nonlinear 
system (5.1.6) has similar oscillatory behavior around the equilibrium (a/b, a/b) 
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is very hard to determine and even to predict due to the complexity induced by the 
nonlinear diffusion and cross-diffusion in the system. Below we shall use numerical 
simulations to illustrate that indeed the condition (5.3.50) plays a critical role for the 
nonlinear system in determining the monotonicity of wave profiles. 

We consider the motility function y (v) = qu n > 0) as given in (5.3.29). 
With simple calculation, we find that the condition (5.3.50) amounts to 


(5.3.51) 


/m < = [val 8)" —1], d= 


a 
b . 


Without loss of generality, we first choose m = 6 and a = b = 0.1. Then ? = 1 and 


(ER |Va + 8)" — 1| = 2.1635 < V6 = 2.4495. 


Hence, the condition (5.3.51) is violated and no oscillation around (a/b, a/b) — 
(1, 1) is expected for the linearized system. To verify if this is the case for the 
nonlinear system (5.1.6), we set the initial value (uo, vo) as 


1 


oe (5.3.52) 


ug(x) = vo(x) = 


and perform the numerical simulations in an interval [0, 200] with Neumann bound- 
ary conditions to comply with the experiment. The numerical solution of (5.1.6) is 
shown in Fig.5.3 where we observe that the solution will stabilize into monotone 
traveling waves although it oscillates initially. This is also well consistent with our 
analytical results about the existence of traveling wave solutions given in Theorem 5.1 
when .# (m, a) = 0.4143 < 1 if m = 6 and a = b = 0.1. Next, we choose m = 4 


and a = b = 1 such that ,/ 5? |a +o)" — 1| = 4.2426 and hence (5.3.51) 


holds. But numerically we still find that the system (5.1.6) will generate monotone 
traveling waves qualitatively similar to the patterns shown in Fig. 5.3 (not shown 
here for brevity). This implies that the condition (5.3.50) is not sufficient to induce 
non-monotone traveling waves oscillating around (a/b, a/b). 

Now an important question is whether the density-suppressed motility system 
(5.1.6) is capable of producing persistent oscillating traveling waves to interpret (at 
least qualitatively) the pattern observed in the experiment (see Fig. 5.1). To explore 
this question numerically, we consider the following sigmoid motility function: 


v—1 
J0.1+ (v — 1)? 


which decays but changes the convexity at the point v — 1, in contrast to the decreas- 
ing function (5.1.7) whose convexity remains unchanged. We perform the numerical 
simulations for (5.1.6) with a = b = 0.2 in an interval [0, 200] with the same ini- 
tial value (5.3.52). Remarkably, we find non-monotone traveling wavefronts develop 


y()zl1 
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Fig. 5.3 Numerical 
simulations of wave 
propagation generated by the 


system (5.1.6) in [0, 200] 
1 


with y (v) — Wi with 

m=6,a=b=0.1, uo 
=) 1 

Vvo = ipac 
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(see Fig. 5.4) and persist in time, where the wave oscillates at the trailing edge and 
propagates into the far field as time evolves. This is a prominent feature different 
from the patterns shown in Fig. 5.3 generated from the motility function (5.1.7). If we 
choose some other forms of decreasing function y (v) that changes its convexity at 
v — a/b — 1, we shall numerically find similar non-monotone traveling wavefront 
patterns generated by (5.1.6). 

The above numerical simulations indicate, although not proved in Chapter 5, 
that the density-suppressed motility system (5.1.6) can generate both monotone 
and non-monotone traveling wavefront solutions connecting (a/b, a/b) to (0, 0). 
It numerically appears that the change of convexity of y (v) at v = a/b is necessary 
to generate the non-monotone traveling wavefronts oscillating at the trailing edge 
around the equilibrium (a/b, a/b). The underlying mechanism remains mysterious 
and we will leave it as an open question for future study. 

Next, we are devoted to exploring the patterns in a disk to mimic the apparatus 
used in the experiment of Liu (2011) where the experiment was conducted in Petri 
dishes with bacteria initially inoculated at the center (see Fig. 5.1). In the numerical 
simulations, we set the domain as a disk with radius 10 and initially place the ini- 
tial value (uo, vo) = (4 + e- €^»), 4 + e-6^*»)) in the center. We use the motility 
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Fig. 5.4 Numerical simulations of wave propagation generated by the system (5.1.6) in [0, 200] 
with y (v) = 1 2-1 a = b = 0.2, uo = vo = qz 
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Fig.5.5 Snapshot of numerical simulations of outward expanding ring patterns in a disk generated 
by the system (5.1.6) with y (v) — ( „a=b =0.l, uo = vo = 4 + eG» 


1 
1+v) 


function given in (5.1.7) with m = 6 and set out Neumann boundary (1.e., zero-flux) 
conditions aligned with the experiment reality. The snapshots of numerical patterns 
are recorded in Fig. 5.5, where we do observe the outward expanding ring patterns 
qualitatively analogous to the experiment patterns shown in Fig. 5.1. This validates 
the capability of model (5.1.6) to reproduce the experimental patterns. However, we 
should underline that it appears that the generation of oscillating patterns in two 
dimensions does not rely on the change of convexity of the motility function y (v) 
as shown in Fig. 5.5, which is very different from the situation in 1D as shown in 
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Figs. 5.3 and 5.4. This imposes another interesting question elucidating this subtle 
difference. 


2. Leading edge wave speeds 
Following the spirit of classical method as in Mollison (1977) and Murray (2001), we 
discuss the selection of the wave speed c from the initial conditions given at infinity. 
Suppose that the initial value (uo, vo) of the system (5.1.6) satisfies 
~A —Ax 
(es OF iar es d (5.3.53) 


vo(x) ~ Be’, 


with positive amplitudes A and B. Now we look for traveling wave solutions of 
(5.1.10) at the leading edge (i.e., x — oo) in the form of 


~A —A(x—ct) 
pe H l (5.3.54) 


v(x, t) ~ Beee, 


We substitute (5.3.54) into the first equation of (5.1.6) and get the dispersion relation 
between the wave speed c and the initial decay rate A: 


c = y (0). + z (5.3.55) 


Hence, by the standard argument as in Murray (2001), the asymptotic wave speed c 
of traveling wave solutions to (5.1.6) satisfies 


| Jv (YE £. if 0 A « Ja, 


c= 5.3.56 

2/y(0)a, if A> Ja. ( 
Next, we plug (5.3.54) into the second equation of (5.1.6) and get the following 
relation on the amplitude of u and v: 


A — [14- a + (y(0) — D2?]B. (5.3.57) 


Therefore, given the initial condition (5.3.53), the leading edge of traveling waves 
is fully determined by the ansatz (5.3.54) with wave speed (5.3.56) and amplitudes 
fulfilling (5.3.57). 

As an example, we consider the motility function (5.1.7) chosen in the first part 
of this chapter, where y (0) = 1 and hence (5.3.55) gives 


AJ -—cXAcra20 


which is exactly the same as the equation (5.2.2). Furthermore, (5.3.57) gives A — 
(1 + a) B which well agrees with the result (5.1.13) in Theorem 5.1. 
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5.4 Asymptotic Behavior of Solutions to a 
Signal-Suppressed Motility Model 


5.4.1 Space-Time L!-Estimates for u^ *1y-* 


In this section, taking advantage of the special structure of the diffusive processes 
in (5.2.20) (also (5.1.16)), the classical duality arguments (cf. Cañizo et al. 2014; 
Tao and Winkler 20172) are used to obtain the fundamental regularity information 
for a bootstrap argument. To this end, we denote by A the self-adjoint realization of 
— A + 1 under homogeneous Neumann boundary condition in L? (42) with its domain 


given by D(A) — le € Ww?2(Q)|2* = = | and A is self-adjoint and possesses a 


family (AÊ) Ben Of corresponding densely defined self-adjoint fractional powers. 


Lemma 5.8 Assume that m > l and D > 1, then for t > 0 
d - 2 m-4l,,—o« —1 m-41 
— | lA ?tue+ DI^ | uz v" <C | |A e+ II +C (4.1) 
dt Jo Q Q 


with constant C > 0 independent of D. 


Proof Due to 9; (us + 1) = us, the first equation in (5.2.20) can be written as 


d 
q^ (ue +1) + elus + DF + uc(us +8)" | v;? 


= A {e(ue 4 1)” 4: Up (Ue 4g) luct E Bus f (we)} ; 


(5.4.2) 


Testing (5.4.2) by us + 1, one has 


e Fe + DP +e f ators f uc(ue + 8)" (us + Iv,” 
2 
= ef (ue + 1) A^! (us + D+ f usus +6)" v; * A^ (us + 1) 
Q 2 


+8 | ufa. 
Q 
(5.4.3) 
Thanks to W? (2) —> L®(Q2) in two-dimensional setting and the standard elliptic 
regularity in L? (2), one can find C, > 0 and C; > 0 such that 


M+1 M41 M41 
Ile rua (o; < Cilelwz:(o; = Cll Aglio) 


for all o € W??(Q2) such that 22 ?|ao = 0. Hence, by the Young inequality, we can 
see that 
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€ € 
e f uta tn ss fw toss f [A^ (us + DIY! 
Q 2 Jo 2 Jo 
E M+1 £C, 4-1 M+1 
z lls Mag, — LA us + Dihy22¢@) 


E EC\C2 
5 fet omm Pea, 


IA 


which along with the Young inequality implies that for any ¢; > 0, there exists 
c(€,) > 0 such that ||gllrz(o < eillellr« (o) + cE I@llz1(@) due to M > 1 and 
entails that 


3e 
ef (ue OYA tI SE f quet DH + Cale + t. 
2 RQ 


Furthermore, since || we C, £)| r9) < llwollz=(2), we apply Lemma 5.4 and Young's 
inequality to obtain that for t > 0, 


f kia lo AT, ac 
Q 


1 m—1 mH —a —1 m-4l,.—o 
ES {uc(ue c)" T) " v7” + C4 A (us + DI" t'o; (5.4.4) 
2 


m+1 
<z fw (up +E) vr? + C48 f IA! (us + D|"*! 
2 


and 


ef fa eti 
(2 


1 n 
< 5S utat f v? |A- (u, + D 
4 Jo Q 


1 EH 
< i/ ies | 9 +f [A7 (ue 4 per 4 ce f ve! : 
4 Jo Q Q 


Noticing that us + 1 > max{u, + £, €), we have 


(5.4.5) 


1 ml n= 3 
/ us(us + 6)" (us + 1)v;? = if ug" (ug + €) " v + if ur. 


and hence insert (5.4.5) and (5.4.4) into (5.4.3) to get 


zl, A^ 3 (us + IT + fou m+1 vi 


x7 +1) f Aug Din? 26s [ £^. 
g Q 


which along with Lemma 5.5 and D > | readily arrive at (5.4.1). 
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By means of suitable interpolation arguments, one can appropriately estimate the 


integrals fo |A ^! (us + D)|"*' and fo [A72 (us + DI in terms of Jo uL vz“ and 
thereby derive estimate of the form 


t+1 
m-l,,—a« 
f fu v” <C 
t Q 


with C > 0 independent of D, which can be stated as follows. 


Lemma 5.9 Letm > land D > 1. Then there exists C > 0 such that for all D > 1 
as well as € € (0, 1) 


tH 
y f u™tly*<C forall t> 0. (5.4.6) 
t Q 
Proof By the standard elliptic regularity in L7(2), we have 
Í |A7!(u, + D « Chiles + 1%). 


Noticing that for the given p € (2,m + 1) (for example, p := mH), an application 
of Young's inequality implies that for any n > 0, there exists Cı (n) > O such that 


Cilus + Fore) < Mlle + Zio + Cin) Mus + UT): 


On the other hand, by the Hólder inequality, we can see that 
Ppa 
/ u? — / (uzt! vz“) m4i vet 
2 Q 
m+1—p 


44 ma m m-4l 
m — m+l—p 
< U, Us Ve 

Q R 


Hence, combining the above estimates with Lemma 5.5, we arrive at 


Í [AT (us + DI"! < nue + UN Trey + Clue + LEko 


1 
< nllue ey + Can) 
m+1=p 


cal fuera) (orm) ^ eoo 
2 2 


< nC3(a, m) (J Tur +C2(n) forall t > O. 
2 


(5.4.7) 
On the other hand, by self-adjointness of A^? and Hólder's inequality, we get 
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EE [wt 04e n 
2 2 


< |lue + 1r A (us + DIle) 
< Callus + Moy 

= Cslluellz2¢0) + Cs 

< Collucl rita) -- Ce forall t > 0. 


So in this position, proceeding in the same way as above, we also have 
a m m 
[iia Sees DP < Conhue Ut, + C10DColue + INE 
< nCs(a, m) (J Tur) 4-C;(q) forall t > (5.4.8) 
Q 


Therefore, inserting (5.4.7) and (5.4.8) into (5.4.1) and taking 7 sufficiently small, 
we have 


d 1 1 
F JATZ (ue + DP+cs f JAT? (ue + D+ Cs f u” tly% < Co forall t > 0 
2 2 2 


with some Cg > 0, Co > 0 for all D > 1. Furthermore, by Lemma 3.4 of Stinner 
et al. (2014), we immediately obtain (5.4.6). 


As the direct consequence of Lemmas 5.9 and 5.5, we have the following. 


Lemma 5.10 Let m > 1, D > 1, then for p € (max(2, 2H ), m + 1), one can find 
a constant C(p) > 0 such that 


t+1 
i ! ul(,s)ds € C(p) forall t > Oand D> 1. (5.4.9) 
t 2 


Proof For p € (2, m + 1), we utilize Young's inequality to estimate 


t+1 t+1 p pa 
P. m-l,,—oYmrb mdi 
Í Í "e 7 J [ (ui: Ye ) ia 
t JQ t Ja 
nl Hl ja 
af j gc +f f ve” forall ¢> 0, 
t Q t R 


which leads to (5.4.9) with the help of Lemma 5.5. 
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5.4.2 Boundedness of Solutions (ue, ve, We) 


On the basis of the quite well-established arguments from parabolic regularity the- 
ory, we can turn the space-time integrability properties of u? into the integrability 
properties of Vv, as well as Vw;. 


Lemma 5.11 Letm > 1,a > O and suppose that D > 1. Then for q € (2, a), 
there exists constant C > 0 such that for all D > 1 ande € (0, 1) 

Ive. DIbwieco) < C (5.4.10) 
as well as 

lweC.DOlwisco x € (5.4.11) 
for all t > 0. 
Proof From the continuity of function h(x) = (Cr m for x € [2, 4), it follows that 
for given q > 2 suitably close to the number Hemp one can choose p € (2, m + 1) 


in an appropriately small neighborhood of m 4- 1 such that 


p 1 1 1 
gl ue <1. (5.4.12) 
2 p q 


From the smoothing properties of Neumann heat semigroup (e/^),.o, it follows 
that there exist C; > O(i = 1, 2) such that 


le^elwi«o) € Cillellio fore € C?(2) (5.4.13) 


as well as 


lle gllwiacay < Cor 37357? lelro) forall t € (0, 1) and g € CO). 
(5.4.14) 
Therefore, by the Duhamel representation to the second equation of (5.2.35), we 
obtain 


Ve, Ollwiacay (5.4.15) 


—(t— —D7'!)~ 1 : = _p-! S 
= je“ ((-D4X(A- D px (t —1))-4 al et 9)(4-D uel, ~)ds|| waa) 
D Ja- D 


1 f! s 
—(t—1 Ax —8)A 
< Je 48.6, (t — Dp llw lle* 9 ^u, C, —)lwia(oyds. 
D (t— 14. D 


Due to (5.4.13) and (5.4.14), we have 


5.4 Asymptotic Behavior of Solutions to a Signal-Suppressed Motility Model 323 


DA 
jer =07 450, (t — Dawes = e^ V.C, t — Dilwiacay 


(5.4.16) 
< Cilt, t — Dli fort > 1, 


while for t « 1, 


1 A 
le*- 45.6, (t — DPilweecay = lle’ v0 Ilwi4(a) 


< Ci llv0C) Ilwi~a)- 


On the other hand, we can see that for t > 0 


t 
—(t-5)A E 
f le *79?4u,C, D's) || waa) 
6 


1-1. 

t 
se (3) 1 G7 Pha C D ied 

( 


1-1. 
p-i 


1 
t Poeddi d EE t ? 
~pat(atp-@) P d 
saff ce-» as} If lu. C. DDE ds] 
(t-1)4 (t—-1)4 


1 2 0(lxl-l = t s 
- caf g 0 ? doy. u lust, Do's IP ods s] 
0 ( 


1-1) 


1 
1 pP fiii D^ P 
1 -z5 $a) pal 
< CD? (f fon á do) p 7 lus C, bos} 
0 ( 


D-!t-D-!), 


(5.4.17) 
where due to D > 1 and the application of Lemma 5.10, we have 


Dt 
f LAG Dll rods < C4 
( 


D-!t-D-!), 


3 T- 
and the finiteness of Jo gU (+ !da due to (5.4.12). Hence, combining (5.4.15) 
with (5.4.16) and (5.4.17) gives 


2 L 
lue C. Dllwro) < Calle C. t — Vilna)  C3D* + CillvoC) lw) 
= cxf uo + ef wo) + C3 + Ci||voC) wis (o) 
Q Q 
for all t > 0 and thus completes the proof of (5.4.10). 


Next due to ||we(-, t) ||z~(@) < || wollz~ a), an application of the Duhamel repre- 
sentation to the third equation in (5.2.20) yields 
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A 
we, DIhwrsc S. e w C, € — D4) race) 


t 
+ f CIlwollzssco») f [257 uC, 9yo ds 
(t-1)4 


and thereby (5.4.11) can be actually derived as above. 


The following lemma will be used in the derivation of regularity features about 
spatial and temporal derivatives of u,. 


Lemma 5.12 Let p > 0 andy € C** (2), then 


1 d 
zf Tue +0)? o (p= DMe | (u 7G + vie 
P Jo dt Q 


ee »[ (mu, + £)(u, + e)" "^v?" | Vu: p 
R 


talp- 0 [ utot Pj Vu, Vv 
2 
+(1-p) Í, (mu, + £)(u, + e" "uz" Vu, V 


i me | (us + 8)P™! (us + D" 7 vu, Vo 
Q 


+a f tis (Ue + c) P rn vu. -Ve+ | Uc f (We) (us + €)? 1 
2 2 


(5.4.18) 
for all t > 0 and & € (0, 1). 


Proof 'This can be verified by the straightforward computation. 


Thanks to the boundedness of || Vu,(-, £) || rs (o) with some q > 2 in Lemma5.11, 
we can achieve the following D-independent L”-estimate of u, with finite p. 


Lemma 5.13 Let m > 1. Then for all D > 1 and any p > 1, there exists a constant 
C(p) > 0 such that 


lusC. Dll < C(p) 
for all t > 0 and & € (0, 1). 


Proof According to Lemmas 5.4 and 5.5, one can find C; > O(i = 1, 2) independent 
of D > 1 fulfilling 


v;*(x,f) > Ci v;*?(x,t) < C; in Q x (0, 00) (5.4.19) 


for all € € (0, 1). 
Letting o = 1 in (5.4.18) and by Young's inequality, we have 
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d 
d f (ue +6)? + p(p — 1) ji (mu, + €) (uy + e)" P vz*| Vue |? + Í (us +6)? 
t Jo Q Q 


< ap(p — 1) I usus T e)" *P yt Vu, Vu, 
+ pp f ue f (o us 7 + f (ue + £)” 
(2 R 


— 1 
x EP / (mug + €)(Ue + E) Py Vus]? 
Q 


2 
æ p( 1) TUE NE 
pip f aid e)” p lyze ?2lvy,? 


T pf volue) f Us(Us + gy «f (us + e). 
Q Q 


Furthermore, recalling (5.4.19), we can find C3 > 0 and C, > 0 independent of p 
such that 


mtp-l 


d 
5] eel |V(u, + s)? P+ futo 
dt R R Q 


(5.4.20) 
< cup? f (ug + e)"t? V0, |? + cw f (us +€)’. 
R (2 


According to (5.4.10), || VuellZa¢q) < Cs for any fixed q € (2, ah and hence, 
the Hólder inequality yields 


Cap” J (ug + e)" o7! Vu]? 
Q 


2 (m+p—Dq 1$ 2 
<C4p (us +8) 9 IV vella 
Q 


m*p-l 5 
| 


<C4C5 p° || (Us +e) ? 


(5.4.21) 


LT (Q) 


m+p-1 


C 
«2j IV (ue 4 ) P P + Colp), 
4 Jo 


where we have used an Ehrling-type inequality due to W!?(Q) — L 72 (£2) in two- 
dimensional setting and (5.2.28). 
On the other hand, since 


cw | (ue + €)? 
Q 


m-1+p m-lip 

m+p-1 , (Cap) v |2| mip-i (C4p) v |£2| 
<s nf (ue +e)" t! + MÀ omnla be) Mia) + —— 
2 


1] m—l Hel 


for any n > 0, we also have 
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mp-l 


C 
Cig / m+s S / IV (ue + 0) P f + Cs (p) (5.4.22) 
2 Q 


with some C7(p) > 0. Now inserting (5.4.22) and (5.4.21) into (5.4.20), we infer 
that for all t > 0 


=| a. eor» f (ug +6)? < Ca(p) 
dt Jo Q 


with Cg(p) > 0 independent of D > 1, which along with a standard comparison 
argument implies that 


f «t6 s metes. la, #1 
R 


for all t > 0 and thus yields the claimed conclusion. 


With the LP-estimate of us at hand, the standard Moser-type iteration can be 
immediately applied in our approaches to obtain further regularity concerning L9*- 
norm of u; (see Lemma A.1 of Tao and Winkler 2012a for example) and so we refrain 
from giving the details here. 


Lemma 5.14 Assume that m > 1,a > 0 and D > 1, then there exists C > 0 such 
that 
lut, Dire <C for all t > 0. (5.4.23) 


Remark 5.3 It should be mentioned that when m > 1, a > 0 and D > 0, one can 
obtain the boundedness of L??-norm of us for all t > 0 by the above argument (also 
see Winkler 2020 for reference). However, the explicit dependence of ||us C, t)|| r»(o) 
on D is required to investigate the large time behavior of solutions in the sequel. 
Hence, D > 1 is imposed specially for the convenience of our discussion below. 


At the end of this section, based on the above results, we derive a regularity property 
for v which goes beyond those in Lemma 5.11. 


Lemma 5.15 Let m > 1,o > 0. Then there exists C > 0 such that for all D > 1 
and & € (0, 1) such that 
Vive, Dll < C (5.4.24) 


as well as 


IV wC, Hll < C (5.4.25) 


forallt > D. 


Proof Due to | Ve^o(, f — Dlrs(o) < CillüC, £ — Diliz, as the proof of 
Lemma 5.11, we use the Duhamel formula of (5.2.35) in the following way: 
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IVC, DI roc) 


i t L 
ve(4- D Dg. F De» f vet-(A-D^ D, D7! s)ds 
t—1 


L®(2) 


7 . 
< IVe 7- luca) + 7! f lve Auc, D^ ae ds 
i 


.max j|uC. D s) pao. 
t—l<s<t 


a t a 3 
< Cilt, ř— Diro +CD f (d+ 67545 
t— 


for all f > 1, which along with (5.4.23) readily leads to (5.4.24). It is obvious that 
(5.4.25) can be proved similarly. 


5.4.3 Asymptotic Behavior 


1. Weak decay information 
The standard parabolic regularity property becomes applicable to improve the regu- 
larity of u, v and w as follows. 


Lemma 5.16 Let (u, v, w) be the nonnegative global solution of (5.1.18)-(5.1.20) 
obtained in Lemma 5.2. Then there exist € (0, 1) and C > O such thatfor allt > D 


C (5.4.26) 


lules axir 5 


as well as 


loll es scq cei) + w|] es axit <C. (5.4.27) 
Proof We rewrite the first equation of (5.2.20) in the form 

Ust = V -a(x,t, Us, Vus) + D(X, t, us, Vus) 
where 


a(x, t, us, Vus) = (€M (us + DT! + mut wu Vi — aai c vas 


and 
b(x, Í, ug, Vue) = Bus f (We). 


According to Lemmas 5.4, 5.5, 5.14 and 5.15, there exist two constants C, > 0 and 
C2 > 0 independent of D > 1 satisfying 


Ci € v“ (x,t) € C; in Q x (D, œ) 


and 
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luz ^! C, Dlie + IV ve Cs Dlr + luc, Dcos co) + we, Dice co < C2 
for t > D. This guarantees that for all (x, t) € 2 x (D, oo) 


Cum 
a(x, t, Ug, Vue) ^ Vus = ue Viel? = C3, 


m-l 
2 


lax, t, Us, Vue)| < mCqun"|Vue| + C4|Ue| 


and 
|b(x, t, Ug, Vus) < Cs 


with some constants C; > 0 (i = 3, 4,5) for all t > D and e e (0, 1). Therefore, 
as an application of the known result on the Hólder regularity in scalar parabolic 
equations (Porzio and Vespri 1993), there exist x, € (0, 1) and C > 0 such that for 
all t > Dande € (0, 1), 


Kp ES 
DUC e 


which along with (5.2.22) readily entails (5.4.26) with x = x4. Similarly, one can 
also conclude that there exist k2 € (0, 1) and C > 0 such that 


<C forallt > D. 


+ Ill co? Exi < 


Ul oso. Exp 
Moreover, since f € C'[0, oo), we have 
a < 
luf CUM ese xuy SC forallt > D 


with «3 = miníx;, k2}. Thereupon (5.4.27) with « = x3 follows from the parabolic 
regularity estimates (Ladyzenskaja et al. 1968, Chap. IV, Theorem 5.3). 


The first step toward establishing the stabilization result in Theorem 5.3 consists 
in the following observation. 


Lemma 5.17 Assuming that m > 1 and D > 1, we have 


f B f uf (w) < oo (5.4.28) 
0 (2 


f Í IVw|? < oo. (5.4.29) 
0 (2 


Proof An integration of the third equation in (5.1.18) yields 


f e» f) f wo forall t > 0. 
Q odo Q 


and 
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Since w, > 0, this entails 


f i i Ue f (We) < j) wo (5.4.30) 
0 Q Q 


which implies (5.4.28) on an application of Fatou's lemma, because us f (ws) > 
uf (w) a.e. in 2 x (0, oo). 
We test the same equation by w, to see that 


1 2 i 2 1 2 í 1 2 
= we, t) F |V we] = Wo — us f (We) We So Wo 
2 Ja 0 JQ 2 Jo o Je 2 Jo 


and thereby verifies (5.4.29) via (5.2.32). 


The above decay information of w, seems to be weak for the derivation of the large 
time behavior of u, and v,. Indeed, under additional constraint on D, we obtain 
the decay information concerning the gradient of us and v; which makes our latter 
analysis possible. 


Lemma 5.18 Let m > 1 anda > 0. There exists Do > 1 such that whenever D > 
Do, the solution of (5.1.18)-(5.1.20) constructed in Lemma 5.2 satisfies 


los mal 
f I |Vu 7 |? < oo (5.4.31) 
3 (2 


/ | |Vu|? < oo. (5.4.32) 
3 £2 


Proof Testing the first equation of (5.2.20) by (us + €) and applying Young's 
inequality, we obtain that 


as well as 


ld 
2 dt 


<a | (ue 4- £)"v; "^ Vu, - Vus + ef us (Ue + €) f (We) 
2 Q 


i ie 4 T (ue + e" v; "| Vus? 


1 2 
<5 f utoru S f v; * ^ (ue 4- e" *|vuy,|? 
2 Q 2 2 
«f (ug + €)ue f (We), 
2 


and hence 
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d 2 m-—1,.—a 2 
di (us +e)" + (us + €) Ve |Vue| 
L i (5.4.33) 
<a? 1 v") (u, + 6)" | Vu? + 28 1 (us + ejiis f (ws). 
Q 2 


5 
ml 


On the other hand, let e(t) = (d Ía ug? (., )) i then testing the second 
equation of (5.2.20) by — Av, shows 


d 
zf Vu +20 | n «2 | [Vve]? 
dt R Q (2 


= 2 | (ue C, t) — Melt) Ave 
Q 


1 
<5 / uc 0 - wet? + D f (Av)? 
Q Q 
and thus 
d 2 2 2 1 2 
— | IW +D | (Av) +2 | IVv € = | luel, f) — Helt). (5.4.34) 
dt Jo Q Q D Jo 


Hence, combining (5.4.33) and (5.4.34), we have 


d 2 2 2 2 
LX (ug +e) +n IVve|^ ] + nD |Av,|* + 2n |Vvel 
dt R R Q Q 


«f v; * (us + 6)" "Val? 
Q (5.4.35) 


< zf lu D = n OP a? f v; ^ (us + 8)" vus 
D Jo Q 
aj (ug + &)ug f (We) 
2Q 


for parameter rj > O which will be determined later. 
In view of Lemmas 5.4 and 5.5, there exist C; > 0(i = 1, 2) independent of D > 1 
satisfying 
v“ (x,t) > Ci, utu <= CG in 2 x (2,00) 


for all £ € (0, 1). Therefore, from (5.4.35), it follows that 
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d 2 2 2 2 
TET (ue 4-8) +n [V v. | T5D Av" + 2n [V ve | 
dt NJo Q Q Q 


n c f (ue + "7! | Vu, 
Q 


< 22] nC D= n OP HaC f (u e omivute2 f (ue + £)us f (We). 
D Jo Q Q 


(5.4.36) 
According to Lemma 5.13 with p = 2(m + 1), we have 


1 


p 
( f (ue ej) < 03, 
2 


and then use the Gagliardo-Nirenberg inequality and the Hólder inequality to arrive 
at 


f enmt 
Q 
1 


1 
2 2 
(f En apen) (/ mur) 
P . (5.4.37) 
1 
Cá (J (us + an) i (lvl? + IVvel?zo) 
Q 


< C3C4(]Avell? + IV vello): 


I^ 


I^ 


Therefore, inserting (5.4.37) into (5.4.36) yields 


d 
a a eter en f. vp) «up | au 2n f [Vve]? 
2 2 


AC ml 


(5.4.38) 
E 7 lue(, t) — -— + I Vvellz:o) 
Q 


+ 2 | (ug + eus f (we). 
Q 


By the elementary inequality: 


£4 — gH 


> 64"! for w> 1,6 >0,5>0 and £ Z6, 
& —ó 


we have 
m 2H 


Se t) — pe? JS et, t 


eC, f) — Me(t)| 


and thus 
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1 2 n 
Me Po |Uc(-, t) — Me(t)| < | luce s t) — pe’ (OU. 
2 


Furthermore, by the Hólder inequality and the noncreasing property of t > f Que 


ay 1 1 
Le (t) = a ft |." 


and thereby the Poincaré inequality entails that for some Cs > 0 


ug"! / [ue C, t) — we (OP? 
2 


ml m à 
ae (t) — He? (t) 


mil p 
<C; Lee : 
ael 


" Vu, +e) f. 


(5.4.39) 


Hence, substituting (5.4.39) into (5.4.38) shows that 


m+ 


d 2 Í ?) ( 4Ci nCs f ) T 5 
— ug +E) + Vv + V(ug + € 
= (f ern en | Weel?) + (r7 pac Ja t | 


< (a^ C3C3C4 — nD)|Avell72(0, + (@7C2C3C4 — 29V vell? 


(2) L?(Q) 
+ af (ug + £€)ue f (we) 


« (a? C5C3C4 — 1) Avellz2(; 


+ (6? C3C3C4 — 29)IV vell? (o, + 2llus C, Dlr + D Í ue f (we) 


! 2C, C«C; 2 
and hence completes the proof upon the choice of Do :— max(l, r escac], 
30140 


Indeed, for any D > Do, it is possible to find 7 > 0 such that 


901, 65 
(m+ 1» = Dug”! 


a^C3C4C4 € n 


and thereby 


£ fu +eP taf [Vue|2 ) + [ive +e) F LEN |Voel2 
dt 2 € Q € (m TEX £ € 


« 2(husC, Dl zen c + Df uef ie): 
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Therefore, in view of (5.4.30), (5.4.23) and (5.4.24), we see that for any t > 3, 


T t oo 
| [ve ee f f IV? = Ce Cs f [ e feo sees f m 
3 £2 3 2 3 2 Q 
(5.4.40) 


with constant Cg > 0 independent of ¢ and time t, which implies that (5.4.31) and 
(5.4.32) are valid due to the lower semi-continuity of norms. 


2. Decay of w 

The integrability statement in Lemma 5.17 can be turned into the decay property of w 
with respect to the norm in L% (2), thanks to the fact that ||u (-, £)|| ,1(@) is increasing 
with time, while || w(-, t)|| r»(o) is non-increasing. 


Lemma 5.19 The third component of the weak solution of (5.1.18)-(5.1.20) con- 
structed in Lemma 5.2 fulfills 


lw, ze — 0 ast > oo. (5.4.41) 


Proof Writing ug :— um [go and f(w):— um fo fw), we use the Cauchy- 
Schwarz inequality and the Poincaré inequality to see that for all t > 0 


w: f f)» f uF Co) 
2 Q 


-f uf- f uf (w) — F) 
R (2 


1 


< f uf (w) + Cillullrssco»Il F wle u wer] . 
Q 2 


Thanks to the boundedness of u and w, we have 


2 2 
uo u rw} s u «feo $ c f [Vw]? 
Q Q Q 
< c f «fen cs f Vw’. 
Q Q 
Hence, from Lemma 5.17, it follows that 
oo 
f If (wC, tll (gydt « oo, 
1 
which, along with the uniform Hólder estimate from Lemma 5.16, implies that 
f(w(,t)) — 0 in L'(2) ast > oo 


and thereby we may extract a subsequence (t;)jen C N such that as f; — oo, 
f (wC, tj)) — Oalmost everywhere in 2. Recalling function f is positive on (0, oo) 
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and f (0) = 0, this necessarily requires that w(-, tj) — 0 almost everywhere in (2 
as t; — oo. Furthermore, the dominated convergence theorem ensures that 


w(,tj— O0 in L'(Q) as tj > oo. 


Now invoking the Gagliardo—Nirenberg inequality in two dimensional setting, we 
have 


4 1 
lwe, tr € Call VwC. tj) rio lw, Elio + CallwC. tl zio» 


and thus 
lw C. tlle > 0 ast; > oo. (5.4.42) 


Since f +> ||w(-, t)]| r» a) is noncreasing by Lemma 5.4, (5.4.41) indeed results from 
(5.4.42). 


3. Convergence of u 

Now we will show that u stabilizes toward the constant uo + fw as t > oo. Note 
. . . . . . " ml ^ 

that a first step in this direction is provided by the finiteness of h Jf o |Vu ES ^ in 


m+1 


Lemma 5.18, which implies that || Vu ? (-, t,)|lz2@) along a suitable sequence of 
numbers f, — oo. However, in order to make sure convergence along the entire net 
t — oo, a certain decay property of u, seems to be required. 


Lemma 5.20 We have 
n 2 
fl uC, Dll yia (gy. dt « oo. (5.4.43) 


Proof For any 9 € C (42), multiplying the first equation in (5.2.20) by q and inte- 
grating by parts over 2 yield 


| / sol 
(2 


f EV (us + 1)” - Vo + Vite (ue +6)” |v, *) - Vo + Bue f (Wey 
(2 


< Í (Mus + 7! |Vus| + moz” (ue + e"! |Vus| + alue + 1)” v; 7! Vel) Vol 
RQ 


«sf, [ue f Cwe)| lel roe c) 


1 


2 l 
ml 2 
< adf |V (us +8) ? e + I. wu] )lellwi2(9) 


«ef ug f Qwe)llellroe(o) 
Q 


with C; > 0 independent of g and e, where we have used the boundedness of us and 
Ve. 
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As in the considered two-dimensional setting we have W!2(2) — L®(2), the 
above inequality implies that 


m-4l 2 2 
lise. Diii, sid f Ives o P| + f ivot) yg f ufwo 


for all t > 3 and hence for all T > 4, 


T 
l luec C. Dwiz dt 


3 


T m-4l T T 
Sü (J INED : P+ f [ve f Jm) 
3 RQ 3 R 3 Q 


which together with (5.4.40) leads to 


t< 
[meets atr SC 


with C3 > 0 independent of e. Hence, (5.4.43) results from lower semi-continuity 
of the norm in the Hilbert space L?((3, oo); (Wi? (2))) with respect to weak con- 
vergence. 


Thanks to the above estimates, we adapt the argument in Winkler (2015b) to show 
that u actually stabilizes toward uo + &wo in the claimed sense beyond in the weak-- 
sense in LY (£2). 


Lemma 5.21 Letm > l,o > Oandsupposethat D > Do with Do as in Lemma 5.18. 
Then we have 
lu C, £) — ullo) > 0 as t > oco, (5.4.44) 


E B. 
where u, — mie uo + ae Wo. 


Proof According to Lemmas 5.18 and 5.20, one can conclude that 


u(t) Š u, in L®(2) as t> o. (5.4.45) 


In fact, if this conclusion does not hold, then one can find a sequence (tq) ken C (0, 00) 
such that 5, — oo as k — oo, and some w € L!(Q2) such that 


1 u(x, th) dx -Í u,wdx > Cı for all k € N 
Q Q 


with some C, > 0. Furthermore, by the boundedness of u and the density of Cj? (42) 
in L! (42), we can choose y € CẸ (£2) closing Y in L! (2) enough that 


3C 
J u(x, t)vdx -f u,wdx > — forallk € N 
2 Q 4 
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and then 


tel tel er 
f I u(x, t)ydxdt — f f uxWdxdt > E for all sufficently large k € N, 
tk tk Q 


(5.4.46) 
where we have used the fact that 


fil 


(u(x,t) — u(x, ty))vdx 
Q 


tk+1 t 
zx (ui C, s), Vv C))dsdt 
tk 
+l t 
= [| ee Dass didt Ma, 
tk tk 
fil i , 
<f if IC. Uso ds | It — tdt: win, 
1 
tcl pi 
< | [ i. leer Moa: —À hlm 
1 
= 


oo 2 
| f Mee Mng e] TT 
k 


——0 as k > oo, 


due to Lemma 5.20. 
Let u(t) = (d [, 78 


m- f uc - OP x f i eoa OP scs f iv? p 
Q Q 


and thus 


tl tk+1 
ug"- | [ me. t) - pal? <c f [ve 


We now introduce 


p Then as in (5.4.39), we have 


(5.4.47) 


u(x, s) := u(x, tk + s), (x, s) E€ 2 x (0, 1) 


and 
Bx, s) = u(x, tk +s), (x, 5) € 2 x (0,1) 
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for k € N. Then (5.4.47) implies that 


1 l 2 "nl ml 2 
a" i [me = moto ds <cs f fw £C 
0 2 tk 2 


—0as k oo, 


due to (5.4.31) in Lemma 5.18. This means that 
u(x, 8) — uu (s) > 0 in L?(Q x (0, 1)) as k > oo, 


which in particular allows us to get 


1 
f 1 (uxC, 8) — ux (s))yds > Oas k > oo (5.4.48) 
0 R 


as well as 


1 
f / (ug(-, s) — ux(s))ds > Qas k > oco. (5.4.49) 
0 JQ 


Moreover, by Lemma5.19, we have 


+l 
f ri utar cen ear ea 
tk 22 


and thereby 


1 1 1 
i f mods= | f «eon - f f ee = uas 
0 0 R 0 Q 
tk+1 1 
= ilu. - p f fJ vona- f f ee = uas 
tk (2 0 R 


—>|2|u as k > oo (5.4.50) 


due to (5.4.49) and (5.4.41). 
Therefore, from (5.4.46), (5.4.48) and (5.4.50), it follows that 


C PEN fl 
2 <f f «eva - f f a 
tk 2 tk 2 


1 1 
= f f ee neos + f [ovas ue f T 
0 2 0 R R 
1 1 
2 1 f eie neos | mods f vou, f y 
0 2 0 RQ R 


—0as k — oo, 
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which is absurd and hence proves that actually (5.4.45) is valid. 

Let us suppose on the contrary that (5.4.44) be false. Then without loss of gen- 
erality, there exist sequence {x;,},en and {ti }cen € (0, 00) with f; > oo ask > oo 
such that for some C, > 0 


U(Xk, tk) — Uy = max |u (x, fj) — us| > Cı forall k e N. 
xE 


In view of the compactness of 2, where passing to subsequences we can find x) € 2 
such that x, — xo as k — oo. Furthermore, because u is uniformly continuous in 
U tex (£2. x tr), this entails that one can extract a further subsequence if necessary 
such that 


e 
u(x, tk) — Us > for all x € B := B;(xo) N 2 and k € N 


for some ô > 0. Noticing that if xo € 092, the smoothness of 02 ensures the existence 
of Xo € 2 and a smaller ó > O such that B; (£9) C B. Now taking the nonnegative 
function y € Co^ (B;(Xo))) such as a smooth truncated function in B; (Xo)), we then 
have 


C 
[wen cosa m [o eto -uoyax e S f vas. 
Q B; (fo) 2 Jo 
which contradicts (5.4.45) and hence proves the lemma. 


4. Stabilization of v 

In what follows, based on the uniform Hólder bounds of v and decay of Vv implied 
by (5.4.27) and (5.4.32), respectively, we shall show the corresponding stabilization 
result for v by a contradiction argument. 


Lemma 5.22 Letm > land (u, v, w) be the solution of (5.1.18)-(5.1.20) obtained 
in Lemma 5.2. Then we have 


vC, t) — ullo) > 0 ast > co. (5.4.51) 


Proof According to the uniform Hólder bounds of v and decay of Vv implied by 
(5.4.27) and (5.4.32), respectively, (5.4.51) may be derived by a contradiction argu- 
ment. Indeed, assume that (5.4.51) was false, then we can find a sequence (t,) cen 
with f, — oo as k — oo, and constant C, > 0 such that 


UC, tk) — ull» = Ci. 


Furthermore, the uniform Hólder continuity of v in 2 x [t, t + 1] warrants the exis- 
tence of (xy)kew and r > O such that 
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Ci 
d UU wx S 
u(x,t) — u,| > 5 


for every x € B, (x4) and t € (tk, tk + t) and hence 


ttr " I2|cc? 
lC, t) — u| ———. (5.4.52) 
tk 2 4 


On the other hand, the Poincaré inequality indicates 


fit fy t fy t 
f f lv, t) —u,|? x al f wor +c f f Jut, 2) —35]^. 
tk 2 tk Q tk 2 


(5.4.53) 
Therefore, (5.4.53) yields a contradiction to (5.4.52) thanks to 


tetr 
f / |Vu|? — 0 ast — oo. 
tk 2 


Now the convergence result in the flavor of Theorem 5.3 has actually been proved 
already. 

Proof of Theorem5.3. The claimed assertion in Theorem 5.3 is the consequence 
of Lemmas 5.19, 5.21 and 5.22. 
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Chapter 6 A) 
Multi-taxis Cross-Diffusion System get 


6.1 Introduction 


Multi-taxis appears in society interactions and cancer treatment. Society interactions 
can lead to the complex dynamical behavior in biology and even in criminology 
(Eftimie et al. 2007; Guttal and Couzin 2010; Short et al. 2008). A particular example 
in this direction is mixed-species foraging flocks, such as the formation of Alaska’s 
shearwater flocks through attraction to kittiwake foragers (Hoffman et al. 1981). 
Oncolytic viruses (OV) are a kind of viruses that preferentially infect and destroy 
cancer cells. Oncolytic viruses can be engineered by some of the less virulent viruses 
in nature and be readily combined with other agents. A diverse range of viruses has 
been investigated as potential cancer therapeutics, such as herpesvirus, adenovirus, 
vaccinia virus measles virus and polio virus, and oncolytic virotherapy offers a novel 
promising cancer treatment modality (Breitbach and Parato 2015; Goldsmith et al. 
1998; Msaouel et al. 2013). 

This chapter is concerned with the multi-taxis diffusion systems modeling 
foraging-scrounging interplay or oncolytic virotherapy. Section 6.3 is concerned 
with the asymptotic behavior in a doubly tactic resource consumption model with 
proliferation. Toward better understanding of the effect of foraging-scrounging inter- 
play on spatio-temporal dynamics, the authors of Tania et al. (2012) proposed the 
forager-scrounger system given by 


u, = Au — X1 V - (uVw), 
v = Av — x2V - (UVu), (6.1.1) 
Ww; = dAw — À (u + v)w — uw +r 


with positive parameters d, x1, x2, 4 and nonnegative parameters u and r, for the 
unknown population densities u = u(x, t) and v = v(x, t) of foragers and scroungers 
and nutrient concentration w = w(x, t), respectively. The term —V - (uVw) accounts 
for the tendency of foragers moving toward the increasing resource concentration, 
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and —V - (vVu) models the movement of scroungers following the actively search- 
ing foragers rather the resource. Due to the sequential taxis-type cross-diffusion 
mechanisms in (6.1.1), the considerable extra difficulties seem to be expected when 
compared to the corresponding scrounger-free system 


u; = Au — X1 V - (uVw), (6.1.2) 
Ww, = dAw — Àuw — uw +r. 
Indeed, in the prototypical case u = r = 0, the two-dimensional version of (6.1.2) 
exhibits a substantially stronger tendency toward spatial homogeneous equilibria, 
which is also valid for its 3D analog at least after some waiting times (Tao and Win- 
kler 2012c). This result implies that any destabilization of the taxis mechanism in 
(6.1.2) can be suppressed by the relaxation of the diffusion process together with 
nutrient consumption and thereby allows for a certain entropy-like structure. The 
feature of (6.1.1) is the sequential taxis, that is, the nutrient-taxis mechanism from 
(6.1.2) coupled with forager-taxis mechanism. In this situation, the mild relaxation 
of foragers may not suppress the potential of destabilization driven by the forager- 
taxis mechanism and thus limits the accessibility of energy-like techniques from the 
mathematical point of view. Accordingly, to the best of our knowledge, the ana- 
lytical results in the literature are available only for the low dimensions or certain 
generalized solutions, and thereby, the comprehensive understanding of (6.1.1) is 
still far from complete (Black 2020; Cao 2020; Cao and Tao 2021; Liu 2019; Liu 
and Zhuang 2020; Tao and Winkler 2019b; Wang and Wang 2020; Winkler 2019c). 
For example, Tao and Winkler (2019b) established the existence of global classical 
solutions to the corresponding Neumann initial-boundary value problem of (6.1.1) in 
the one-dimensional setting for suitably regular initial data, as well as an exponential 
stabilization provided that the initial masses of either u or v are suitably small. As 
for the higher dimensional model (6.1.1), only generalized solutions are considered 
in Winkler (2019c) under an explicit condition on the initial datum for w and r, and 
moreover, they can approach spatially homogeneous equilibria in the large time limit 
if r decays sufficiently fast. For more related works on smooth properties of solu- 
tions to the variants of (6.1.1), inter alia accounting for the superlinear degradation 
mechanisms of two populations, we refer the readers to Black (2020) and Wang and 
Wang (2020). 
On the other hand, (6.1.2) may be viewed as a kind of the predator-prey system 
with prey-taxis: 


u; = Au — xiV - (Vw) + uf (w, u) + h(u), (6.1.3) 

w, = dAw — Auf (w, u) + gw), E 
where u(x, t) and w(x, t) are predator density and prey density, respectively; x; Vw 
is the velocity of predators pursuing preys (i.e., prey-taxis); A (u) and g(w) represent 
the intra-specific interaction of predators and preys, while f (w, u) is the functional 
response, and its typical form in the literature is f (w, u) — w (Lotka- Volterra type) 
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and h is the biomass conversion rate from the prey loss to predator gain. In contrast to 
the attractive Keller-Segel model, prey-taxis in most cases of (6.1.3) tends to stabilize 
the predator-prey interactions and may actually lead to the lack of pattern formation, 
which contradicts intuitive assumptions (Chakraborty et al. 2007; Lee et al. 2008, 
2009; Lewis 1994). It also has been recognized that the possibility of spatial pattern 
formation in (6.1.3) crucially depends on the death rate of predators, the prey growth 
kinetics g(w) and inter alia functional forms of functional response f (w, u) (Cai 
et al. 2022; Lee et al. 2009; Wang et al. 2015). In addition to the pattern formation 
in (6.1.3), the question of which extent the intrinsic predator-prey interaction may 
preclude the population overcrowding has received considerable attention (see Jin 
and Wang 2017; Wang and Wang 2019b; Wu et al. 2018; Xiang 2018 and references 
therein). 

In synopsis of the above results, it is natural to consider the dynamical behavior of 
(6.1.1) when the proliferation of foragers and scroungers is taken into account, which 
thus indicates that the population proliferation essentially relies on the availability of 
nutrient resources. Specially, this work will be concerned with the initial-boundary 
value problem 


u, = Au — XuV - (uVw) + uw, xe€£2,t»-0, 

V, = Av — x, V - (Vu) + vw, xe€£2,t-0, 

W; = Aw — ÀA(u + v)w — uw, xe€£2,t»-0, 

Vu-v=Vv-v=Vw-v=0, x€02,t > 0, 

u(x, 0) = uo(x), v(x, 0) = vo(x), w(x, 0) = wo(x), xem 
(6.1.4) 


inasmoothly bounded domain 2 C RN,N > 1, where v denotes the outward normal 
vector field on 092. 
It is worthwhile to mention that (6.1.4) can be regarded as a relative of 


u, = Au — xV- (uVw) + uw, xE2,t>O0, 

V, = AVW, xe€f2,t-0, 

Ww; = Aw — Buw — yw, x€E€2,t>0, 

Vu-v=Vw-v=0, x €092,t > 0, 

u(x, 0) = u(x), v(x, 0) = vo(x), w(x, 0) = wo(x), xe, 
(6.1.5) 


which describes the competition between the populations u and v feeding on a com- 
mon single non-renewable resource w. The authors of Krzyzanowski et al. (2019) 
asserted global solvability of problem (6.1.5) within a natural weak solution concept 
and moreover provided an analytical evidence which indicates that under suitably 
small initial nutrient distributions, in the long time perspective, the motility abil- 
ity of population u will turn out to be a competitive advantage irrespectively of 
the competitive kinetics thereof. It should be remarked that the structure of (6.1.5) 
is comparatively simple enough to allow for the quasi-dissipative property, which 
seems to be lost due to the taxis-type cross-diffusive term in the second equation 
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of (6.1.4). Inspired by Cao and Lankeit (2016), Myowin et al. (2020) and Li et al. 
(2019b), we shall consider the asymptotic behavior of (6.1.4) under suitably small 
initial data. Our standing assumptions on the initial data herein will be that 


vo € Ww! (2) is nonnegative with vo Æ 0 and that 
a ə (6.1.6) 
(uo, wo) € (W2^* (Q))? is nonnegative with 2 — 0, 2 =o. 
Qv Qv 
In this setting, all of the solutions of (6.1.4) approach spatially homogeneous 
profiles in the large time limit when suitably regular initial data satisfy a certain 
small condition, which reads as follows (Li and Wang 20212). It is remarked that in 
comparison with the relative results of Wang and Wang (2020), the small restriction 
on initial data does not involve vo herein. 


Theorem 6.1 Let 2 C RY (N > 1) be a bounded domain with smooth boundary 
and ma, = m js (Aug + Avo + wo). Then there exists £9 > O such thatforalle < £o 
and 


| Aug + Avo + wo)C) — Moollz~ia) € & lIVuollzzm(o) S £, 


IWollzxcay € & llVwollzzm(o) € €. llAwollz»(2 € € 


with some po € N satisfying po > 1+ x the problem (6.1.4) admits a unique non- 
negative global classical solution (u,v,w) € (C(@ x [0, 00)) N C>! (Q x 
(0, 00)))?. Moreover, there exist constants u* € (0, =>), v* € (0, ") and K; > 0 
(i = 1, 2, 3) such that for all t € (0, co), we have 


lut, t) — u* lr (oy € Kiee ^, 
lve, £) — v*lrs(g) € Kree, 


lwe, Drs) € K3ee™, 


where a = min{A,, u} for u > 0 and a = min(A1, mos) for u = 0 with à; > 0 the 
first nonzero eigenvalue of — A in 92 under the Neumann boundary condition. 


It is noted that the L? — L? estimate for the Neumann heat semigroup e'^: there 
exists C > 0 such for all o € L?(X2) with ja w = 0, 


N 


mp = 
letolni s C (14 73979) ellos 


plays an important role in the derivation of decay estimations in Cao and Lankeit 
(2016), Myowin et al. (2020) and Li et al. (2019b). However, for the doubly tac- 
tic model (6.1.4) with u > 0, despite its dissipative feature, a more subtle effort is 
required in rigorous analysis due to the invalid of the mass conservation of Au(-, t) + 
A vC, t) -- wt, t). Indeed, the core of our argument is to verify that the interval 
(0, T) on which solutions enjoy some exponential decay properties can be extended 
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to (0, oo) in which the application of above L? — L4 estimate seems to be neces- 
sary. To this end, a nonnegative auxiliary quantity z(., f) = u i, ef—)4y(., s)ds is 
introduced and accordingly allows us to apply L? — L^ estimate in our argument 
since the mass of Au(-, t) + Av, £) + wG, t) + zC, t) is conserved now. It should 
be remarked that our approach is also valid when system (6.1.4) takes into account 
nutrient renewal r (x, t) with a certain temporal decay. 

Oncolytic virotherapy offers a novel promising cancer treatment modality and 
currently has some limitations in the oncolytic efficacy, which might be the result of 
virus clearance and the physical barriers inside tumors such as the interstitial fluid 
pressure, extracellular matrix (ECM) deposits and tight inter-cellular junctions. The 
next two sections of this chapter focus on the boundedness and asymptotic behavior 
for solutions to oncolytic virotherapy models involving triply haptotactic terms. To 
better understand the physical barriers that limit virus spread, the authors of Alzahrani 
et al. (2019) recently proposed the PDE-ODE system of the form 


u; = D, Au — Eu V : (uVv) F Huu(l = u) — puuz, 


w, = Dy Aw — Ew V - (wV v) — à,w + PwUz, (6.1.7) 
v, = —(a,u + a, w)v + u,v(1 — v), m 


z = D,Az — &V - (zVv) — 6:2 — p,uz + Bw 


to describe the coupled dynamics of uninfected cancer cells u, OV-infected cancer 
cells w, ECM v and oncolytic viruses (OV) z. Herein, the underlying modeling 
hypotheses are that in addition to random diffusion with the respective motility 
coefficient D, and D,,, cancer cells can direct their movement toward regions of 
higher ECM densities with the haptotactic coefficient &,, Ew, respectively, and that 
uninfected cells, apart from proliferating logistically at rate 11, are converted into 
an infected state upon contact with virus particles, whereas infected cells die owing 
to lysis at a rate ôw. It is assumed that the static ECM is degraded by both types of 
cancer cells, possibly remodeled with rate jz, in the sense of spontaneous renewal 
of healthy tissue. Finally, it is also supposed that besides the random motion with 
D, the random motility coefficient, virus particles move up the gradient of ECM 
with the ECM-OV-taxis rate &., increase at a rate f due to the release of free virus 
particles through infected cells and undergo decay at the rate ô, accounting for the 
natural virions' death as well as the trapping of these virus particles into the cancer 
cells. 

From a mathematical perspective, model (6.1.7) on the one hand involves three 
simultaneous haptotaxis processes, but on the other hand contains the production 
term puz in w—equation which distinguishes (6.1.7) from the most of the previous 
haptotaxis (Fontelos et al. 2002; Marciniak-Czochra and Ptashnyk 2010; Litcanu 
and Morales-Rodrigo 2010b; Tao 2011; Winkler 2018b) and chemotaxis-haptotaxis 
models (Pang and Wang 2018; Stinner et al. 2014; Tao and Winkler 20192). In 
fact, the haptotactic migration of u, z toward higher densities v simultaneously, in 
which no smoothing action on the spatial regularity of v can be expected, renders us 
unable to apply smoothing estimates for the Neumann heat semigroup to gain a priori 
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boundedness information on u and z beyond the norm in L! (42). Accordingly, this 
superlinear production term puz in (6.1.7) seems likely to increase the destabilizing 
potential in the sense of enhancing the tendency toward blow-up of solutions and 
thus becomes the key contributor to mathematical challenges already given in the 
derivation of global solvability theory of (6.1.7), which is also indicated in the quali- 
tative analysis of chemotaxis-May-Nowak model (Bellomo and Tao 2020; Bellomo 
et al. 2019; Hu and Lankeit 2018; Winkler 2019d). 

Though the methodological limitations seem to widely restrict the theoretical 
understanding of the full model (6.1.7), some analytical works on simplifications of 
the latter have recently been achieved in Tao and Winkler (2020a, b, 2021). Indeed, 
upon neglecting haptotactic migration processes of infected tumor cells and oncolytic 
viroses, renewal of ECM as well as proliferation of infected tumor cells, Tao and 
Winkler considered the corresponding Neumann initial-boundary value problem for 


u; = Au — V-(uVv) — puz, 
v, = — (u + w) v, 


(6.1.8) 
w; = D,Aw — w + uz, 


z = D; 4z — z — uz + Bw 


in a bounded domain €2 C R? and obtained that the globally defined classical solution 
is bounded if 0 < £ < 1, p > 0 (Tao and Winkler 2020a), whereas for 8 > 1 and 
f o UG, 0) > |2]|/(8 — 1), infinite-time blow-up occurs at least in the particular case 
when p = 0 (Tao and Winkler 2021). In order to provide an complement to this, the 
study in Tao and Winkler (2022) reveals that for any p > 0 and arbitrary B > 0, at 
each prescribed level y € (0, 1/(8 — 1),), one can identify an L??-neighborhood 
of the homogeneous distribution (u, v, w, z) = (y, 0, 0, 0) within which all initial 
data lead to globally bounded solutions that stabilize toward the constant equilibrium 
(Ugo, 0, 0, 0) with some uœ > 0. On the other hand, in Tao and Winkler (2020c), it 
is proved that if B € (0, 1), for any choice of M > 0, one can find initial data such 
that the globally defined classical solution satisfies u > M in 2 x (0, oo). 

Moreover, for the doubly haptotactic version of (6.1.7) with €, = 0, the global 
classical solvability to the corresponding initial-boundary value problem for more 
comprehensive systems of the form 


u; = D, Au — £,V - (uVv) + uuu(1l — u) — pyuz, 
w; = Dy Aw — £y V - (wVv) — ó,w + pyuz, 

V, = —(atu + a, w)v + uyv(1 — v), 

Z = D,Az — à — p,uz + Bw. 


(6.1.9) 


is proved in Tao and Winkler (2020b). This is achieved by discovering a quasi- 
Lyapunov functional structure that allows to appropriately cope with the presence 
of nonlinear zero-order interaction terms which apparently form the most signifi- 
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cant additional mathematical challenge of the considered system in comparison to 
previously studied haptotaxis models. 

The purpose of Sect. 6.4 is to a more comprehensive understanding of model 
(6.1.7) inthe biologically most relevant constellation in which the haptotactic motion 
of virus particles is taken into account particularly, and either the production term 


of the Beddington- 


uz or proliferating term u„u(l — u) is adjusted to 


u + Gu 
deAngelis type with positive parameters k,, 0 (Bellomo and Tao 2020) or u,u(1 — 
u”) of superquadratic type, respectively. We are concerned with the PDE-ODE system 
given by 


ut = D, Au — &£V - (AVv) + uuu(1 — u^) at ; xe€£2,t»-0, 
ku + 0u 
puz 
Ww; = Dy Aw — £y V - (wVv) — ó,w + ——, x€£12,t-0, 
ky + 0u 
v; = —(QyU + o, w)v + Hyv(l — v), xe2,t>0, 
zi = D,Az — EV - (Vv) — 8,2 — Z + Bw, x € Q,t » 0, 
ky + Ou 
(D, Vu — &uVv)-v = 0, x €d02,t > 0, 
(Dy Vw — £ewVv) - v =0, x €02,t > 0, 
(D, Vz — &zVv)-v =0, x€d02,t>0, 
u(x, 0) = uo(x), w(x, 0) = wo(x), v(x, 0) = vox), z(x, 0) = zo(x). XER 
(6.1.10) 


in a bounded domain (2 C IR? with smooth boundary, where for the initial data 
(uo, Wo, Vo, Zo), We suppose throughout Sect. 6.4 that 


Uo, Wo, Zo and vo are nonnegative functions from C VET (2) for some 2 € (0, 1), 


a 
with uo Æ 0, wo Æ 0, zo Æ 0, vo # O and 72 = 0 on 022. 
v 


(6.1.11) 

Beyond the global classical solvability, in Sect. 6.4, we focus on the global bound- 

edness of classical solutions to (6.1.10)-(6.1.11) stated as follows, which can be 

regarded as a first step toward the qualitative comprehension of (6.1.10) (Li and 
Wang 2021b). 


Theorem 6.2 Let 2 C R? be a bounded domain with smooth boundary, Du, Dw, 
Dz, Eu, Ew, Ez, Mus Hv, P, Ku, Ou, Ow, B, Sy and à, are positive parameters. Sup- 
pose that r = 1,0 > 0 or r > 1,0 > 0. Then for any choice of (uo, wo, vo, zo) 
fulfilling (6.1.11), there exists C > 0 such that if &,ay < C, (6.1.10) admits a 
unique global classical solution (u, w, v, z), where ||uC, t)l roy lwC. 0) reco) 
and ||zC., t)||L~(@) are uniformly bounded for t € (0, oc). 


Remark 6.1 In line with the above discussion, the boundedness result on (6.1.10) 
with r = 1,0 = 0 is also valid when &, = 0. 


Remark 6.2 When u, = 0, one can see that the restriction on £,o,, in Theorem 6.2 
can be replaced by a certain small condition on vo. 
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A cornerstone of our analysis is to show that for the suitably small &,,05,, the functional 


F(t) 
= af eX CDp(.. p) mbeo f ef Dac. Imac 0 + | eX" 6De(.. t) Inc, t) 
2 2 2 


witha = ue *"", b = we **" andc = ze *"' enjoys a certain quasi-dissipative prop- 
erty under appropriate choice of the positive constant A (of (6.4.32)). As the 
first step in this direction, we perform the variable change used in several prece- 
dents, by which the crucial haptotactic contribution to the equations in (6.1.10) 
is reduced to zero-order terms x,a(a,u + e, w)v — xu uvyav(l — v), Xwb(a,u + 
AwW)V — xwiybv(1l — v) and x,c(ayu + on,w)v — xziucv(1 — v), respectively 
(see (6.4.1) below). Thanks to a variant of the Gagliardo-Nirenberg inequality involv- 
ing certain L log L-type norms, the latter offers the sufficient regularity so as to allow 
for the L??-bounds of solutions in the present two-dimensional setting. 

Section 6.5 is devoted to understand the dynamics behavior of (6.1.7) to a con- 
siderable extent in higher dimensional settings in light of the above-mentioned 
results and a recent consideration of global classical solutions to the one-dimensional 
(6.1.7) in Tao (2021). Specially, taking into account the linear degradation instead 
of the renewal of ECM and neglecting the proliferation of uninfected tumor cells in 
(6.1.7), we are concerned with the following Neumann initial-boundary problem in 
$2 CRN > 1): 


= Au — &,V - (uVv) — puuz, xeQ,t-0, 

= Aw — £y V - (WVv) — byw + pyuz, xefQ,t-0, 

Uv; = —(aouu + ay w)v — óyv, xe€f2,t-0, 

= Az — &V - (zVv) — ôzz — pzuz + Bw, xEe2,t>0, 

(Vu — &uVv)-v = (Vw — £ywVv) - v = (Vz —zVv)- v = 0, x€02,t -0, 

u(x, 0) = uo(x), w(x, 0) = wo(x), v(x, 0) = voGO, z(x, 0) = zo(x), XER, 
(6.1.12) 


where &,, Ew, Ez, Pus Pws Pz» Ôw» Ôv» Ôz» Œu, %y and B are positive parameters, for the 
initial data (uo, wo, vo, zo), we suppose throughout the third part of Chap. 6 that 


uo, Wọ, Vo, zo are nonnegative functions from C 2*v(gQ) for some v € (0, 1), 
ð ə ə ð 
1g 40, wo 40, to #0, zo se 0and PU = o = © 0 0 on a. 
ðv ðv ðv ðv 
(6.1.13) 
Our main result makes sure that for suitably small initial data, these solutions will 
be globally bounded and approach some constant profiles asymptotically (Wei et al. 
2022). 


Theorem 6.3 Let 2 C RY (N > 1) be a bounded domain with smooth Batdony 
Assume (6.1.13) holds and B < vx ôw. Then if for some po > max{1, ¥}, there 
exists € > O0 which depends on &,, b s Ez, Pus Pws Pz, Hy, Ow Such that 
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+ pz 
L F BE Pe + Zo 


Ww 


xg 
L®(2) 


, 


Vuol) <£, IlIVwoC) io < 8. 


I| VvoC)llz2o() € €. WV zoC)ll zz (o) S 8. 


| Auo l)la) < €. ll AwoC)lrom(o) <E lAvol)llrog < 8. 


the problem (6.1.12) has a unique nonnegative global classical solution 
(u, v, w, z) € (C (& x [0, 00)) n C?! (2 x (0, 00)))*. 
Moreover, there exists a nonnegative constant u* such that 


luc, t) — u* lr > 0, 
lwe, Drs o) — 0, 


zC, Dire coy > 9, 


lve, £z co) — 0 


ast — oo. 


Remark 6.3 Our result indicates that the infected cancer cells and virus particle 
population can become extinct asymptotically and the density of uninfected cancer 
cells tends to a nonnegative constant u* which is less than uo. This result implies 
that the oncolytic virotherapy is effective. Unfortunately, the condition under which 
u* equals to zero is left as an open problem. 


Same to the analysis in Sect. 6.3, a more subtle effort seems to be required for our 
analysis in Sect. 6.5 due to the decreasing of fo (u + Pte: y + z) (-, s)ds. To this 
end, a nonnegative auxiliary quantity 


Q(C,t) = Í PEE |- (s = Beth) wt zl C. s)ds 
0 w 


is introduced and accordingly allows us to apply L? — L4 estimate in our argument 
since the mass of u 4- Put Pew + z + Q is conserved now. 
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6.2 Preliminaries 


In this section, we provide some preliminary results that will be used in the subsequent 
sections. 

By applying the maximal Sobolev regularity (Theorem 3.1 of Hieber and Prüss 
1997), we can obtain the following lemma, which together with Lemmas 1.1, 3.2 and 
4.3 will play an important role in the proof of our main results in Sects. 6.3 and 6.5. 


Lemma 6.1 (Ishida et al. 2014, Lemma 2.1; Yang et al. 2015, Lemma 2.2) Let 
r € (1, oo) and consider the following evolution equation: 


h, = Ah+ f, (x,t) € Q x (0, T), 
Vh-v=0, (x,t) € 92 x (0, T), (6.2.1) 
h(x,0) = ho(x), LER. 


Then for each hg € W?” (2) with Vho -v =0 on 8€2 and any f € L'((0, T), 
L' (2)), (6.2.1) admits a unique mild solutionh e W!" ((0, T); L'(2)) N L'((0, T); 
W?- (€2)). Moreover, there exists C, > 0, such that 


T T 
f f |Ah|" < C, Í f IFI + Coli, lholl) 62:2) 
0 Q 0 R 


The following lemma is a special case of Lemma A.5 in Tao and Winkler (2014b) 
and can be regarded as a variant of a Gagliardo—Nirenberg inequality originally 
derived in Biler et al. (1994), which will be of importance in the later analysis in 
Sect. 6.4. 


Lemma 6.2 Let 2 C R? be a bounded domain with smooth boundary, and let p € 
(1, co) and £ > 0. Then there exists K (p, €) > 0 such that 


2(p+1) 


$ 2041) 
loll z+ < elVelitso,: f lol’ |In loll + K(p,e) {lol 2 +1 
L P (2) R LP (2) 


holds for all o € Ww '?(qQ). 


The following Lemma is based on simple calculations on the maximal value of 
the function f (t) = t“e~” for t > 0, which is used in the analysis in Sect. 6.5. 


Lemma 6.3 For all a > 0, b > 0, we have 


tte t < (=y 
^ \be 


holds for all t > 0. 
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6.3 Asymptotic Behavior of Solutions to a Doubly Tactic 
Resource Consumption Model 


At the beginning of this subsection, we provide a basic state on local existence 
and extensibility of solutions to (6.1.4), which can be readily proved by the Amann 
theory. Similar proof thereof can be found in Tao and Winkler (2019b, Lemma 2.1) 
and hence we omit the detail here. 


Lemma 6.4 There exist a maximal existence time Tmax € (0, oo] and (u,v,w) € 
CCR x [0, 75,5, O C^ (Q2 x (0, Tnax)) such that (u, v, w) is the unique nonneg- 
ative solution of (6.1.4) in [0, Tmax). Furthermore, if Tmax < +00, then 


lim (luc, Ðliw + oC. Dilweecay + IW, Dllwescay) = 00 


t>Tnax 
for allq >N. 
Theorem 6.1 is the consequence of the following lemmas. In the proof of these 
lemmas, the constants c; > 0, i = 0, 1,...,4, refer to those in Lemmas 1.1 and 4.3, 
respectively. 


We first collect some easily verifiable observations in the following lemma: 


Lemma 6.5 Under the assumptions of Theorem 6.1, there exist M; > 1(i = 1, 2, 3), 
and £ > O such that 


M 

2eigca(1 + ma) Qn Ma + XvMs) < => (6.3.1) 

2 M 
pan (6.3.2) 

2 

1 1l+me M3 
2c3 + 2€19c2 | (ru Me + M2|92|??0) n +1)< 3 (6.3.3) 
Moe € 1, Mse <1, Ms& < l, xu MaMse < 1, AxvcoMse < 1, (6.3.4) 
where 


A 
Ma := 2c3 + 2| 2| (1 + mæ + i) C10C2M2, Ms :— Mi + 2c), 


EE po-2 ES 
Mg :— 2c1 + 2c4Moc19À. (ie 270 + Cs|€2| win) + 2c4Macio (1 + mos + u) |42|?ro 


and constant Cs > 0 is given in Lemma 6.10 below which is independent of M;(i = 
1,2,3). 


To obtain a conservation law of mass, we introduce an nonnegative variable z satis- 
fying 
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Zt = Az + uw, (x,t) € 2 x (0, T), 
Vz-v—0, (x,t) e 02 x (0, T), (6.3.5) 
z(x,0) =z(x) 280, xe, 


then it is easy to see that for any t € [0, T), 


1 (àu + Av +w +z), t) = f (Aug + Avg + wo). (6.3.6) 
Q Q 


Let 


[Qu +Av+wt z)6, t) —e4(Augt Avo wo) C)H reso) 
< Mise". for all t € [0, 7); 

Iw, Dlzsqo < Mzee™ for all t € [0, T); 

Vut, Hll) € Mzee™ for all t € [0, 7). 


T sup Te (0, Tmax) 


(6.3.7) 


By Lemma 6.4 and the smallness condition on initial data in Theorem6.1, T > 0 
is well-defined. We first show T = Tmax. To this end, we will show that all of the 
estimates mentioned in (6.3.7) are valid with even smaller coefficients on the right- 
hand side. The derivation of these estimates will mainly rely on L? — L^ estimates 
for the Neumann heat semigroup and the fact that the classical solutions on (0, Tmax) 
can be represented as 


(Au 4- Xv +w+z)(-,t) = e^ (uo + Avo + wo) C) (6.3.8) 


t 
-A f e" 9^ QN - (uVw) + XV - (wVYu))C, s)ds, 
0 


u(-, t) = e'^ug(-) — [ eC 92 (y, V - (uVw) — uw), s)ds, (6.3.9) 
v(, t) = e'^vg() — [ e 794 (y, V - (Vu) — vw) (-, s)ds, (6.3.10) 
wC, t) = e'^wg() — f e79^ (X (u + v)w + pw), s)ds, (6.3.11) 
z(t) = p [ ew. sds (6.3.12) 


for all t € (0, Tmax) as per the variation-of-constants formula. 


Lemma 6.6 Suppose that the assumptions from Theorem6.1 hold. Then for all t € 
(0, T), we have 


ll (Au 4- Av 4-w +z), t)— Moll rs (o) < Msee™™ (6.3.13) 
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with M5 := Mı + 2c}. 


Proof Due to 


e'^ms = lo, / [uo + Avo + wo)C) — Moo] = 0, 
Q 


|| (Aug + Avo + wo) C) — mecllres(2) < €. 


and the assumption of Theorem6.1, the definition of T along with Lemma 1.1 (i) 
implies that for all t € (0, T), 


| Au + Av + w+ 2), f) — mollo) 
<|Au+av+w tz), t) — e'^ (Auo + Avo + wo)llzs co 
+ le^ [Aug + Avo + wo) C) — mollire) 
< Miee™ + 2ci|| uo + Avo + Wo)(-) — Moollz~caye ™ 
< (Mi + 2c))ee™ 
=Mscee™. 


Lemma 6.7 Under the assumptions of Theorem6.1, we have 
M2 oi 
Iw, Orso < EN for all t € (0, T). (6.3.14) 
Proof Multiplying the third equation in (6.1.4) by kw^- and integrating the result 
over £2, we get 4 So w* < —k fo Qu +v + n)w* on (0, T). 


In what follows, we shall show (6.3.14) in two cases: u > 0 and u = 0. 
(D) The case u > 0. Since —(Au + Av + u) < —u, we have 


E wen suk | wen, 
2 


dt Jo 


[tens f oe. 
Q R 


and thus 


which implies that 


lwe, Dzs(qoy € ee" x =Mee™ 


Nie 


for any t € (0, T), where we have used (6.3.2). 
(II) The case u = 0. Note that z = 0 for all (x, t) € 2 x [0, T), and thus 
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— (Au + Av) € |XAu + Av +w 4- z — mos| 4- w — mos. 
From the definition of T and Lemma 6.6, it follows that for any t € (0, T), 


d k 
— J wt. 
dt R 


<f wk(., DIAU + Av +w +z), f) — mol 4 Ji v.n - kms f w*(., t) 
(2 £2 (2 


< XllQuc + Av 3-3 206,0) mola) | wen +live Dl, f we) 
a 2 


-kmo f w^ (., t) 
(2 


< k((Ms + Mx)ee *' — ns) | w* (C, t) 
Q 


and hence 


Í w'(,t) < Jj wh (Jek ((Ms+Ma)¢ fo e ds mat) 
2 2 


Ms+M 


k k| = e—moot 
< IIwoC)ll «oe ( ), 


which implies that for any t € (0, T), 


(Ms--M3)E 


lwe, Dllo < IwoOllzecaye nu^ (6.3.15) 


Thanks to ||wo||z~(@) x £ and (6.3.2), (6.3.4), we obtain that for any t € (0, T), 
1 —Moøt 
Iw, Hll < 3 nee 


by letting k — oo in (6.3.15). 


Lemma 6.8 Let the conditions from Theorem 6.1 be fulfilled. Then for all t € (0, T) 


N 
and po > x, we have 


Vw, £22) € Mage ?' 


1 
with M4 := 2c3 + 2|€2|?rs (1 + mos + U) c1902 M2. 


Proof By (6.3.11) and Lemma 1.1(iii), noticing ||Vwo(-) || iz (o) < £, we have 
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Vw, £)] 12002) (6.3.16) 
t 
< I| Ve'^woC) ll r2» (o) + i || Ve*79^ (Au + Av + pw), 8) | r2 (g)d s 
0 


f 
< 2cyee ^ + f Vel (Au + Av + WW), s)l r2 (o)ds. 
0 


Now, we estimate the last two integrals on the right-hand side of the above inequality. 
From the definition of T, Lemmas 1.1 (ii), 4.3 and 6.6, it follows that 


| l| Ve*79 4 (Qui + Xv + WW), s) z 209 (ds 
<c fo + (i3) 39e E Au + Av + iwi; $)ll 2200 (2) (6.3.17) 
< |2175 [o + (t= 57367879) C, sll roe gll Qut + Av + W)C, s) zoe (ds 
< c3|2| 2) Moe [^ +(t— 5) 33e 75) pas (1 4- moo +p) ds 
< 2| |?» (1 4- moo + u) cq90c2M2&e "" . 
Inserting (6.3.17) into (6.3.16), we get 


1 
[Vw llz2m co) < (2s + 21219 (1 + mas + u) ioco Mz) ee 


= Mise ™ $ 
and thereby complete the proof. 


Lemma 6.9 Under the assumptions of Theorem 6.1, for all po > X, there exists a 
constant C > 0 independent of T such that 


T 
f f |Aw(x, s)| dxds < C, (6.3.18) 
0 J2 
T 
f Í |Au(x, s)|"^dxds < C. (6.3.19) 
0 J2 


Proof Noticing that w satisfies 


w, = Aw + F(x,t), (x,t) e Q x (0, T), 
Vw-v=0, (x,t) € 8X2 x (0, T), (6.3.20) 
w(x,0) —-wo, xe*€2 


and u satisfies 
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u, = Au+G(x,t), (x,t) e 2 x (0, T), 
Vu-v=0, (x,t) € 0X2 x (0, T), (6.3.21) 
u(x,0)—-uo XELQ, 


with F(x,t) 2 —A(u + v)w — uw and G(x,t) = —x,(VuVw + uAw) + uw, 
respectively. By Lemmas 6.6 and 6.7, we can see that 


T M” 1+ Po 4. yPo 
f [iro smaxas < E Rui dips aig 
0 JQ opo 


Hence, thanks to Lemma 6.1, we can find C; > 0 independent of T such that 


T 
ii J |Aw(x, s)|"^dxds < Cı. 
0 Je 


Similarly, by the definition of T, (6.3.18) and Lemma 6.8, there exists C2 > 0 inde- 
pendent of T fulfilling 


T 
l | IG(x, s)|? dxds < Co. 
o Ja 


Applying Lemma 6.1 to (6.3.21) once more, we have 


T 
/ f |Au(x, s)| dxds < C3 
0 JQ 


for some C3 > 0 independent of T and thereby complete the proof. 


Thanks to the decay property of w, v, Vu and space-time L”°-estimate for Au, 
we can establish an L?) bound for Vv based on Lemmas 1.1 and 4.3. 


Lemma 6.10 Suppose that the requirements from Theorem 6.1 are met. Then for all 
po> 1+ X, there exists Cs > 0 independent of T and M;(i = 1, 2, 3) such that 


Vv, Dlrwo-»(o) € Cs forall t € (0, T). (6.3.22) 
Proof By (6.3.10), we have 
IV vC, t) || r20o-» (9) (6.3.23) 


t 
< || Ve" vo) ll ro- + Xv f I Ve*?^v . (Vu) C, s) [rz -»(gds 
0 
t 
+f | Ve*79^ (ww) (-, 5) Il r20o-»(gds. 
0 


From Lemma 1.1 (iii), we obtain 
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IVe voll- < 2csll V voC) llez- e". (6.3.24) 


Now, we estimate the last two integrals on the right-hand side of (6.3.23). From the 
definition of T, Lemmas 1.1(ii), 4.3, 6.6 and 6.9, it follows that 


t 
22] I Ve 794v : (uVu)C., 5)]l 200-0 (ds 
t n al N 40M 
< ex f e (7594 (140-9 2^ 2pg 7 ) lut, s)Au(-, s)lzpo(g)ds 
0 


t 1 N@po-)) , N 
enn | e 4-3» (1 +(t—s) 2 Poo" en) 
0 


“Vu, s) VuC,s)l 2pgpo-D ds 


L ?ro-| (2) 
l+m d 
X c2Xv a =f Awl, s) zoo (ds (6.3.25) 
PO 
E {g= gjo SN. N po -1 
tons f "mar (140-9 2 mtam)” ds 
0 
+c2Xv sup IV vC, s)I 209-9 (oy 
te(0,T) 
t 1_ NQpo-D , N 
| eg (794 (: +(t—s) 2 40-1" “70-7 ) Masse "5 ds 
0 
l+m l+m E 
< e3xvCY ——* + c3xvC3 —— -2e5ci9xvMsee "sup. Vv, s)ll y 209-D(g) 


te(0,T) 


where C, := i || Au(-, s) eee (4ds is bounded by Lemma 6.9 and 
t ; 2o 
C; Si peii (1 + (t = s) 3-9 mn) po-l ds < +00 
0 


for po > 1+ x. 
Next, by Lemmas 1.1 (ii), 4.3, 6.6 and 6.7, we get 


t 
Í | Ve 79^ vw|l r25,-» (99d 


t 
1 
cj] 9 | Q4 ( — s)72)e7 wre lvl zo cds (6.3.26) 
0 


t 
a M 1 
cif Mae | (14 (t — 8) 2)e 10-96-05 
0 


IA 


1-4 mass 
À 


ds 


IA 


1 l+mo _ 
2892|77 c1902M» — se a 


IA 


Inserting (6.3.24)-(6.3.26) into (6.3.23) and using (6.3.4), we readily get 
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SBP MYu- £ 26l VWO- + 2e Se a 
T 4/22 277 cic? ; ir 

and thereby from Lemma 6.5, we arrive at 
Í, IVu(x, | PDdx < Cs, te(0,T) (6.3.27) 


with some Cs > 0 independent of T, M; (i = 1, 2, 3) and hence complete the proof. 


Beyond the weak information of Aw in Lemma 6.9, we now turn the boundedness 
of Vv into a statement on decay of Aw. 


Lemma 6.11 Under the assumptions of Theorem 6.1, for all po > x 
Aw, Dr») € Mese ^" forall t € (0, T) (6.3.28) 
with 


1 po-2 1 
Mg := 2c, + 2c4M»2c10A Gig + cst) + 2cAMacio (1 + moo + u) |2|. 


Proof From (6.3.8), we have 


Awe, Dro» 


t 
< le^ Awol moa) + f lle 79^ AX. Qu + v) + pw) C. suman ds (6.3.29) 
0 


< 2cve "" || Awo]lrmo(g) 


+ f lle 94v - (A(Vu + Vv)w + Alu + v) + wW)Y w), 5) Il 200 (ads 
< 2c1e™" | Awol[zm(g) +À 1 i le PAV - (Vu + Vv)w)C, s)llrods 
m ri lle? ^v - (AW + v) + 10V w)C, s) zm «ads. 
From Lemma 1.1 (i) and the fact that | Awo||z70(@) < £, we obtain that 


le^ Awollrm (o) € 2c16e ^". (6.3.30) 


Now, we estimate the last two integrals on the right-hand side of the above inequality. 
From the definition of T, Lemmas 1.1(iv), 4.3, 6.6, 6.8, 6.10 and (6.3.4), it follows 
that 
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t 
à / lle? ^v . (Vul, s) + Vu, wE, loo ayds 
0 
t 
1 
< cad Jj (14 (t — s) 396779 Iw, s) rol Vu, s)lrm«pds (6.3.31) 
0 
t 
1 
+ c4X f (14 (t — s) DEE we, s) rol VvC, s)lzom ds 
0 
t 
1 
< emeng | (+= s) 3)e 7079 e Meds 
0 
A253. ' —l. —A((t—s) ,—as 
+ caMyeX|2| 270-9 | (1--(t— s) 23)e “Ve " Csds 
0 
1 py —2 
< 2c4Mocya (igi i Cs 2| ) ge^ 
and 

t 

f [eTEN - (ACU + v) + W)C, sS) VwC, 8)) lods 
0 


t 
" f (14- (t — 75e 9 E au + v) + N 
0 


< 
"- d 1 X 
< cAMae (1 + m% + H) |42] 20 / A++ seeds (6.3.32) 
0 
< 2c4Macio (1 + ms; + i) |2| 9 8e 


Inserting (6.3.30), (6.3.31) and (6.3.32) into (6.3.29), we obtain 
| Aw(-, t) || zx (o) € Meee” 


and thereby complete the proof. 


Lemma 6.12 Under the assumptions of Theorem6.1, for all po > X, 


M 
Vu, Ðl) < - up for all t € (0, T). (6.3.33) 
Proof By (6.3.9), we have 


t 
[Vu C, Ðlirzroco) S IVe uolo) + Xu Í | Ve794V - (uVw)C. s)ll2m(gyds 
0 
(6.3.34) 


t 
+ Í I Ve 79^ (uw)C., s)|| p 27o ds. 
0 


From Lemma 1.1(iii) and the fact that | VuoC)|[ i2» (2) < £, we obtain 
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I| Ve'^uoC)lz2m (o) < 2cyee t. (6.3.35) 


Now, we estimate the last two integrals on the right-hand side of (6.3.34). From the 
definition of T, Lemmas 1.1(ii), 4.3, 6.6, 6.8 and 6.11, it follows that 


t 
xf | Ve*794vy . (u V w)C, s)| r20 (gods 
0 


t 
Sete fe (1e = 07175) Inc av Dons 
0 
(6.3.36) 


t 1 N 
+ coxa f e (79 (1 +(t—s) 2 im) |VuG, s)VwC, s)|rr»(gds 
0 


i cic. l+m 
= ox f Qo (1 +(t—s) ? in) Meee + Mog 
0 


ds 


t 1 N 
+ coxa f e 0-9 (1 +(t- s) 378) MaMse?e?"5qs 
0 


1-4 mass 


X 2c10C2 Xu c + Mid) ge t 


and 


t 
f [Ve ^uw|l zods 
0 


1 t 
< |R| Í (1 +(t- si) e^ P hwlrsqpylulreds (6.3.37) 
0 
t 
1 
< czMze| 2175 / (1 TQ sy) ehtngras 7 Mee gs 
0 
1 EN 
< 2c1902 M5 = Mo e| 2 | 70 et, 


Inserting (6.3.35)-(6.3.37) into (6.3.18) and using (6.3.3), we readily get 


1+mo 


a 
Vell r2» (9) S 2c3£e ^! + 2c19€2 (Cz + M3|2| m) + Mame) ee 


M: 


K — 
< ee 
2 


and thereby complete the proof. 


Lemma 6.13 Under the assumptions of Theorem6.1, for all t € (0, T), 


M 
[Au + v) +wt 26,0) — e^ Quo + vo) + wore) < un 
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Proof According to (6.3.7) and Lemma 1.1(iv), we have 


[Au + v) + w +z), t) — e^ Quo + vo) + Wo) ll reso) 


È 
ZA Í lle" 9ACv - (guu Yw + xov Vi) C. lds (6.3.38) 
0 


t t 
< ÀXu Í lle 9 ^v . (uVw)C, s)l roe o) ds + Ax Í le 94v . (vVu)C. s)l roe ds 
0 0 


t EET P 
zo f (140-9 ww Je ^9 aC, Slr Iw C, SIL oro ads 
0 
: -i1-4 \ at-s) 
teda, | (146-5 2 ww )e 1 lv, S0 coe l| Vul, s) z2r (ds 
0 
=, +h. 


Now, we need to estimate 7, and Jy. Firstly, from the definition of T, Lemmas 4.3, 
6.6 and 6.8, we obtain 


t 
L segs + ma) Mae | (1-75 2 i)e A(-Se-esds (6.3.39) 
0 
< 2c10C4Xu (1 + mo,) Maee " 


and 


t 
Ld, (+m) Me | (1+¢-5 2 im) e mi-s dg 
0 


< 2ciocA Xy (1 + mos) Maee '. (6.3.40) 
Combining (6.3.38)-(6.3.40) along with (6.3.1) leads to 


A+ v) +wt 2, 0 — e'^ Quo + vo) + wolli) 
2cioca4(1 + Moo) (xv M4 + x, Ma)ee "* 


IA 


IA 


: Mice "" 
= Mee 
ql 


and hence ends the proof. 


Now, we have prepared the major parts of the proof of Theorem 6.1 and thus can 


verify asymptotic properties stated there. 
Proof of the Theorem 6.1. First we claim that T = Tmax. In fact, if T < Tmax 


then by Lemmas 6.7, 6.12 and 6.13, we have 
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M» . 
lwC. Drs < 7$ fe m 


M3 _ 
Vut, Dre < z“ ^ 
tA Mi —at 
| Ata + v) +w+z)G, t) — e^ (uo + vo) + worse» < a 


for all t € (0, T), which contradicts the definition of T in (6.3.7). 
Next, we show that Ting, = 00. In fact, if Tnax < oo, then in view of the definition 
of T, Lemmas 6.6, 6.8 and 6.10, we obtain that for any po > 1 + X, 


lim (lu, t)\lwi2%0 (a) + vC. t) llw- + lw, t ll w.2r0 (9) < oo, 


1 Imax 


which contradicts with Lemma 6.4. Therefore, we have Tnax = oo. 
Integrating the first equation in (6.1.4) over 42, we have 


f ens = f wodr + | [ eoe asas. 
Q Q 0 JQ 


which, along with the nonnegative property of u, w and the fact that 


Moo 


A 


» (lw, Dllz~~@) < Moee™, 


lu C. zen < 


warrants 


+00 
lim f s. pdx = f ode + | J eoe sas. (6.3.41) 
EO Q 0 Q 


as well as 


+00 
lim u(t) = ce (/ Uug(x)dx +f f (uw)(x, odas) =u". (6.3.42) 
dx I2] Ue 0 Q 


As a consequence of the latter, we immediately have 


+00 
0 < u* — u(t) = af f ee: s)dxds 


l1 -F mos i. f 

x w(x, s)dxds (6.3.43) 
A|2| Ji Q 
1-4 mass " 


Mose 


On the other hand, by Poincare's inequality, 
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lu — ull) € Cill Vull zoc), 
and thanks to W 2» (9) <> L® (2) for po > %, we can find C; > 0 such that 
lu — ulz) < Collu — ull wize (o) € Cod + COIVullrz»(o- (6.3.44) 


Therefore, by (6.3.43) and the fact that || Vu || z2» (2) € Maee *", we can pick Kı > 0 
such that 


lu — u* ree) < lu — ulo + lu — ul reso) 
C21 + Cy) ||Vull rog + [u(t) — u*| (6.3.45) 
Kjee ™. 


IA IA 


On the other hand, from (6.3.12) and Lemma 1.1 (ii), we infer that 


t 
vas llus = a I jenas 
0 
f 
spalam f ia HI, spends — (63.46) 
0 
t 


1 
< 2ucocio M»|2]?m ee. 


By similar procedure as that in the derivation of (6.3.45), there exists constant Ky > 0 
such that 


Iiz — z“ |re«qo) x Kee ?'! (6.3.47) 
with 
m +00 
a= cf I w(x, s)dxds. (6.3.48) 
|2| Jo R 
Then from the fact that 


A||v — vž* lze < Qu + Av + w+ 2) — molre + Alu — u* Il (a) 
+ llwllzæco) + lliz — z* lle 


with 
v* iL (mo — z*) — u*, (6.3.49) 


using (6.3.13), (6.3.14), (6.3.45) and (6.3.47), there exists K3 > 0 such that 
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lv — v*lrs(o) € Kase "". 


The decay estimates claimed in Theorem 6.1 readily follow and the proof of this 


theorem is thus completed. 


6.4 Boundedness of Solutions to an Oncolytic Virotherapy 
Model 


6.4.1 Some Basic a Prior Estimates 


For the convenience in our subsequent estimation procedure, we let 


"Ew ES: 
Xu s D, , Xw $ D, Xz * D, 


and introduce the variable change used in several precedents (Fontelos et al. 2002; 
Pang and Wang 2018; Tao and Winkler 2014b) 


a=ue "" b=we *"" and c 2 ze *" 


upon which (6.1.10) takes the following form: 


a; = Dye *”V . (eX" Va) + f (a, b, v, c), x € Q2,t » 0, 

b, = Dye **"V - (eX Vb) + g(a, b, v, c), xe€Q,.t-0, 

v = —(oae*"" + ou beX*")v + myv(l — v), x € (2,t » 0, 

c; = De XN . (e" Vc) + h(a, b, v, c), xE2,t>O0, (6.4.1) 

da ðb ðc . 

C Rm comm, x€02,t>0, 

dv dv dv 

a(x, 0) = uo(x)e 7%, B(x, 0) = woQx)e 7" 90, xe, 

vor, 0) = vox), cGr, 0) = zoGo)e 99, xeg 
with 

pace” 


f(a, b, v, c) = Hua(l m a! e") = F Xua(a,aer"” F a,be*"")v 


Ky + aex” 


— Xubvav(1 — v) 
paceUtx:—x)v 


= Xuv Xs 
g(a,b,v,c) :2 — ô„b + k, 4 Gage + x, b(a,ae*"" + o, be*"")v 
m XwHybvil s v) 
pacex«” om 
h(a, b, v, c) :— 5. be» X2v , Xuv berx”’)y 
(a c) zC EET + Bbe + x«c(auae^"* + a,be*"") 


— X:Avcv(l — v). 
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It is noted that (6.1.10) and (6.4.1) are equivalent in this framework of classical 
solutions. The following basic statement on the local existence and extensibility 
criterion of classical solutions to (6.4.1) can be proved by a straightforward adaptation 
of the reasoning in Pang and Wang (2018) and Tao and Winkler (2020b). 


Lemma 6.14 Let D,, Dy, Dz, £y, Ew, Ez» Mus Uv, P, Kus 0, ws B, ôw and ô; are pos- 
itive parameters, and assume that r > 1,0 > 0. Then there exist Tmax € (0, oo] and 
a uniquely determined quadruple (a, b, v, c) € (C? (Q2 x [0, Tmax)))* which solves 
(6.4.1) in the classical sense and a > 0,b > 0, c > 0 and v > 0 in 2 x (0, Tmax), 
and that if Tmax < +00, then 


lat, Doe + BG. DI coe co) FIIV vC. Hlo + lec, Dllo > oo as t Z Tmax. 
(6.4.2) 


Proof Invoking well-established fixed point arguments and applying the standard 
parabolic regularity theory, one can readily verify the local existence and uniqueness 
of classical solutions, as well as the extensibility criterion (6.4.2) (cf. Pang and Wang 
2018; Tao and Winkler 2014b for instance). With the help of the maximum principle, 
we can also verify the asserted positivity of the solutions. 


From now on without any further explicit mentioning, we shall suppose that the 
assumptions of Theorem 6.2 are satisfied, and let (a, b, v, c) and Tmax € (0, oo] be as 
provided by Lemma 6.14. Moreover, we may tacitly switch between these variables 
and the quadruple (u, w, v, z) if necessary. 

The following important properties of solutions of (6.1.10) can be easily checked. 


Lemma 6.15 Let T > 0. Then solution (u, w, v, z) of (6.1.10) satisfies 


lC. Dno € u* = max{|2, ||uollpio) — for all t € (0, T), (6.4.3) 
lC, Dllzs o < v* := max{1, |lvollz~cay} forall t € (0, T) (6.4.4) 
and 
lwe, Dp o € w* := max 4 |luollzio + lwollrico. ECL (6.4.5) 
> min{y, dw} 


for all t € (0, T) as well as 


* 


| forallte (0,7) (6.4.6) 


llzC. Olay € z^ := max | Il zoll rico». 


where T = min{T, Tnax]- 


Proof Integrating the first equation in (6.1.10) over 2 yields 
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d 
are c f p (64.7) 
dt Jo Q Q 


due to z > 0. Since (fo u)*! < |2|" fo u"*! by the Cauchy-Schwartz inequality, 
(6.4.7) implies that y(t) := Ys u(-, t) satisfies 


Hu 


l+r " 
y!* (t) for all (0, 7), 
|42|" 


yA) < Ly y(t) m 


from which (6.4.3) follows by the Bernoulli inequality. On the other hand, due to 
the nonnegativity of u, w and v in £2 x (0, T), the comparison principle entails that 
v, € Ly v(1 — v) and thus the estimate in (6.4.4) follows similarly. 

Once more integrating the equations in (6.1.10) over 2 and using the fact that 
2u < u'*! + 4, we can see that 


E uns f < 4al] / E (64.8) 
dt Tu Hu Pu Hu p o ku 4- Ou SM 
and 
=f +a f < f ee (6.4.9) 
— | w^. ] w< A. 
dt Jo Q S o ku 4- 0u 
as well as 
a) +3, f < / ci «ef (6.4.10) 
— = w. A. 
dt ms í A d Q ku + 0u £2 


Combining (6.4.8)-(6.4.9), we obtain that 


d 
soe fw) tue nm rmm 
dt Q Q 2 2 


which entails that y(t) := fo u + fo w satisfies 
y(t) + min{Uu, dwhy@) € 40442]. 


Hence, using the Bernoulli inequality to the above inequality, we get the estimate in 
(6.4.5). Further, it follows from (6.4.10) that 


TENES 
al e JZ = Bw 


and thereby derive (6.4.6) by an ODE comparison argument. 
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6.4.2 Bounds for a, b and c in Llog L 


This section aims to construct an Lyapunov-like functional involving the logarithmic 
entropy of a, b and c, rather than that of u, w and z, which provides some regularity 
information of solutions that forms the crucial step in establishing L^? bounds for 
u, w and z in the present spatially two-dimensional setting. It should be mentioned 
that upon the special structure of (6.1.9), inter alia neglecting haptotactic migration 
processes of oncolytic viruses z, the energy-like functional .Y in Tao and Winkler 
(2020b) can be achieved by appropriately combining the logarithmic entropy of u, 
w, Dirichlet integral of ./v and integral of z? in line with some precedent studies 
(see Tao and Winkler 2014b; Winkler 2018b). 

The first step of our approaches consists in testing the first equation of (6.4.1) 
against In a. 


Lemma 6.16 For any & € (0, 1), there exists Kı (€) > 0 such that 


d Val? 
— | e*"alna4- p, f Puig + af (Ina + Du^*! < ef w? + Kı (8). 
Q Q 


dt Q a 2 
(6.4.11) 
Proof From the first equation in (6.4.1), it follows 


puz 


Xu => DyV . Xut Y u 1 — u”) — . 
(ae™"); (e^ Va) + puu(l — u’) DENM 


By the positivity of a in 2 x (0, oo), testing the first equation in (6.4.1) by Ina then 
shows that 


d 
dt Jo 


[emma s f exu” ar 
Q 2 


V 2 
- -Du f ow a f (mua =a - sas Jina+ f f(a, b, v, z)eX«" 
2 a 2 ky + 0u Q 


2 
-D, f ow +f (Ina +1) (maua =u - EM ) (6.4.12) 
R a Q ku + Ou 


exwaina 


+ xf u (ou + Ayw)v — xus [ uv(1 — v) 
2 2 


V 2 
< -Dı | exuv Val” -mu f (na + D *! — u) ef e ing 
Q a Q Q ky + Ou 


+a f itat + au + xui | uv?. 
2 R 


By (6.4.6), we see that 
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uz zeku "ON gov 
of Ina = ef alna < Ê EE Zs 
ak, + 0u Q ku + 0u kue Q kue 


since alna > —e™! for all a > 0 and v(x, t) < v* for all x € 2, t > 0 by (6.4.4). 
Apart from that, for any & € (0, 1), there exists Cı (£) > 0 such that 


n, f (Ina + Du + Xu / uou + o, w)v + xn, | uv? 
Q 2 Q 


< A f natu? +e f w? + Ci(e) 
2 Jo Q 


due to a? < ea? Ina + e* ana < ea? Ina — & In e; anda < ea? Ina + 2e* 
for any e, € (0, 1). Therefore, inserting above two inequalities into (6.4.12), we 
arrive at (6.4.11). 


Lemma 6.17 There exists c* > 0 with the property that if Ea, < c*, then one can 
find £o € (0, 1) and K» > 0 such that for all e € (0, £o), 


d D, Vb : 
=| eb Inb + f exv VBE + 27] e*""bInb 
dt Q 4 2 b 2 


(6.4.13) 
2 Ky 2 2 
< Ellcliz2¢a) EE | Males F Fr 


where r = 1 if0 >Oandr > lif0 O0. 
Proof From the second equation in (6.4.1), it follows that 


puz 
ku + Ou 


(be***), = DyV +(e" Vb) — ôww + 


By straightforward calculation relying on 0 < v < 1 in 2 x (0, oo) and the Young 
inequality, we then see that for any £ > 0, 


2 
v r (6.4.14) 


d 
— | e**"blnb 4 a, f eX*"b 1n b + By | eX» 
dt Jo Q Q 


puz 
= / (inb4 »( e) F X» / W(Oigit + oy w)u — Xia ] wv v) 
Q ky + 0u R R 


+3, f wlnb 
Q 


22 iun: In b Jj Í uii } ut f w+ ayo" f wu+ ayo [ v? 
—_ p Q ku + Ou T p Q ku + Ou T Xwkv 2 Xw u Q Xw w Q * 


The first summand on the right-hand side of (6.4.14) will be estimated in the case 
r=1,0>Oandr > 1,0 > 0, respectively. 
For r = 1 and 0 > 0, we have 
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d vb? 
— eX*"blnb + ôw Í eX*"blInb T Dy Í exw IV BV (6.4.15) 
dt Jo 2 2 b 


2,2, «2 
QU 
< al zlnb (e+ xwatyo*) | w^ 4 ef eo / "E xtv | w. 
b>1 Q Q E Q Q 


Since In? s < ET for all s > 1, an application of the Hólder inequality leads to 


p 2 
ef zlnb < elizii?; xg) + £l. b. 


In conjunction with (6.4.15), we can see that 


d b|? 
=f e"bInb+ Dy | solar | +3, f eX""blInb (6.4.16) 
dt Q Q b Q 


202382 
Xn” 2 
me uiam 


< (e + Aww") wl: (oy + ellzlizo) + 
s e p 
+ Xwhyv + 292) leo + g elero 


To estimate the first term on the right-hand side of (6.4.16), by means of the 
two-dimensional Gagliardo-Nirenberg inequalities, we can find K, > O such that 


lel. o, € Kell Velo lelto + Kellellz:(o, forall g e W'7(2). (6.4.17) 
Thereby thanks to (6.4.4) and (6.4.5), there exists C, > 0 such that 
(e+ Aww" )[lWllz2~9) «gb (e+ Xy& v") |I bI; so; 


Cet eme S of ex» YB +C 
4 - 


ew Ky + gua) v [^ ox amie ee 
= 4 5 1 


: the einer 
= 4 " b l; 


(6.4.18) 


2D, 


Dw 
Therefore, along with bain, 15 ond the Hólder inequality, we insert (6.4.18) into 
(6.4.16) to arrive at (6.4.13). 

While for r > 1,0 > 0, we have 


provided that £o, < c* :— andany 0 < & < £ := min(l, 
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2 
v IVb| 


d 
— | e*"binb 4 ôw Í e" Inb + Dw Í exw (6.4.19) 


dt Jo Q Q 


2,,24:/2 
"QU 
< ef culnb (e+ xwa”) | w? 4 2f uz Xw?'u / u? 4 renin” f w. 
u JR R u JR E R 2 


Here, an apparently challenging issue is to estimate f. o zu In b appropriately in 
terms of expression which can be controlled by the dissipation terms in (6.4.11). 


Since there exists C» > 0 such that ini s € s + C» for all s > 1, we can infer 
from (6.4.6) and the Hólder inequality that 


a zulnb < E zulnb 
k, 2 ky {b>1} 
r-l 
p 20) | 20D 
< Ili sclilisu) | f (In b) 5 | 
{b>1} 


r-1 
Weel rr Mz I ro coy Ml rio + C2| 2 |) 209 


IA 
rjo F| 


IA 
NI“ 


2 3 2 
lzlz2(o; 25 Pu 


with C3 = £ (bll + Cal2D7. 
Apart from that, by the Hólder inequality and the Young inequality, it is easy to 
see that 


ef p 
— | zu < > lulram lizi 
ku Q ku 
2 
p 


Ey 2 2 
< zz + > dull: 
; llis + zr lilia, 


In conjunction with (6.4.19), we get 


d i IVb]? v 
— | e%*”blnb+ D, | e*""—— +ô, | e*"blnb 
dt R R b 2 


C3 
2 2 E 2 
< (e+ Xw0t v^) |lwllr2(o t Ellzilz2(@) RE PRI 


2,,24,*2 2 
X,,0,U p 2 x 
+ + u + Xwhvv [WI LI 
( E 2k2e l lixo) XwHvv* wl rio) 
2 2 
< (e+ Xwdw v”) lwo) F Ellzilz2(@) 
(S xp ae SP 


D 2ke 


2 
) lulio F Xw v* liwli + C4 


for some C4 > 0, which together with (6.4.18) and (6.4.5) implies that (6.4.13) holds. 
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Lemma 6.18 There exists K3 > 0 such that 


d 3D. Vc? 
e*"clnc + = eer ea, f e*"clnc 
4 Jo Q 


dt Jo c (6.4.20) 
< Kilblsqoy + Kallalliaca) + Ks- 
Proof By the fourth equation in (6.4.1), we can see that 
puz 
*&",—D.V.(e*"Vc)—ó.z— + 7 6.4.21 
(ce*"); zV (e Vc) — &z EN Bw ( ) 


Proceeding as above, we test (6.4.21) by Inc and integrate by parts to see that for 
&£ — 0, 


d Vel? 
— | e*"clnc-Fà; | e&’clnc+ D; | e&”—— (6.4.22) 
dt Jo Q 


Q C 


n 1) | Bw — = +x [ z(ou + &ww)v — xm f cv(1 — v) 
Q Ku + 6u Q Q 


uz 
< -of nete f vl wine + cau? f cu 
a Ku + Ou Q Q Q 
xeu | ow xem f c 
Q Q 
X;v* 202v? 292v? 
"i wef e E [ o (ERA) 
k Q € Q 


u R E 
tois +B) f e+p w 
2 Q 


I^ 


due to 
uz uex” 
—p Inc — —p clnc 
Q ky + 6u Q Ky +0u 
uex” 
< -o f —clnc 
(c«1) k, + Ou 
P per” y 
ku 
and 


Bp? 
Ji wine < liwli) + T ive 
{c>1} {c>1} 


2 2 
TES f c. 
2 
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Now according to the two- cuensiana) Gagliardo—Nirenberg inequality (6.4.17) and 


Lemma6.15, we pick £ = gy x = and thereafter obtain some C, > 0 such that 


2 4 
elelo —el|I/cll74(o; 


IVc]? ? 
(e) Em) eam 


2 
s Bx ae e, 
4 Q [^ 


I^ 


Therefore, along with Lemma 6.15, in conjunction with (6.4.22) and (6.4.23), we 
readily arrive at (6.4.20). 


We are now ready to obtain the bounds for a, b and c in Llog L by taking suitable 
linear combinations of the inequalities provided by Lemmata6.16—6.18, stated as 
follows. 


Lemma 6.19 Let T > 0. Then there exists K4 > 0 such that 


/ a(-,t)|Ina(.,t)| < Ka, (6.4.24) 
Q 
f b(, t)|InbG, t)| < K4 (6.4.25) 
Q 
and 
cC, t)| Inc, t)| < K4 (6.4.26) 
Q 


for all t € (0, T) with T := min(T, Tnax}. 
Proof From (6.4.18) and (6.4.23), it follows that there exists C, > 0 such that 


vb? 
llo s & f +c, (64.27) 
2 


Vel? 
lela) s & f | <l +C. (6.4.28) 
Q 


Multiplying (6.4.13) by A := S SC and adding the resulting inequality to (6.4.20), 
using (6.4.27) and (6.4.28), we have 


d : D, [..,,IVbP 
Ae*""blnnb4- | e*"clnc] + — | e*” + A0, | e*""blnb 
dt f sl b $ 


B Vc? 
+= fer vel +a f eteme (6.4.29) 
4 Jo c 2 
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"—€—— 3m 
= &llclirs(oy + € lallo + > F 3llallrs(oy + 3 


„IVc? AK? , AK» 
< A&C| eX AN + E lal roy F BR + K3lla lizo) + Ae&C, T K3. 
2 


Taking £ = ae in (6.4.29), we can find C; > 0 such that 


yp Pw „v [Vb]? 
— Ae%™”blnb+ | e*"clnc + Aô„ | e*""blnb 


3D, Vel? 
+ 7 gx c| 4 xf e*"clnc 
8 Q c Q 


< Callalli icq) + C2. 
(6.4.30) 


Combining (6.4.11) with (6.4.30) and using (6.4.18), we can pick & > 0 in (6.4.11) 
appropriately small to derive that for some C3 > 0 


d D, vbp 
— Ac" bib. | etna | e*"cInc] + - exl Vl | 
dt Q Q Q 9 Q b 


+ Ady / ek blnb (6.4.31) 
Q 


3D: V Val 
+ fe »IVcl er + 6, Í e" cnc D, f gu al } as Í (Ina + Du! 
8 Jo c R Q a 2 Jo 


2 
< C3llalt i F C3, 


(2) 


which, along with a^*! < eat! Ina + c(&) for some c(e) > 0, implies that there 
exist C4 > 0 and Cs > 0 fulfilling 


— F (t) + CyF (t) € Cs (6.4.32) 
with 
F(t) := af e" b n mnbe D+ f e" oDa(.. r)Ina(., t) 
R (2 
«f eX" 6De(.. f) Inc(., t), 
2 
and thereby 


F(t) € Cs (6.4.33) 


is valid for some Cg > 0. 
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Now, by the inequality a Ina > —e^! for all a > 0, 
facoimac.oi= f cma -2 [| ac mac. 
2 2 a<l 
< i, a(., t) Ina, t) + 2|42], 
R 
and similarly, 


f se ome ois f b(-, t) InbC, t) + 2|2| 
Q Q 


as well as 


f e omes f cC, t)Inc(, t) + 2|Q|. 
R R 


Hence, (6.4.24)-(6.4.26) result readily from (6.4.33). 


6.4.3 L™®-Bounds for a, b and c 


By means of some quite straightforward L” testing procedures, combining Lemma 2.1 
with appropriate interpolation, we can now proceed to turn the outcome of 
Lemma 6.19 into the L®-bounds for a, b and c. 


Lemma 6.20 Let (a, b, v, c) be the classical solution of (6.4.1) in 2 x [0, Tmax). 
Then one can find C > 0 fulfilling 


af, Hll x C (6.4.34) 
and 

b(-, Dll) < C (6.4.35) 
as well as 

cC. reo) < C (6.4.36) 


for all t € (0, Tmax). 


Proof Testing the first equation in (6.4.1) by e&"g-! with p > 4, integrating by 
parts and using the Young inequality, we can find C, > 0 and C5 := C2(p) > Osuch 
that 
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d eX" q? + ekulgP 
dt Jo Q 


= [oem +x f wary + f exulGP 
R 2 R 


=p Í eq? (Due 7" . (e Va) + f(a, b, v, c)) + Xu Í wart | PIE 
2 2 2 


4D -1 p 
Bon u(P Ji \Va2|2 n pruou f aree e cp | «^o f a?b 
p Q 2 9 z 


4D,(p — 1 
9 Ivi «es f art +c, f bP*! 4 C5. 
p R R Q 


(6.4.37) 


Similarly, based on the other equations in (6.4.1), we infer the existence of C3 > 0 
such that 


d 
L | Py / ep? 
dt Jo Q 

4D, = 1 B 

03 vafe cs f ahte f ph to f cP* 04 
P Q Q Q 
(6.4.38) 
as well as 


d eu. | eit cP 
dt Jo Q 


4D.(p—1 p 
EI vett es f EI! wto f P am. 
P Q Q Q 


(6.4.39) 
Collecting (6.4.37)-(6.4.39), we then have 


a I rar + | epa. f ees tatt f ers f oë? cP 
dt |Jo Q Q Q Q Q 


A ed ; 
<- 2 (n, f vati Dy f ZI +D | vež) s 2c) f art! 
P Q R Q Q 


dits 2c» f pet + (Cz + 2c» f pert oes +203. 
2 2 


(6.4.40) 
Now on the basis of Lemma 6.19, we employ Lemma 2. 1 to estimate fo a^*, fo p^*! 


and fọ c?+! in term of fo |Va?|?, fo |Vb5 ? and fo |Vc2|?, respectively. 


Indeed, applying Lemma2.1 to g = a?, we have 


376 6 Multi-taxis Cross-Diffusion System 


(C2 + 2C3) f apt 
R 


2(p+1) 


= (Cs + 2C3)la* | Zoe (6.4.41) 
L P (8) 


2p) 
< (C2 + 2C3)el| Va? lizo) J a|lna?|+ (C2 + 2C3)K (p, €) (itu, + i) 
Q S 


C, + 2C3)e p 
= Pe aat ius. f a|Ina| + (Cz + 2C3)K (p. €) (/ or +1) 
R Q 


which along with (6.4.24) and the appropriate choice of € readily shows that for 
C4(p) > 0 


IA 


4 mn 1 D, E 
(c, 26 | g^" A f IVa? |? + C4(p). 
R P Q 
Similarly, 


(C5 + 2C3) f pp 
2 


IA 


4(p— DD, . 
^ f IVb? |? + Cs(p) 
p Q 


as well as 
4(p — D)D, p 
(C5 + 2c) f pt < <a”: | |Vc2|? + Co(p). 
Q P Q 


Therefore, (6.4.40) shows that 


zi ears f opr +f cer} «f ears f cop +f ok oP 
dt (Jo Q Q Q Q Q 


< Cy(p), 


which entails that for all p > 2 there exists Cg(p) > O such that 


f a? (,t)+ f b^C,t) + f cP, t) < C) (6.4.42) 
R R (2 


for all t € (0, Tmax). 

Furthermore, by adapting a well-established Moser-type iteration, one can readily 
turn the latter into the L^? bounds for a, b, c. However, since the procedure is rather 
standard (see Tao and Winkler 2014b, 2020b for example), we give the details only 
in places which are characteristic of the present setting. 

By a straightforward calculation and three integrations by parts, we get 
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d 


ho ul etar + opr + ohter | «f [e"a? + oD? + efer} 


< —2min(D,, Dy. Da) f [iva*? Ivo + iver? (6.4.43) 
R 


+o f fart! + DPH + c?) + Co 
Q 


where Co > 0 as all subsequently appearing constants C10, C11, ... is independent 
of p > 4. 
It is observed that by the Gagliardo—Nirenberg inequality, due to 2 < Hern <2.5 
for p > 4, one can pick Cjo > 1 such that for all p > 4, 
p+2 p 


2(p+1) 2(p+1) 


lol, e oy < Croll Yello llellr to, +F Ciollell rico) for all QE WER). 


Applying this together with the Young inequality, we obtain that for some C11 > 0, 


2(p+1) 


+1 Eq E 
Cop / a"*! = Coplla?|| Zp 
Q L P (Q) 


p+2 p a 


P iip P Wp 2 
Cop [curve! lio - la? M prio, + Ciola? Izy 


IA 


p+2 2(p4-1) 


3 P 2 P 3 5 p 
< 8CoCiopl|| Va? ll roy d la ? ll rico) s 8CoCioplla? ll rito) 


‘ P2 4 p 2p 
< min{D,, Dy, D.)|Va* lxo F Cup max{1, lla? limo, 


where the fact that “ee < 5 z € 4 for any p > 4 is used. 
Similarly, we have 


cp | b^*! < min{D,, Dy, D. Vb? l2: (5, + Cui p^ maxtl, Ilb? li)? 
R 


as well as 
p+! : 22 4 2 2p 
Cop [4 x min(D,, Dw, D.]|| Vc? ltz) + Cup max(l, |c? lza}. 

Q 


Consequently, inserting the above inequalities into (6.4.43) yields the existence of 
C45 > 0 such that 


d 


zl ul eh" aP + eh" pP + su «f le""a? + ei" pP + ge) 


(6.4.44) 


4 p p p Ap. 
< Cip max(l, la? | iio + lb? lico + lc? leo}. 
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Nowlet p, = 4 - 2% and M, = max(l, sup I aP (., t) + bP* (., t) + eC, t)} 
tE(0, Tmax) Y 2 
for k = 0, 1, 2, .... Then (6.4.44) implies that fork = 1,2,... 


d 
dt 
< Copi M; ,, 


u OET LET «f {ef a? + e pP + een] 
Q Q 


which entails the existence of L > 1 independent of k such that 
M, < max(L Mj, [2| IluollZss (o + wolio + llzoll(,)). for all k > 1. 


Therefore, by means of a standard recursive argument (see Pang and Wang 
2018; Tao and Winkler 2014b for example), both when L*Mj | < |&2|(€l[uoll L'(Q) + 
ll wo lI Pee) + lizoll Lo) for infinitely many k > 1, and as well in the opposite case, 
we can obtain some C13 > 0 such that for all k > 1 


Es 
Pk 
M, s Cis, 


from which, after taking k — oo, the claims (6.4.34)-(6.4.36) readily follow. 


According to Lemma 6.14, it remains for us to establish a priori estimates for 
IV vC. Hll- 


Lemma 6.21 Let T > 0. Then there exists C(T) > 0 such that | Vv, t)l rs) < 
C(T) for all t < T, where T := min(T, Tnax}. 


Proof This can be achieved through an appropriate combination of three further 
testing processes, essentially relying on the L??-estimates for a, b and c just asserted. 
We refrain from giving the proof and refer to Tao and Winkler (2020b) or Tao and 
Winkler (2014b) for details in a closely related setting. 


We are now in the position to prove Theorem 6.2. 

Proof of Theorem 6.2. "Thanks to the equivalence of (6.1.10) and (6.4.1) in the 
considered framework of classical solutions and in particular the extensibility crite- 
rion provided by Lemma 6.14, the proof is an evident consequence of Lemmas 6.20 
and 6.21. 


6.5 Asymptotic Behavior of Solutions to an Oncolytic 
Virotherapy Model 


At the beginning of this subsection, in light of the method used in Horstmann and 
Winkler (2005) and Pang and Wang (2017), we provide the following statement on 
the local existence and extensibility of solutions to (6.1.12) as below. 
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Lemma 6.22 Suppose that €2 C R” (N > 1) be a bounded domain with smooth 
boundary. Then one can find Tmax € (0, oo] and a unique quadruple of nonnegative 
functions (u, v, w, z) € (C (2 x [0, Tnax)) N c>! (2 x (0, La) which solves 
(6.1.12) classically in 2 x (0, Tmax). Moreover, if Tmax < +00, then 


„ai (lu C. DM gros y lv C, DM waa tlw C. Ollwi2ecay tliz C. t)ll wi) =00 
(6.5.1) 
for all q > x 


To make the system mass-conserved, we introduce a nonnegative variable Q satis- 
fying 


o, = 40+ (f 5s, - p) was (x,1)€ Q x (0, T), 
VO-v=0, (x,t)€ 02 x (0, T), (6.5.2) 
Q (x, 0) — 0, n 


where Paths ôw — B = 0. Then it is easy to see that for all t € (0, T), 


u + Pz 
f Ke mE e o)e n] =0 
2 Pw t 
which means 


ee uc F4 
INC qu Pa Fe 5 veze0)eno f (w+? wea). (6.5.3) 
Q Dw 2 Pw 


We first collect some easily verifiable observations in the following lemma. The con- 
stants c;, (i = 1, 2, 3, 4), cio and Cp, refer to Lemmas 1.1, 4.3 and 3.2 respectively. 


Lemma 6.23 Under the assumptions of Theorem 6.3, there exist M; > 1 (i = 0, 1, 
:, 6) and é(Eu, Ew, Ez, Pus Pw, Pz, Cty, ay) > 0 such that 


M 
2c3 + 2€19028,6€ (Mı M4 + MoMs) + 20190039, Moe(M + M3) < z (6.5.4) 


M 
2c3 + 20190286 (M2 M4 + MoMs) + 201963 0,, Mo£(M1 + M3) < is (6.5.5) 
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M: 
2c3 + 2c10c2£z€ (M3 M4 + MoMs) + 201003; Mo& (M, + M3) + 2c19038 M2 < x 
(6.5.6) 


2po-1 


2po-1 2p 
(ot, M1 + o, M») lvo C) Ilis (o (a5) 


< Ma 
m UA 
(Zapo) o 


1+ 


(6.5.7) 


2pg-l 


(M1 te, Mo (. 2po—1 Y 
1 + ellvoC)ll reco» T 
Qapo) N Poel — e) 


+2 


2pg-1 
Oy, M1 + a, M5 ( 2po—1 ) 2p) 
E 


apo) ™ 2 poe(8, — o!) 


po— 1 Po 
+ ||vo C) |i (2) C potu | —  — ——— 
| oC Vile (£2) po (2 = 5) 


( &&, Mı M4 -F Poe MoMs. E) (6.5.8) 
(Qa — k)po)" — ((a — k)po)' 


poc coms 
A oo C Woh eR V UAM 
+ ||vo C) los (2) C po (1) 


MM. MoM. 
( £&, M; Ma d £&, Mo 22M) 


(Qu —k)po) s — ((a — k)po)™ 


ah. po-l 
fe Ivo CI zo (2) C pp Mol 2 | o ( po— 1 ) Po 
(kp)? poe(d, — o — k) 


1 Ms 
-© Leo, Pu Mo + zou Sv —a) + eno, Mo | < E 


u + Mi 
2ci9c4 Mo Mae (s+ E ; a Sy +6) <=, (6.5.9) 


where 


1 
Mo =1+M64+2c1, k= min | 50 2), 44 € (0, a), 


witha € (0, min (41, 8,]) and, > 0 the first nonzero eigenvalue of — A in Q under 
the Neumann condition. 
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For constants o € (0, min {A;,6,}) and M; > 1@=0,1,...,6) referring to 
Lemma 6.23, let 


Vu C. tliz) € Miee™ forallt € 
II Vw C. Dro (o) € Maee " for all t € 
Vz (flo) € Maee "" for all t € 
TÊ sup AT € (0, Tmax)| IVv C. Dllim(oy € M4ee™ for all t € 
|Av C. Dllzmo) € Msee™ for all t € (o. 7). 
(u + Pw + z+ Q) C, 1) - e" (ug + wo 
+20) ©) llis < Meee for all t € [0, T). 
(6.5.10) 
By Lemma 6.22 and the smallness condition on the initial data in Theorem 6.3, T > 0 
is well-defined. We first show T = Tmax. To this end, we will show that all of the 
estimates mentioned in (6.5.10) are valid with even smaller coefficients on the right- 
hand side. The derivation of these estimates will mainly rely on L? — L^ estimates 
for the Neumann heat semigroup and the fact that the classical solutions on (0, Tmax) 
can be represented as 


u F [4 
(u+ wte 0) c. 


+ Pz 
= e^ (« + om + zo) (2 
Ww 


= f e= [av uvo uv. (wVv)  &V - evo e. s)ds, 
0 Ww 
(6.5.11) 


u(-, t) = ^uo of e794 [-£, V - (uVv) — p,uz] C, s)ds, (6.5.12) 
0 


t 
wh, t) = e A= wo (-) +f et 9479 [EV . (wVv) + puz] C, s)ds, 
0 
(6.5.13) 


t 
z(, t) = e429 C) + f ef NAD) [-£ V - (zVv) — puz + Bw] C, s)ds 
0 
(6.5.14) 
for all t € (0, Tmax) as per the variation-of-constants formula. 


The global boundedness for solutions of (6.1.12) can be obtained directly from 
the following lemmas. 
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Lemma 6.24 Under the assumptions of Theorem 6.3, for all t € (0, T), we have 
u + z 
(«+ dE P A wei 0) (0 


where Mo = 1 + Me + 2c; with cı defined in Lemma 1.1. 


< Moe, (6.5.15) 
L™(2) 


Proof Set mo; = m fa (uo + Be Wo + zo); then mæ < €. It is obvious that 


u + Z 
emy = mo, | d + EL + 3 ()— ms. = 0, 
Q w 


| (w+! eee zo) C) — Moo <6. 
L*(Q) 
According to the Lemma 1.1(1), we know for all t € (0, T), 
e^ IC + Pu T P: wo + 3 ()— ms < 2c,ge t, 
Pw L*«(Q) 
Then due to the definition of T and Lemma 1.1(1), we have 
u + 
(reiten en 
L™(Q) 
u + z + z 
= us pce M P wea) O 
w L&®(Q) 


+ 


u + pz 
e^ m B F B co) (ms. 


< Meee + 2cjee 7! 
< (Mg + 2c1) ge ?! 


L®(2) 


and hence end the proof. 


Lemma 6.25 Under the assumptions of Theorem6.3, for all t € (0, T), we have 


Mi. 
IVu C, 2) r2oo (o) < yee at 


Proof Applying (6.5.12), Lemma 1.1 (iii), we have 
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Il Vu C, || 2200.2) 


t 
< [Ve^uo O] ino, + f | Ve*79^ [-£, V - (uVv) = pu ds 
0 
f 
< 2c3e™! ||Vuo (JM r2m(o) + Eu f | Ve*79^v - (Vv) C, 5) | is (o, ds 
0 
(6.5.16) 
t 
"RE i | Ve 79^ (uz) C. 5) | jun (gy ds 


From Lemmas 1.1(i1) and 4.3, we obtain 


L2ro a 


sf | ver 3)4v . (uVv) (, s)| 


t 
ds + Èu Í | Vel94 (y Av) (-, s) 
0 


Ve(79^ (vuv v) (-, | d 
Eu [ |vet-9^ (HV) c]. P 


i -1L N 
< T | +(t—s) ? k e M79 lI Vu Vv C, S) poco ds 
0 
t N 
+e f | prex)" ad e 9079 Ju Av C, s)lzpo(g) ds 
0 
i NE 
< se | oon ET jj. DAS ui (Ivu Cs lizz * Iv C Homo) ds 
0 


F mELUMC] e 
t&o f ji+e-9 ? wm Je 1079 (Itu C, sll roy - Av C, s) rpo()) ds 
0 


< 2cioco£, (Mi Mae? e ^ mino 4 Mo Mse?e 701) 
x 2c19c2&y6? e! (Mı M4 + MoMs). 


From Hólder's inequality, using Lemmas 1.1(iii) and 4.3, we get 
t 
Pu f | Vel—94 (uz) C. s) lao ds 
0 
t 
< 2pcs | garis (IIzVuC., S) || r2 (e) + lu V zC. S) ll 1200 (o5) ds 
0 


t 
< 2mos | ears 
0 


: (Vu C, 8)|l r2») : dz C. 8)lrsscoy + llu C, S)Ilz~(2) (Vz, 8)| r2 (95) ds 
< 2¢10C3u(MoMe7e + MoMss? e") 
= 2ciocs Pu Mo? e *' (Mi + M3). 


Therefore, inserting the above two results into (6.5.16), we arrive at 
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Vu C, || 270.2) 
€ 2csee "' + 2cioco,&^e (M1 Mg + MoMs) + 2c1903 p, Mog? e ** (Mi + M3) 
< [2c3 + 2c19c2£,6 (Mi Mg + MoMs) + 2c1063 Pu Mo& (Mi + M3)] ee". 


According to (6.5.4), we thereby complete the proof. 


Lemma 6.26 Under the assumptions of Theorem6.3, for all t € (0, T), we have 
M2 at 
IIVw C, D pro (o) < ES . (6.5.17) 
Proof From (6.5.13), using Lemmas 1.1(iii) and 4.3, we have 


l| Vw ©, £l 2270 (2) 


f 
< | Vew) L (2) +6, | Ve" S(A-) y . (yy) C 5) | ra ds 
0 


ds 


f. 
(A; 
te] vere Quo Cos aes 
0 


£ 1N i 
< 2c4ge- ®t Tew) E so f [1 d (t = s) 2 Apo le (A, +6,,)(t—s) 
0 
: (Vw, Sl r2» (9) IV vC. 5)| rro) ds 


: NEN 
+ so f [1+ (t — s) 3? moe FD) (lwe, s) raso, AvE, s)lzoc) ds 
0 
t 
RE 2p f greene (IIVuC., 5) |] r2» (9) llz C. 5)ll ros (o) ds 
0 
t 
s ipo f eee (luc, S)llzæ IVzC, 5) |l r2 (95) ds 
0 
< [2c3 + 2e1905&,€ (M2 M4 + MoMs) + 2c1963 p Mo& (M; + M3)] ee", 


which along with (6.5.5) implies that (6.5.17) is valid. 


Similar as done in Lemma 6.26, we also have the following. 


Lemma 6.27 Under the assumptions of Theorem 6.3, for all t € (0, T), we have 


M3 —at 
IVz C. Dlr (a) € Zee : (6.5.18) 


Proof From (6.5.14), using Lemmas 1.1(iii) and 4.3, we have 
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[Vz C. Dll (2) 


< [veraz] 


raf | ve" 9(4-82y . (2 Vy) C, s)| 


L?ro(Q) L?P0 an 


+f [vemm ooa ho c n) 


d 
e REN 
< 2cee - V 329t +4 saf [1 +(t— s) 2 m Je 01*390-5 
0 
: IIVzC. 9) 200 (9j IV vC, s) z2r) ds 


i -4- 3 1-044: 5) 
hia f ua- 2 2 om e Ete lzC. SM roe (oy AUG, s) rpo(o ds 


t 
pa e f 2e- 09-3) 
|. J0 


«(Vu 6 lor qo Mz C Mc + lu C lr * IVz Cs Mo) ds 


t 
dE pa | g O1 990-5) ll Vw, 8)ll 22002) ds 
0 


< Des + 2c10€2&z€ (M3 M4 + Mo Ms) + 2c1003 p; Mo& M1 + M3) + 2cioc3 B M2] Bé 


which together with (6.5.6) already implies that (6.5.18) holds. 


Lemma 6.28 Under the assumptions of Theorem 6.3, for all t € (0, T), we have 
Mai 
II Vv C. Dl € zee (6.5.19) 


Proof We know that 
U + (&uu + Qwyw + ôv) V = 0, 


from which we obtain 
v (^, £) = vo 6) e^ fo Cuutawwts)ds (6.5.20) 
It follows that 


ll Vv C, DI r200 (9) 


E lv [woe | (6.5.21) 


L?ro(Q) 


IA 


[vw (3 ë n (a u--o, w4-8,)ds 


+4 | v0 C) Ve^ Jo (ot u-T- 0, Ww4-8y )ds 


L2Po(Q) L?PO (2) 


IA 


t 
eur (au Vu + a, Vw) (, s) ds 
0 


[Vvo O e^ lli 25 (o, + lvo Ollo) — 
L*P0 (Q2) 
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Noticing that 


t 2po 
(J [Vu (-, s)| as) 
0 


IA 


(/ Vu €, s) as) (/ uus) 
0 0 


t 
m |Vu ©, s)|??? ds, 
0 


IA 


then 


t 
| fl Vu(-, s)ds 
0 L?ro(Q) 


t 2 po 2n 
= | 1 Vu(-,s)ds ix 
(2 0 
< m / » [Vu (-, s)|7?° axds| (6.5.22) 
0 2 


t 5 zs 2po-1 
< I / IVu C, s)|” dxds t 7mo 
0 JQ 


t zn 2pg-1 
< (/ (M,ce has) t Po 
0 
209-1 
Miet ?ro 
REED. 
(2o po) ?ro 
Similarly, we have 
2pg-1 
: Moet o 
f Vw(-, s)ds < ——__. (6.5.23) 
0 L?ro(Q2) (2apo) 2p0 
From Lemma 6.3, noticing po > 1, a — à, < 0, for all t > 0, we obtain 
2p! 
LS uet e ( 2py i ) "m (6.5.24) 
Zepo(8, — o) 


Inserting (6.5.22) and (6.5.23) into (6.5.21) and using (6.5.24), we obtain 


II Vv C. DI rro (o) 


2pg-1 
"AER (o, M1 + o, M») || vo Ollz=2 ( 2 po =l ) T ge ?! 
7 (expo) 2epo(, — e) 


6.5 Asymptotic Behavior of Solutions to an Oncolytic Virotherapy Model 387 


Therefore, (6.5.19) results from (6.5.7). 


To obtain the estimate of || Av(., t)|| r»o (o; fort > 0, we need the following lemma. 


Lemma 6.29 Under the assumptions of Theorem 6.3, for all t € (0, T), we have 


1 
t 76 
(J i | Au (x, s)|?° dvds) ” € KO (6.5.25) 
0 (2 
and 
, d. 
PO 
(J ri [Aw (x, s)|” dvds) < K,(t), (6.5.26) 
0 (2 
where 
1 
a 2 Mo|2| 0 e" (so, Mo + 5 (Sv — 
ZI CIMA ea pel Er ee at 2) 
(a —k)po)”  ((œ — k) po) (kpo) "o 
se eig») 
and 
1 
2g 2 2 o M2|2| 70 ekt n 
enses € e i E =. £^ pw Mil dais E e(14 em) 
(Qa — k)po)"^  ((œ — k) po) ^ (kpo) "o 


with k = min [5(8, — a), dy} € (0, o). 


Proof Denote G (x, t) = —£, V - (uVv) — pyuz + 1 (8, — a)u, then u; = Au — 5 
(8, —a)u + G(x, t) and 


1 
: PO 
(J ePos Í |G (x, s)|”? dvds) 
0 2 
t Po a 
< Í ekPos ds 
0 L?0(2) 


t 1 
( f ems [sum Ma&^e 75 + E, MoMse?e ** + p, Moe) |£2|vo (6.5.27) 
0 


(CE Vult dato i re, — a)u)C. s) 


I^ 


2 
1 
££, MiMa + €°&,MoMs as EMo| 2 | % e" (£0, Mo F 1, S a)) 
= d d ES 
(Qoa —k)po)"  ((œ — k) po)” (kpo) ” 


1 a ^ Po 
+- (ôy — a@)Moe|Q2| ro 2 
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According to Lemma 3.2, we obtain 


(NI | Au (x, s)|?° didi)" x Ky,(t). 
0 JQ 


Similarly, denote F (x,t) = —&,V-(wVv)+ pyuz, then w; = Aw —ó,w + 
F(x, t) and 


1 
1 70 
(J Pur E) i 
0 Q 
1 


f Po 
< (/ gos I (—&, VwVv = Eww Av + pyuz)C, s) oco) ds) 
0 


1 


P PO 
(J epos |En Mo Mae?" + &.MoMse?e 5 + p. Mae | ° as) 
0 


IA 


eE Mi M4 + e?’E„MoMs J £? py Mg|Q | e 
= E L L 
(Qo — k)po)™®  ((œ — k) po)™ (kpo) ^ 


, 


thus from Lemma3.2, we obtain 


(J I Aw (x 9)" dads x K»(t) 
0 J2 


and thereby complete the proof. 


Lemma 6.30 Under the assumptions of Theorem 6.3, for all t € (0, T), 
Ms or 
lAv C. Dro € ER : (6.5.28) 


Proof By v (-, t) = vo () e7 So uu tewwt dds we get 


lv C, 8)|l roo) 
div (v vo()e J (uu Fon, w4 ae) 


S | 


LPo(Q) 


+ | div (v0) Ver jo aN) 


L?0(Q) 
< | Aver Ja (@uutoywtsy)(-,s)ds 


4 | "OVV 


LPo(Q) L?0(Q) 
j t 
+2 [vno Jo (tco wtdy)(,s)ds Í (a, Vu + a, Vw) C, s)ds (6.5.29) 
0 L?0(2) 


< [Awe ry 
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t 2 
+ U9 (Jem fo etes) Cs) ds p (o, Vu + o, Vw) (^, »ds| 
0 Lro(Q) 


t 
vol Je ho Cuutaywt Cds | (w, Au +a Aw) (-, s) ds 
0 


+ 


L (2) 


+2 


t 
eu) | (a, Vu + o, Vw) C, s) ds 
0 


LP0(Q) 
2 


t 
< | Ave "|, oy + Ivo Mz coe ^ | Í REALI] 
Lro(Q) 


+ 2 | VvoC)l 2200 (o) € 


t 
f (o, Vu + a, Vw)C, s)ds 
0 


L?ro (2) 


—à, 
+ [voC) ze coe ^" 


t 
i (o, Au + a Aw) C, s) ds 
0 LPO (2) 


From (6.5.22) and (6.5.23), we obtain 


g v9 


LP0(Q) 


t 2 
n (o Vu + a, Vw) (-, s) as| 
0 
+a? eT ®t 


t 2 
(J Vu (-, s) ds) 
0 LPO (2) 


t t 
Í Vu (.s)ds f Vw (-, 5) ds 
0 0 


2 


< a2g- 9-9 


t 2 
(J Vw(-, 5) as) 
0 


LPo(Q) 


LPO (2) 


-cF2a,owe Vua 


[ 


+ 2a ae Ov 


2 


—(8y —a)t —(by—a)t 


t 
tale Í Vw (C, s)ds 
L?P0(Q) 0 


t t 
Í Vu(-,s)ds Í Vw (-,s)ds 
0 0 


2p0—1 2p9—1 
E (o, Mi&))t Po e% — 2g a, Mi Mo&?t. ro e- Ov Mt 


< 


< aže u (-, s) ds 


L?PO (2) 


(6.5.30) 


L?P0(2) L?ro (Q2) 


< . | | 
apo)” me 
209-1 
1 (ay Ma&)?t PO e^ Ov-a)t 
1 
(2apo) ro 
2pg-1 
p (2e po) *s epo(8y — o) 


and 
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-ó 
2 || Vivo) ll 2200 (9; € u 


t 
if (a, Vu + a, Vw)C, s)ds 
0 


L?ro(Q2) 
My + 0yMs f 2p-1 YO 
a + dy — 2po 
m go dE M HUM 2( d ) (6.5.31) 
(2a po) ?ro 2 poe(à, — o!) 
From Lemma 6.3, noticing 0 < k < 6, — o, po > 1, we obtain 
po-l 
1 e 079 < ( pa ) ro 
poe (Sy I a) 
and 
Po-l 
Ly < ( po — 1 ) PO 
poe (by — Qu — k) 
for all t > 0, which together with Lemma 6.28 implies 
t 
e Ov-9t f (a, Au + ay Aw) (-) dt 
0 LPo(Q) 
£ 95 Port (s. y 
< [i f [ay Au + ay Aw|P? (x, s)dxds t Po g Ovo 
0 J2 
po-1 
< (ay Ki (t) + e, Ka()) t P0 e- 0-9 (6.5.32) 
py—l 
= sC oui I ho ( e& Mı Ma N LM "T ias) 
(Qa — k)po)?»  ((œ — k) po) o 


1 T 


+ £C payt Td > 
(Qa —k)po)%  ((œ — k) po) ”? 


inet sb» MoMa — , e&,MoMs — | i a) 


1 
Cpo Mo|2| 0 ro-! 1 
Ed Cm MIDI, ry p cR m (so, Mo + yuu (ôv — æ) + spe Mo) 


(kpo) 7o 
po-1 
—1 poc eE Mı M, &€&, Mo M: zii. 
eC yt (2 ^5) ! ( - a d TH e) 
D (Qa —Kk)po)?  ((œ — k) po) ^» 
po-! 
mm Ps „Mə M. ;MoM: Le 
poe(8, — a) (Qo —k)po)?? — ((« — K) po) ' 


po-! 


poms 2 Mist acto cd dime 
£o =a, (dy — Q EPyOy . 
poe(óy — o — k) uPul0 "LE Pwy IM 


ES 
" C p, Mo|£2| Po 


EN 
(kpo) ^o 


Inserting (6.5.30), (6.5.31) and (6.5.32) into (6.5.29), we get 
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| Av C, t) |l rp 


2pg-l 
uM wM : 2 =] á 
<e e?! +4 e MIC Yizagne * (o 1 + a 2) ( Po ) 0 
Qa po) s dC 
2pg-1 
q 2gig ca Mi s Mo ( 2po — 1 ) A (6.5.33) 
(apo) ™ 2poe(ôy — a) 


_ Po — 1 PO 
+ elv Olle” C pa (——) 
IODE TP V poe(8, — a) 


€&, MM. &&, Mo Ms d 
( &. Mi in Eu Mo 22) 
(Qa — k)po)" | ((a — k) po)™ 


2 po-l 7 
&|IvoC) ll ros ete yo | —————— 
+ €|lvo@) llre po (1) 


&€&, M5 M. &€&, Mo M. L 
( 5. M» fn Ew Mo 22) 
(Qoa —k)po)"  ((a—k)po)” 
4, albu llre” Cy M ( po-1 ) PO 
(kpo) ™ poe, — œ — k) 


1 
: (cana. + 59 (8, = a) T spe Mo) . 


Therefore, (6.5.28) follows from (6.5.8). 


Lemma 6.31 Under the assumptions of Theorem 6.3, for all t € (0, T), 


P u + Pz 
e He Py c+ 0) en- e (ue Tea) o 


Ww 


L*(Q) 


< A ee zu (6.5.34) 


Proof From Lemma 1.1(iv) and (6.5.11), using Lemma 4.3, it follows that 


e mtv +249) (4, f) — e^ c Pn 3 (Q) 


ets) A. (uVv) +2 » pu T Pre Va (wVv) - £V. cvo|e. s) 


L® (2) 


ds 
L® (2) 


t EL Ne A op. 
< tye f xan 2 2. M79 [uv v) C. s)| p 270 (o) ds 
0 


+ p; s TEKA doge 
n P bun i +@-s)? i Je 1679 WwV v) C, 8)Il 200 (9) ds 
w 0 


392 6 Multi-taxis Cross-Diffusion System 


N 
0 


t E 
+ ézc4 f |iee-9 a mentee EVV) C. 5I 200 (o; ds 
0 


= + Pz 
< 2c19c4 Mo Magee a (s a a ü Ew + s) , 


w 
and in view of (6.5.9), we already arrive at (6.5.34) and complete the proof. 
Proof of Theorem 6.3. First let us verify T = Tmax by contraction. In fact, suppose 


that T < Tmax, then from Lemmas 6.25—6.31, it follows 


Vu C, Doro) € 75 € ; 


M» 
| Vw C, t) L?ro(Q) < is Br 
Msn 


Vz C, lr) € 5E , 


Vv C. Dll oq € gE ; 


Ms _ 
[Av C. Ila) € z a 
; ; M 
| c RESP es o) tj (^ TOREM ca) ©) < ap. 
w Loa) 


w 


for all t € (0, T), which contradicts the definition of T. 
Next, we show that Tmax = oo. In fact, if Tmax < oo, then in view of the definition 


of T, we obtain 
lim (Ii C. Ol yi220 (9 + lv C. Ollw2r0¢a) + lw C. Dll) + Mz C. Dlwior qo; ) 
« oo, 


which contradicts with (6.5.1) in Lemma 6.22. Therefore, we have Tmax = oo. 
Integrating the equation of u in (6.1.12) over 22, we have 


f «e» | Gods = pu | [wo (x, s) dxds, 
Q Q 0 JQ 


which along with the nonnegative property of u, z and the fact that ||u(-, t) ||z~(a) < 
Moe warrants that u (t) :— ini f o 4 (x, t) dx is noncreasing with respect to time f 


and and its limit  — co exists, that is, 
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+00 
lim u(x,t)dx = f uo (x) dx — pu | / (uz) (x, s) dxds 
OJA Q 0 Q 


as well as 


Too 
lim à() = " ( Í us CO des Í Í GAG duds) — 


which implies 


0< 


o f [we (x, s)dxds cat — u* > 0 


as f — oo. On the other hand, by Poincare's inequality, there exists kı > 0 such that 
uC, t) — ull po < ki Vu, DI ro (o - 


By Embedding theorem, we know Wb2P(Q) — Cc!» (92), for po > max(1, x]. 
There exists k2 > 0, such that 


lu C, t) — uH lloc < ka lu. t) — GOD wrap qo 
< k (1+ ki) II Vu C, tl poo (o 0 


as f > oo. Thus, 
[uc 0 — u* | nce) < MC D — Oll + [AO — |o, > 0. 
Now, we consider a linear combination of u and w 
H :— pyu + puw, 
then 
H, = pyt; + p,W; = AH — p,&, V - (UV v) — Puw V - (wV v) — puôww. 


Accordingly, 


[ 2e oe- f HG. O)dx = pubs | / w (x, s) dxds. 
Q Q 0 JQ 


Similarly, we obtain 


— 1 +00 
lim To= H (x,0)dx ~ nib, f i. w (8,8) dds) =H", 
1-00 I£2| J2 0 Q 
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and 


|HC.0 - B(| o, S e HCD- BO wino 
€ ko (1+ ki) IIV H C, D || pr (o 0. 


Then 
IHC, t) — H* llr € IH C. 0 -H Oleo + IH) — A" Ila) > 0 
as f — oo. Then denote w* :— Qr — Pyu*), as t — co, we obtain 


= | eww, t) E (H* Pa Prt) lixo 
= | AC. t) — Hl ees + Pw |uc, t) — "| ras > 0. 


Next, we consider a linear combination of u, w and z. Let 


I = p;(u +w) + (Pu + pw)Z- 


Then 
I, = AI — pzu V - (UV v) — px&y V - (wVv) — (Pu + Pw)E:V - (zVv) 
— (Pzôw — (Pu + Pw)B) w — (Pu + Pw)ôzz. 
Accordingly, 
i I (x,t) dx 
Q 


t 
= / I(x, O)dx Em Í / [(o2dw — (Pu F Pw)B) w(x, S) + (Pu F Pw)ôzz(x, s)]dxds, 
(2 0 JR 


where pzôw — (Pu + Pw)B > O. 
Similarly, we obtain 


lim T(t) = 2M (/ I (x, 0) dx 
2 


1—00 |Q| 


+00 
-f [io — (Pu + pw)B) wx, $) + Cou + pw)ózz(x, s)ldxds 


=" 


and 
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|c, t) — I(t) lien <k |C, t) — I(t) |a qo 
€ k (1 ky) VIC, D poo > 0. 


Then 


ZG, 0 — Flr € MC D — Flo + HG) — lre > 0 


1 
Put Pw 


as f — oo. Then denote z* := (1* — p,(u* + w*)), as t — oo, we obtain 


(Pu + Pw) lec, fs | sus 
= [Cu 6026.0) — Q* — exi +") so, 
|C, t) — T^ essi + bz 


IA 


u(-,t) — u* reso + elwe, t) — w*lrs(oy > O. 


By contradiction, if w* > Oorz* > 0, then there exists t* > O such that for allt > t*, 


J, (Eta. o) enano: 
a Pw 


Q a Fo 
> Rel (( = Prs, B) w* 2) -0, 
2 Pw 


which implies that Jd o Q(x, Ddx — oo as t > oo and thus contradicts with that 
Il QC. Drei) < Moe. Hence, we have w* = z* = 0. On the other hand, by (6.5.20), 
it is easy to see that 


2 t)d 
5 [90e 


lve, Dlzesoy > 0. 


So the proof of Theorem 6.3 is complete. 
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